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Plastics made of macromolecular organic chemicals, primarily derived 
from natural gas and oil, but also, more recently, from plant sources like 
corn and sugar cane, have become an essential part of human existence 
(Tsiropoulos et al., 2015; Ergin and Ergin, 2021a; Ergin and Ergin, 2021b).  
And the global plastic market is predicted to reach 721.14 billion US dollars 
by 2027. Europe, Asia, and the United States are the main producers of plastic. 
China, home to the most population on Earth, produced the greatest amount 
of plastic—nearly 62 million tonnes. With almost 39 million tonnes, the 
United States ranked second, and Brazil was third with 13 million tonnes. 
Unfortunately, the plastics we commonly use due to their advantages of 
low cost, processability and durability are considered one of today’s biggest 
pollutants (Akçay et al., 2020; Bulat and Kılınç,2020) Because only 10% of 
plastic waste can be recycled (Yurtsever, 2015; Esmeray and armutçu, 2020).

Plastic materials break down into smaller sizes over time through different 
degradation mechanisms such as photodegradation, oxidation, hydrolytic 
degradation and biological degradation. They are called by different names 
depending on their size (GESAMP, 2016).

• Those with a size of 100 - 2.5 cm are Macroplastic (Visible with the 
naked eye), 

• Those with a size of 2.5 - 0.1 cm (1000 μm) are Mesoplastic (Visible 
with the naked eye or an optical microscope) 

• Those with a size of 0.1 cm - 1 μm are Microplastic (Can be seen with 
an optical microscope). 

• < 1 μm in size are called Nanoplastic (visible with an electron 
microscope).

Thompson used the word “microplastic” for the first time in 2004 (Arı 
and Öğüt, 2021). In the publication made by Frias, a more detailed definition 
was made by saying that any artificial solid particles or polymeric matrices 
are considered microplastics that are insoluble in water, originating from 
primary or secondary production, ranging between 1 and 5 mm in size, and 
having regular or irregular shapes (Frias and Nash, 2019). Microplastics can 
be found in many morphological forms such as amorphous, spherical and 
long fiber forms (Yurtsever, 2015). Microplastics (MPs) also differ in many 
aspects such as size, composition, weight, physical and chemical properties. 
There are two types of microplastics: primary and secondary. Primary 
MPs are specially made plastic particles that are less than five millimeters. 
Secondary MPs are tiny plastic particles that are created when big plastics 
deteriorate and wear down over time due to several interaction mechanisms. 
Microplastics are categorized as thermoplastics, thermosets, or elastomers 
based on their chemical composition and temperature. Based on their 
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intended use, thermoplastics are further divided into ordinary plastics, 
engineering plastics, and special plastics. Standard or common plastics are 
used extensively because of their important qualities and low cost. This group 
of polymers includes polyethylene (PE), polypropylene (PP), polystyrene 
(PS), and polyvinyl chloride (PVC). The superior structures, clarity, self-
lubrication, and thermal properties of engineering plastics make them useful. 
This group of polymers includes polyamide, polybutylene terephthalate, 
polyethylene terephthalate, polycarbonate, polyphenylene ether (Mishra et al. 
2019). Special plastics, like Teflon, can endure changes in temperature and 
chemical products well, while polymethyl methacrylate (PMMA) has higher 
telligibility and more consistent brightness. The fourth type of plastics that 
can withstand temperatures up to 152 °C are elevated recital plastics, which 
have a high heat endurance. Polyphenylene sulfide (PPS), polysulfone (PSU), 
polyarylsulfone (PAS), polyethersulfone (PES), polyimide and liquid crystal 
polymers (LCP) are examples of high-performance plastics.

According to the results of statistical analyses, 92.4% of plastic waste 
consists of microplastics (MPs), which mainly consist of polystyrene (PS), 
polyethylene (PE) and polypropylene (PP).(Carr et al., 2016; Santana et 
al. 2016). The main origins of tiny plastic particles are microbeads, which 
are banned for use in cosmetics in some countries today (Yurtsever and 
Yurtsever, 2019), production pellet waste and/or waste of plastic factories and 
as secondary sources, microfibers (microfiber, MF) shed from synthetic textile 
products, vehicles, tire spills, road coating and paint spills, and in short, small 
debris that occurs when plastics break down in the environment over time. 
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MPs are thought to be more hazardous persistent pollutants than plastics 
(Gaylarde et al., 2021). China and European nations have implemented rules 
and restrictions in the last ten years to limit the use of plastics and eliminate 
MP pollution at its source (Du et al., 2021). Persistent organic pollutants 
(POPs), which are polychlorinated biphenyls (PCB) and dichloro diphenyl 
trichloroethane (DDT),  and some of the micropollutants are anthropogenic 
toxic substances that have a permanent effect in the environment because 
they do not biodegrade or degrade.

The ways in which humans are exposed to microplastics vary. These are 
commonly divided into three categories: oral route, skin contact (synthetic 
textile items), and inhalation (microplastics found in breathed air, city 
dust, powdered synthetic rubber compounds, etc.). Furthermore, eating or 
drinking tainted seafood, other foods, or water tainted with microplastics 
allows the particles to enter the gastrointestinal system directly. While 
human skin can block the entry of microplastics and other pollutants into 
the body during this process, there are still ways for microplastics to spread, 
including through open wounds, sweat glands, and the scalp (Toussaint et 
al., 2019). If microplastics in foods are examined, it is possible that these 
plastics can pass into foods in the basic raw materials for some products, in 
some during the production process, in others due to the packaging materials 
used in packaging, and during the consumption of the product (from the air, 
etc.). It has been established that consumption of microplastic alters human 
chromosomes, resulting in obesity, cancer, and infertility. Because they are 
biologically persistent, microplastics may cause adverse biological reactions 
in people, including genotoxicity, oxidative stress, necrosis of the tissue, 
cell apoptosis, and inflammation. These effects may also result in fibrosis, 
localized cell and tissue damage, and even cancer. Plastics are the most often 
utilized materials for packaging in the present food production system. The 
extensive usage of plastics in the food sector is assumed to be the reason for 
the growing inclusion of microplastics in the food chain (Van Raamsdonk et 
al., 2020). Studies have shown that acrylonitrile migration from disposable 
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plastic cups is carcinogenic, and bisphenol A migration from materials such as 
polycarbonate plastics, plastic plates and cutlery, glass container lids and the 
inner coating of aluminum cans causes breast cancer and prostate cancer. It 
has been observed that phthalate transfer from food packaging has an impact 
on the reproductive and nervous systems, and that styrene (also known as 
vinyl benzene) transfer from foam plates, cups and sandwich containers has 
carcinogenic effects. (Lu et al., 2019).

 
The aquatic ecology is the target of microplastics’ most evident harmful 

effects. According to reports, without an effective management plan, plastic 
debris entering the oceans varies from 4.8 to 12.8 million metric tons. This 
dumping of plastic waste into the water has had a number of negative effects 
on both human and marine health and marine life (Anand et al., 2023 ).  
Because MPs are easily absorbed by aquatic plants and animals, they can have 
a negative impact on their growth, development, and reproduction (Qu et al., 
2020; Ge et al., 2021; Mateos-Cardenas et al., 2019;  Tanaka et al., 2020; Qiao et 
al., 2019; Cho et al., 2019). Pathogenic bacteria (Oberbeckmann and Labrenz, 
2020; Stabnikova et al., 2021), antibiotics (Sathicq et al., 2021), polycyclic 
aromatic hydrocarbons (Sharma et al., 2020), heavy metals (Tang et al., 2021), 
organic chemicals (Rodrigues et al., 2019), and organic compounds (Tang 
et al., 2021) are only a few of the pollutants that MPs can absorb from the 
water. Additionally, they may serve as transporters of toxins that aquatic life 
consumes, enabling the pollutants to go inside the organisms. Plastics make 
up the bulk of the trash found in water resources (Koelmans et al., 2019). 
Particles of plastic may also be swallowed by water birds (seagulls, albatrosses) 
when they eat fish, mussels, and squid. Turtles may inadvertently swallow the 
plastic bags surrounding them when they are consuming jellyfish, thinking 
them to be food. Because microplastics are easily ingested and degraded, and 
because their color and structure are similar to those of food, most aquatic 
species can mistake them for food (Kirstein et al., 2016). Since the 1990s, it 
has been stated that over 140,000 marine species have perished annually as 
a result of ingesting plastic or from being wrapped in it (Valeria et al., 2012).
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Terrestrial ecosystems also play an important role in transporting 
microplastics to aquatic ecosystems. Because the use of microplastics is 
predominantly in terrestrial ecosystems (He et al., 2018). Additionally, 
MPs have direct access to agricultural soils through sewage mud, water for 
irrigation, household water, and atmospheric buildup, or they might enter 
unintentionally by means of the degradation of plastic residues in agricultural 
processes. Plastic wastes affect soil macrofauna activities and microbial 
populations, and they also reduce the saturated hydraulic conductivity of soil. 
In turn, soil microbial communities play a critical part in the nutrition cycle and 
impact the behavior of pollutants, such as the mineralization, biodegradation, 
and detoxification of harmful substances. Microplastics that enter the soil can 
be stored in the soil and They can be moved to another location by erosion. 
Afterwards, they can be degraded by other environmental factors and even 
leak into groundwater. Many creatures living in the soil can also absorb these 
leaked microplastics into their bodies (Esmeray and Armutcu, 2020).
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Optical microscopy, electron microscopy, raman spectroscopy, 
and Fourier transform spectroscopy (FTIR) can all be used to identify 
microplastics. After visually inspecting potential plastics, the most popular 
method for identifying microplastics is polymeric biopsy, which frequently 
involves the use of spectroscopic, optical or thermo-analytical techniques. It 
comprises a compositional chemical analysis (Yang et al., 2018). 

The easiest and most popular method for recognizing microplastics is 
visual identification, which can be done using an optical microscope or 
by using your unaided eyes. The likelihood of a false positive using optical 
techniques grows significantly as the size of the particles under examination 
decreases. Therefore, it is advised to validate the identity of microplastics, 
especially in small items, using spectroscopic instruments or other analytical 
procedures. 

By directing a strong electron beam onto a sample’s surface, a scanning 
electron microscope (SEM) may produce high-resolution photographs of 
the material. Electrons image the sample’s surface details at extremely high 
magnifications. By analyzing high-resolution photographs of their surface 
shape under SEM, microplastics can be identified from other organic or 
inorganic foreign components. 

A specific chemical bond’s distinctive infrared spectra can be obtained 
via Fourier transform infrared spectroscopy (FTIR). An unknown substance 
can be identified by comparing its spectrum to that of recognized compounds 
since various materials have distinct bond compositions. FTIR is quickly 
becoming one of the most used methods for analyzing microplastics extracted 
from environmental materials because of its great dependability. 

A popular and very trustworthy method for identifying the polymers in 
microplastics that are found in a variety of environmental matrices is Raman 
spectroscopy. Raman spectroscopy is used to identify microplastics by shining 
a monochromatic laser beam onto a suspect sample. This causes the sample’s 
unique molecular structure and atomic composition to absorb, scatter, or 
reflect light at a different frequency, which is then backscattered back onto 
the sample. Every polymer might have its own distinct spectra thanks to this 
well-known Raman shift. 

By examining the results of heat breakdown, pyrolysis gas chromatography 
spectrometry, or Pyr-GC-MS, is a destructive approach that has also been 
effectively applied to the chemical detection of environmental microplastics. 
By contrasting the distinctive pyrograms of microplastics with reference 
pyrograms made by recognized pure polymers, the polymer types of the 
microplastics can be identified. Compared to ATR, FTIR, and microscopy 
spectroscopy, It has the significant benefit of being able to simultaneously 
offer extensive information about the chemical makeup of the polymer and 
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the organic additives it contains. Moreover, Pyr-GC-MS is insensitive to the 
size, shape, and accompanying inorganic or organic impurities of the particles 
under study (Esmeray and Armutcu, 2020).

The ways by which MPs degrade have been documented in a number 
of research conducted recently. Generally speaking, chemical, mechanical, 
and biological mechanisms lead to the breakdown of microplastics in 
the environment. Additionally, the breakdown of microplastics is also 
significantly influenced by abiotic variables, including ambient additives, pH, 
temperature, light, and oxygen bioturbation requirements (Liu et al., 2022).  
Because they are resistant to deterioration, conventional plastics may remain 
in the environment for extended periods of time (Andrady et al., 2023). 
Many different recycling techniques are currently available, but mechanical 
recycling is the most commonly used because it is inexpensive, produces 
little pollution, and can process a wide range of different materials. However, 
doses that are repeatedly subjected to mechanical recycling deteriorate the 
structures of the polymers and cause the product to become unusable. The 
four main physical methods are sol-gel, adsorption, coagulation, and filtration. 
Structural composite silica gel is created by the sol-gel process, and it then 
interacts and polymerizes with MPs (Li et al., 2023). Separation technology 
is then employed to remove these agglomerates and the MPs. In order to 
produce the separation effect, coagulation filtration leads MPs to form bigger 
agglomerates through coagulation. Since the sol–gel method reacts with 
pH, it is more suited for use with liquids (Herbort et al., 2018). Overuse of 
coagulants will damage organisms and result in secondary pollution. Various 
adsorbent materials have the ability to adsorbe MPs through mechanisms such 
as hydrogen bonding, π-π interactions, and electrostatic interactions. Though 
both magnetic and composite adsorbents have perfect removal efficiencies, 
their material synthesis is challenging and costly, and more study is needed to 
comprehend the adsorption mechanism of MPs, so the development of MPs 
adsorbents will remain the center of attention (Sharma et al., 2021). 

Plastics usually degrade chemically through oxidative and hydrolytic 
processes. Advanced Oxidation Processes (AOPs) are an effective chemical 
elimination technique and It may result in cross-linking, chemical chain 



 . 9International  Studies in Science and Mathematics

scission, or a range of reactive oxygen species (ROS). They also perform 
very well in the degradation of microplastics (MPs), according to certain 
recent research (Chen et al., 2022). Three main AOP processes are direct 
photodegradation, photocatalytic oxidation, and electrochemical oxidation. 
Nevertheless, because a significant amount of secondary waste debris is 
produced during the employment of chemical agents during degradation, this 
degradation strategy is only used on a modest scale (Arpia et al., 2021). 

The process of eliminating microplastics using a variety of microorganisms, 
including bacteria, fungi and plants, is known as bioremediation or 
biodegradation. It is the most noteworthy kind of approach because of its 
high effectiveness, sustainability, and kindness to the environment. While 
MPs are chemically robust and may tolerate some degree of environmental 
degradation, research has shown that specific bacteria and fungi can 
accelerate the breakdown of MPs (Krueger et al., 2015). The physicochemical 
and microbiological degradation components of MPs are coupled in an 
integrated process that occurs in a variety of conditions (Ammala et al., 2011). 
MP transformation has been significantly impacted by microbial degradation, 
despite MPs being less susceptible to microbial attack than other degradable 
materials (Rujnic-Sokele and Pilipovic, 2017). Microbes have a specific 
ecological niche because MPs offer them both a carbon supply and assistance 
for colonization and growth. Numerous kinds of bacteria that are capable of 
breaking down MPs have been isolated from a range of environmental samples 
in order to study the degradation behavior of MPs.  Biological degradation 
mechanisms allow microplastics to completely break down into carbon 
dioxide and water, releasing no secondary contaminants. Biologically based 
remediation is less harmful to the environment than other processes and 
detoxifies potentially toxic compounds instead of just shifting toxins from one 
environmental medium to another. Numerous studies have documented the 
function of microbial communities in the degradation of microplastics in both 
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terrestrial and marine environments (Goveas et al., 2023 ). Microorganisms 
have the ability to create enzymes that can destroy or change the chemical 
structure of microplastics. (Miloloža et al., 2022). The capacity of some plastic 
waste fractions to be degraded by microbial enzymes has been demonstrated 
by groundbreaking research conducted by many academics (Chellasamy et al., 
2022). Sometimes two or more microorganisms are used together to eliminate 
the negative effects of toxic metabolites produced in MP degradation. (Yuan et 
al., 2020). Because toxic metabolite produced by one can be used as substrates 
by another (Singh and Wahid, 2015) It is thought that the best bacteria to use 
for the biodegradation of plastics are those that produce biofilms. Fungi are 
thought to be excellent natural candidates for the breakdown of plastic due 
to their extracellular complexes and multienzyme capabilities (Matavulj and 
Molitoris, 2009). The enzymatic system found inside the cells of fungi acts as 
an internal detoxifying mechanism and is a major role in their adaptability. 
The enzymes that drive the system are members of the cytochrome P450 
family, which includes transferases and epoxidases. These enzymes engage in 
the processes of conjugation and oxidation, respectively, and catalyze them 
(Olicón-Hernández et al., 2017).
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INTRODUCTION 

A quasar is a sub-class of active galactic nuclei (AGN) that are extremely 
luminous. The term quasar originates from “quasi-stellar object” or “QSO”. 
This is because when first discovered in the 1950s, quasars were misunderstood 
as stellar objects because of their relatively small size. Scientists attributed 
their small angular size to them being stellar objects and linked their strong 
emissions to being proximity to Earth. Later these misconceptions were fixed 
as the observational capabilities advanced. This extremely luminous emission 
is generated by a supermassive black hole (SMBH) with a mass of 106-1010 
times solar mass. Around the SMBH, there is an accretion disc made up of 
gas. As the gravity of the black hole pulls the gas from the disc, falling matter 
releases huge amounts of energy because of friction and released gravitational 
potential energy. Since SMBH has a mind-blowing gravitational force falling 
matter reaches relativistic speeds. Then when this energy is released, the 
resulting emission is so powerful, that the quasar is more luminous than the 
whole galaxy it is located at. The radiant energy of quasars is enormous; the 
most powerful quasars have luminosities thousands of times greater than that 
of a galaxy such as the Milky Way1. High-definition images from the Hubble 
Space Telescope displayed quasars located in the centers of the galaxies that 
are hosting them. Some of these quasar-hosting galaxies seem to be strongly 
merging or interacting galaxies2. Detected features of a quasar are dependent 
on some factors such as the mass of its SMBH, accreting rate of gas, the relative 
orientation of the accretion disk to the observer, and whether it has a jet or not.

Number of quasars that have been found up to date is more than a million. 
The nearest observed quasar is 600 million light years away from us. However, 
in the most distant quasar category, competition is very tough. As years pass, 
new distant quasars have been found on and on. The discovery of the quasar 
ULAS J1342+0928 occurred in 2017 and it was determined to have a redshift 
of z=7.54. This particular quasar has a mass equivalent to 800 million suns and 
the light currently being observed from it was emitted when the universe was 
a mere 690 million years old. 3 4. The quasar Pōniuāʻena was detected in 2020, 
having emitted light only 700 million years after the Big Bang. This quasar is 
estimated to have a mass of 1.5 billion solar masses5. The quasar J0313–1806 
was identified in 2021 and it was found to have a supermassive black hole 
with a mass of 1.6 billion solar masses. The redshift of this quasar, z=7.64, 
reveals that the light currently being observed from it was emitted around 670 
million years after the Big Bang6. Searching of quasars has shown that quasar 
activity was more prevalent in the past, with a peak occurrence around 10 
billion years ago7 when the universe was still relatively young. When several 
quasars, gravitationally attracted to one another, are found nearby, they are 
referred to as a large quasar group (LQG) and are believed to be located within 
galaxy filaments, Largest structures in the universe.
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OBSERVATIONAL ASPECTS

The first confirmed quasar discoveries were in the 1970’s. At that time 
quasars were the brightest radiation sources observed by radio and optical 
range telescopes. Their emission was distributed a broad range of wavelengths, 
starting from the radio waves up to X-rays and even gamma-rays. Their 
appearance was point-like or as commonly stated quasi-stellar. The emission 
was so strong that it was 105-108 times more luminous than the standard 
galaxies. As opposed to galaxies that have been observed up to date, their 
emission is more focused in a small area known as the nuclear region of the 
galaxy. There are also less luminous active galaxies than quasars and they are 
named Seyfert galaxies, discovered by Carl Seyfert

Observing the quasar-hosting galaxies is quite hard because quasars are 
so bright that their “glare” makes it very hard to detect the host galaxy. Qua-
sars are more luminous than their host galaxy. Thanks to the advanced imag-
ing technologies of the Hubble Space Telescope, we have detected the host gal-
axies in some cases 8. With regular or smaller telescopes, it is impossible to see 
the quasars. Their apparent magnitude is too low because of the huge distance 
between quasars and Earth. There is an exception for this case, quasar 3C 273. 
It is the most bright known quasar up to date with an apparent magnitude of 
12.9. One can reach its photos using the link below: 

h t t p s : / / w w w . g o o g l e . c o m / s e a r c h ? s c a _ e s v = f c b 6 e -
7084a098e95&rlz=1C1CHBD_trTR966TR966&sxsrf=ACQVn0_pFvg-
f Rj1bgEeR2iTtho22jJG72A:1707712317000&q=3+c+273+photo+-
nasan&tbm=isch&chips=q:3+c+273+photo+nasan,online_chips:273+qua-
sar:I9PxLU_ngHg%3D&usg=AI4_-kRQv8DFTeSYiIjESweCnmWS-
fT-3YA&sa=X&ved=2ahUKEwjj3aGQ_KSEAxUqh_0HHSwkAqwQgIoD-
KAB6BAgIEBA&biw=1536&bih=695&dpr=1.25

X-ray emissions from quasars were first discovered with Aerobee rocket 
flights in the 1960’s. They seem to have a high X-ray luminosity. With immense 
luminosity but relatively small size, the source of the power must have been 
accretion, a process that is much more efficient than stellar nuclear fusion. 
Observed and calculated masses were about a million to billion times the 
solar mass. This indicated there is a supermassive black hole in the centers of 
quasars, accreting matter and producing intense levels of energy. Due to these 
processes, quasars are amongst the most energetic and luminous objects in 
the observable universe

Active galactic nuclei are all over the sky when looked at from an X-ray 
perspective. Up to almost %75 of the X-ray sources detected in X-ray surveys 
are active galactic nuclei. With this considered they make a huge contribution 
to cosmic X-ray background radiation. Strong AGNs also have a huge impact 
on processes like galaxy formation since they create strong winds of ionized 
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matter. Jets from the AGN can burst matter millions of light years away, into 
intergalactic space.

Pioneer AGN X-ray detections were published by Friedman et. al in 19679. 
These detections were from 3C 273 and M87 galaxies. They suggested that 
these small extragalactic X-ray emissions may be responsible for the cosmic 
X-ray background radiation. Following these observations, astronomers 
detected a few Seyfert class galaxies with Uhuru X-ray satellite10. NASA High 
Energy Astronomy Observatory (HEAO-1) mission started in 1977. It was 
equipped with advanced scintillation detectors alongside previously used 
proportional counters, providing a chance of a complete X-ray survey of the 
X-ray universe11. HEAO-1 became useful with the spectral characterization 
of the diffuse X-ray background over the energy range 3-50 keV12. Einstein 
Observatory was a remarkable milestone in X-ray astronomy with its X-ray 
telescope with focusing optics necessary to produce images was launched in 
197813. It captured images of extended and diffused sources and hundreds of 
points like XRS’s outside our galaxy with great resolution. Observations made 
with EXOSAT approved the occurrence of soft bumps in the X-ray spectrum14.

ASCA and BeppoSAX were responsible for studies of continued AGN 
emission lines15 16. ASCA was equipped with the first ever CCD X-ray camera 
in the focus of a telescope, and found evidence for a broad emission line from Fe 
in an AGN observation17, offering that broadening of infra-red range caused by 
gravitation of the supermassive black hole. The unprecedented high resolution of 
Chandra gave us the resolution of CXB up to 8keV18. It is now understood that 
most of the CXB is the total emission from AGN’s redshifted distribution. The 
Nuclear Spectroscopic Telescope Array (NuSTAR), launched in 2012, is the most 
recent addition to the collection of X-ray observatories19. In its first published 
result, the ability of NuSTAR to accurately determine the high-energy, 3-80 
keV, X-ray spectrum of NGC 1365 was demonstrated. The data showed a clearer 
measurement of the broadening of the Fe fluorescence line, which is thought to be 
caused by the spin of the SMBH in NGC 136520. X-ray observations by Chandra 
revealed a list of quasars which can be found in the link:  

https://chandra.harvard.edu/photo/category/quasars.html 

Also, the Hubble Space Telescope (HST) observed the brightest quasar in 
the early Universe which can be found in the link below.

https://science.nasa.gov/missions/hubble/nasas-hubble-helps-
astronomers-uncover-the-brightest-quasar-in-the-early-universe/.

Infrared and optical observations of the hydrogen lines in quasars were 
published earlier and can be seen in  Astrophysical Journal, Vol. 243, p. 369-
380 (1981).
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One can find the Swift UV, Optical, and X-ray observed quasar Catalog 
in the link below

https://heasarc.gsfc.nasa.gov/W3Browse/all/swsdssqso.html

THEORETICAL ASPECTS

In the 1970s, new advancements such as early X-ray space telescopes, 
understanding the black holes and newly developed cosmological models 
showed that redshifts of the quasars are rooted in the expansion of the 
universe, the quasar is very powerful and very distant and their source of 
energy is an accreting supermassive black hole21. Besides all of this finding 
and approving of controversial theories, optical and X-ray observations of the 
quasars explained the previously observed spectral anomalies. Quasars are 
located in the centres of active galaxies and are one of the most luminous, 
energetic, and powerful objects in the universe. They can emit up to 1000 
times the total energy output of the Milky Way, which consists of hundreds 
of billions of stars. The electromagnetic emission of the quasars spans the 
whole electromagnetic spectrum, from X-rays to far infrared, with a peak in 
the ultraviolet and optical bands. Some quasars are also strong radio sources 
(radio-loud) and gamma-rays. Redshifts of the quasars are generally calculated 
from their visible and UV emission lines in their spectra. These wavelengths 
are more dominant than the continuous spectrum. They show the Doppler 
effect compatible with a few per cent of the speed of light.

In the 1960s Salpeter and Zeldovich proposed the idea of quasars being 
powered by supermassive black holes in the center of the galaxies that are 
accreting matter. At first, most astronomers did not accept this theory but 
as time went on this theory has been confirmed in many cases. Even the 
radiation or light can not escape the event horizon of the SMBH. All the 
emission, radiation and energy production occur outside of the event horizon 
of the black hole via releasing potential energy in the blackhole’s potential 
well or friction of the accreting matter. The accretion discs of the quasars are 
very efficient in terms of energy conversion. Accretion discs of SMBH can 
convert %5-%31 of the accreting material’s rest mass energy to free energy. 
For comparison, in the main sequence stars like the Sun powered by p-p chain 
reactions this energy conversion ratio is only %0.7.

Masses of the black holes in the quasars in the range between 10^5 - 10^9 
solar mass.

 Many nearby galaxies and the Milky Way have a supermassive black 
hole in their center. Due lack of matter to accrete, these galactic nuclei are not 
even nearly as active as quasars. This is why it is believed that quasars were 
more common in the past, earlier phases of our universe. Quasar’s incredible 
emission requires immense matter flow from their surrounding space. As 
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time goes on, all the matter drains away accretion slows down and the galactic 
nuclei lose their activity. Only a small fraction of galaxies have enough matter 
around their nuclei to feed active nuclei such as quasars22. Quasars may also 
be reignited or ignited when two galaxies collide and their corresponding 
black holes feed with a new source of matter. Interestingly, scientists suggest 
that a new quasar could be formed when Andromeda and Milky Way collide 
in 3-5 billion years23. 

 CONCLUSIONS

Quasars are extremely luminous due to the presence of a supermassive 
black hole (SMBH) with a mass of 10^6-10 1̂0 times the mass of the sun. The 
SMBH is surrounded by an accretion disc made up of gas, which releases energy 
as it is pulled in by the black hole’s gravity. Quasars are located in the centres 
of their host galaxies and are often found in merging or interacting galaxies. 
They can be detected in various parts of the electromagnetic spectrum and 
have characteristics that depend on factors such as the mass of the SMBH, 
the accretion rate of gas, the orientation of the accretion disk relative to the 
observer, and whether or not they have a jet. There are over a million known 
quasars, with the nearest one located 600 million light-years away. In recent 
years, particularly distant quasars have been discovered, including ULAS 
J1342+0928 and the quasar J0313-1806. Surveys have shown that quasar 
activity was more common in the past, with a peak epoch around 10 billion 
years ago. When several gravitationally attracted quasars are found nearby, 
they are known as a large quasar group (LQG). X-ray observatories, including 
NuSTAR, have been used to study quasars and other celestial objects.

Quasars are extremely luminous celestial objects that are located at the 
centres of galaxies and are powered by supermassive black holes. They were 
first detected in the 1970s and are known for their strong emission across 
a broad range of wavelengths, including radio, optical, X-ray, and gamma-
ray. Quasars are much brighter than standard galaxies and are observed to 
have small, point-like appearances. It is difficult to observe the host galaxies 
of quasars because their bright emission makes them appear to “glare.” X-ray 
emissions from quasars were first detected in the 1960s and it was discovered 
that they have high X-ray luminosity and relatively small size, leading scientists 
to conclude that the source of their power must be the accretion of matter onto 
a supermassive black hole. Active galactic nuclei, of which quasars are a type, 
make up a large portion of X-ray sources detected in surveys and contribute 
significantly to cosmic X-ray background radiation. They can also have a 
strong impact on processes such as galaxy formation through the creation of 
strong winds and jets of ionized matter.

Quasars are some of the brightest and most energetic objects in the 
universe. They are thought to have supermassive black holes at their centres, 
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which release huge amounts of energy through the process of accretion, or 
the falling of matter into the black hole. X-ray emissions from AGN were 
first detected in the 1960s and have been studied extensively since then 
using a variety of telescopes and satellites. These observations have helped 
astronomers understand the role AGN plays in the cosmic X-ray background 
radiation and the formation of galaxies. The most recent addition to the 
collection of X-ray observatories is the Nuclear Spectroscopic Telescope Array 
(NuSTAR), launched in 2012, which has provided detailed measurements of 
AGN emission spectra.

Quasars are bright objects that are powered by accreting supermassive 
black holes at the centres of active galaxies. They emit energy across the entire 
electromagnetic spectrum and have redshifts caused by the expansion of the 
universe. Their high luminosity and energy output are due to the efficient 
conversion of matter’s rest mass energy into free energy in the accretion disks 
around the black holes. Quasars were more common in the past, but their 
activity has slowed as the matter around their nuclei is depleted. They may be 
reignited through galaxy collisions and mergers.

I want to thank Berkay Tümkaya, one of my undergraduate students, for 
helping me in preparation of the manuscript
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1. INTRODUCTION

Polymers touch nearly every aspect of modern life, ensuring a high 
quality of life across various domains. From everyday consumer goods to 
highly advanced materials used in industries such as electronics, machinery, 
communication, transportation, pharmacy, and medicine, polymers are 
indispensable. The usage and industrial production of petroleum-derived 
polymers, which form the foundation of significant industrial products, 
continue to expand with each passing day. However, the broad spectrum of 
applications and increasing industrial production of these polymers pose 
environmental concerns due to their durable nature, which allows them to 
persist in the environment for many years without degradation. In recent 
years, the global polymer market has seen a rise due to increased demand 
from various end-use industries. However, the accumulation of waste in 
storage areas due to polymer usage, coupled with the energy requirements for 
recycling waste materials worldwide, raises concerns about both economic 
and environmental impacts of waste disposal.

In recent years, the high price of petroleum and society’s increasing 
demand for greener and cleaner products have led to a growing interest in 
biologically renewable, biodegradable polymers, and the use of sustainable 
technologies to produce them. From this perspective, the production of EPS 
(Expanded Polystyrene) and research on biopolymers have gained importance 
as strategies for economically feasible materials (Sarilmiser et al., 2015).

Microbial production offers various advantages over plant or 
macroalgae-derived products in terms of overcoming environmental impacts 
and obtaining high-quality final products with defined and reproducible 
production parameters. Additionally, they exhibit higher efficiency compared 
to polysaccharides derived from plant preparations. Therefore, emphasis 
should be placed on microbial polysaccharides or biopolymer production, 
which serve important biological activities and have superior structural 
properties, serving as potential industrial products.

Microorganisms secrete high molecular weight compounds in the 
extracellular environment, known as exopolysaccharides (EPS). EPS are 
defined as high molecular weight (10-30 kDa), highly sugar-based polymers 
secreted by microorganisms into the environmental surroundings. These 
natural, non-toxic, and biologically degradable polymers not only protect 
microorganisms from environmental extremes such as Antarctic ecosystems, 
saline lakes, geothermal sources, or deep-sea hydrothermal vents but also play 
important roles in various biological mechanisms such as immune response, 
adhesion, infection, signal transduction, biofilm formation, biological 
pollution, nutrient storage, and microbial motility (Cruz et al., 2020).
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Biopolymers constitute the structural components highly present in the 
chemical composition of EPS. There are various materials that can be defined 
using the term “biopolymer,” but it generally refers to materials derived 
from or produced by biological sources such as microorganisms, plants, 
algae, etc. It can also refer to materials synthesized by synthetic chemistry 
from biological sources such as vegetable oils, sugars, resins, proteins, amino 
acids, etc. Furthermore, composite products produced by mixing two or more 
biopolymers are also categorized as biopolymers.

Compared to traditional products, biopolymers are known to possess 
various biological activities such as antimicrobial, anticancer, antibiofilm, 
anti-inflammatory, antioxidant, and immunomodulatory properties. 
Additionally, due to their cold water solubility, pH stability, storage stability, 
compatibility with ionic salts, sensitivity to metals, surface particles, and 
other polymers’ chemical reactions, water vapor and oxygen permeability, 
and high thermostability, they find applications as emulsifiers, stabilizers, 
binders, gelling agents, coagulants, lubricants, film formers, thickeners, 
and suspending agents, holding potential for various biotechnological 
applications. This necessitates the identification of the chemical structure 
superiority and biological activities of biopolymers to increase their usage 
in various industrial, pharmaceutical, and medical applications (Domzał-
Kedzia et al., 2023).

Levan is a biopolymer composed of repeating fructose units. The main 
chain structure of levan makes it a unique biopolymer. Levan biopolymer 
possesses the characteristic of being one of the few natural polymers where 
carbohydrates are found in the furanose form (Srikanth et al., 2015).

Numerous studies have demonstrated the biological activities of 
levan, such as antifungal, antitumor, anti-inflammatory, antioxidant, and 
antibiofilm properties. However, due to its high cost and limited availability 
of raw materials, levan has not found extensive use. Despite the high cost, 
the increasing demand for environmentally friendly products in sectors such 
as biomedical, pharmaceuticals, food, and feed (e.g., aquaculture) is creating 
a new commercial market encompassing bio-products, including levan 
(Domzał-Kedzia et al., 2023).

Antimicrobial agents, the main agents in infection control, also have 
various applications in production facilities, including food, pharmaceutical, 
and cosmetic industries, as protective agents in various products, waste 
control, biofilm control in sewage systems, and maintaining standard 
hygiene conditions. The wide range of applications has led to widespread 
use, contributing to the development of chemical antimicrobial resistance 
in bacteria. Additionally, chemicals used in the production of antimicrobial 
products, which are now mandatory for use, cause serious environmental 
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harm and bioaccumulation. To limit chemical production and usage, green 
production strategies should be adopted.

Chemical antimicrobial agents are also extensively used in the textile 
sector. The use of antimicrobial textiles can help control the growth or kill 
pathogens and limit the spread of infections through textiles. The high risk 
of infection transmission in communal living spaces such as accommodation 
centers, schools, and nurseries necessitates the use of antimicrobial agents, 
especially in textile products in such areas. Antibacterial fabrics prevent 
the growth and spread of such bacteria, ensuring safety against infections 
in hospitals where sterilization is essential for both doctors and patients. 
Synthetic, organic, and polymer-based antimicrobial agents are used in the 
final production of antimicrobial textiles. Commonly used antimicrobial 
agents in the textile sector include quaternary ammonium compounds 
(QACs), compounds containing halogens (fluorine or chlorine, molecules 
containing N-halamines or triclosan), guanidine-containing polymers 
(polyhexamethylene biguanide), phospho- and sulfo- derivatives containing 
polymers, and phenol polymers. Despite the advantages of chemical materials 
in textile production processes, such as durability and not altering the 
tactile and mechanical properties of the fabric, they also have disadvantages 
such as being toxic to humans and the environment due to their rapid 
biodegradation, causing skin irritation and sensitivity (Zhang, 2016). Levan 
polymer finds application in textile products due to its properties such as 
thermal stability, elasticity, high biological activity, and low toxicity. However, 
while there are numerous studies on the potential use of gelatin, chitosan, and 
alginate in textile products, literature knowledge regarding the use of levan 
is quite limited. In this study, we examined the literature data regarding the 
antimicrobial activity of levan and evaluated its potential use in textiles.

2. BIOPOLYMERS AND LEVAN

2.1. Microbial Exopolysaccharides (EPS)

Many microorganisms produce polysaccharides surrounding the 
cell composed of repeating sugar units. In microorganisms, these are 
generally found as intracellular storage polysaccharides (such as glycogen), 
lipopolysaccharides (LPS) mainly determining immunogenic properties in 
the outer membrane, and capsular polysaccharides (CPS) secreted as a separate 
surface layer forming capsule according to their biological functions. Loose 
extracellular polysaccharides, such as levan, xanthan, sphingan, alginate, 
cellulose, etc., are observed as EPS, loosely bound to the cell surface (Schmid 
et al., 2015).

EPSs are reported to have various industrial, pharmaceutical, and 
medical applications. Especially in recent years, pathogenic microorganisms 
have developed resistance in response to the indiscriminate use of commercial 
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antimicrobial drugs widely used in the treatment of infectious diseases. This 
has led to increased frequency of undesirable side effects of some antibiotics 
and previously rare infections, necessitating scientists to undertake research 
into new antimicrobial agents. In this context, it has been demonstrated 
in many studies that polysaccharides obtained from various organisms 
exhibit significant biological activities against important pathogens, such 
as antimicrobial, antifungal, antitumor, anti-inflammatory, antioxidant, 
antibiofilm, etc., and they have been reported to have significant potential as 
natural bioactive drugs (Elsakhawy et al., 2017).

The extracellular polymer matrix is crucial for maintaining hydration 
and structural integrity of the biofilm. In the case of the EPS isolated from 
Lactobacillus plantarum WLPL04, significant activity against biofilm 
formation of bacteria such as Pseudomonas aeruginosa CMCC 10104 could 
not be achieved. However, researchers have concluded that L. plantarum 
strains isolated from different sources may have specific EPS with varying 
activity against pathogens (Liu et al., 2017).

2.2. Biopolymer 

Biopolymers are polymers produced from natural sources. They can be 
synthesized chemically from biological materials or biosynthesized by living 
organisms. All biopolymers are synthesized enzymatically in the cytoplasm, 
various compartments or organelles of cells, cytoplasmic membranes, or cell 
wall components, on the surface of cells, or even extracellularly. The synthesis 
of a biopolymer can be initiated as a single entity or continued in another 
part of a cell. There are various materials that can be defined using the term 
“biopolymer.” Microbial and plant sources as well as biological materials 
such as oils, sugars, and proteins can be used for this purpose. Additionally, 
composite products produced by mixing two or more biopolymers are also 
categorized as biopolymers.

Biopolymers have a self-repeating configuration and are sensitive 
to chemical reactions with metals, surface particles, and other polymers 
(Etemadi et al., 2003). Moreover, they acquire complex structural diversity 
by folding spontaneously, gaining various biological functions. Many 
biopolymers, especially proteins, are monodisperse, meaning they are single-
distributed. In other words, they are uniform polymers in which all molecules 
have the same degree of polymerization or relative molecular weight and have 
a polydispersity index (PDI, a measure of the width of a polymer’s molecular 
weight distribution) equal to 1. Natural biopolymers with important physical 
properties such as cold water solubility, pH stability, storage stability, and 
compatibility with ionic salts are available. Additionally, biopolymers that 
undergo degradation are used as natural fertilizers in the agricultural sector, 
thus reducing chemical agricultural practices.
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Throughout history, biopolymers have been used in various fields; 
however, their usage has been less compared to petroleum-derived materials 
due to the low cost of petrochemical raw materials and the rapid diversification 
of materials produced from these raw materials to meet societal needs. In 
recent years, concerns about adopting greener and cleaner products, driven by 
high petroleum prices, have led to increased interest in biologically renewable 
polymers and the use of sustainable technologies to produce them. From this 
perspective, the importance of research on biopolymers for their economic 
feasibility has increased (Hernández et al., 2014). Research indicates that the 
number of biopolymer enterprises, which was 500 in 2018, is expected to rise 
to 5000 by 2020, encompassing 25-30% of the plastic production industry, 
reflecting the growing significance of biopolymers. Biopolymers are divided 
into natural (polysaccharides, alginates, chitosan, etc., produced from natural 
materials under controlled conditions) and synthetic (having repeated 
physical and mechanical properties) categories (Hamamcı and Aktaş, 2018). 
According to their synthesis sources, natural polymers are categorized into 
biomass and agricultural as well as microorganism-derived, while synthetic 
biopolymers are divided into biotechnology-derived and petroleum-
derived sources. Additionally, new studies have accelerated, combining 
natural biopolymer and synthetic biopolymer applications, with the use of 
microorganisms in production. Particularly, targeted template biopolymer 
production methods have been developed using molecular techniques with 
microorganisms. The aim is to achieve more controlled polymerization 
compared to chemical production strategies (Schultz, 2017). Furthermore, 
recent developments in synthetic biopolymer synthesis involve the use of 
combinatorial strategies that mimic natural polymers such as polypeptides, 
oligosaccharides, and nucleic acids, which play key roles in cellular and 
molecular recognition, signal transduction, immune response, and are 
central to the life processes of all organisms. These synthetic biopolymers are 
synthesized using techniques employing combinatorial strategies, allowing 
the structure of these biopolymers to be defined and compound libraries to 
be generated. These libraries, containing millions of compounds, are then 
screened, and the biological functions of these molecules are tested to develop 
potential methods for drug discovery and design (Cho et al., 1993).

The development of these methods, which are of interest in drug 
discovery, relies on environmentally friendly production methods for 
biopolymer synthesis, determination of the production efficiency conditions 
of the synthesized biopolymer, characterization of the target biopolymer, and 
determination of the low-cost industrial usage potential. Thus, by increasing 
the known abundance of the target biopolymer in nature, limitations posed 
by natural biopolymer scarcity will be addressed, reducing the necessity 
for chemical polymerization techniques and enabling the application of 
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new techniques for drug design. As time and technology progress, it is 
anticipated that with suitable synthesis strategies, biopolymers will replace 
their petroleum-based counterparts, leading to additional opportunities 
with acceptable levels of biopolymer synthesis efficiency and product purity 
(Hernández et al., 2014). Furthermore, biopolymer composite materials, 
despite their low mechanical properties as dental implants, are being tested in 
vivo and in vitro due to their processing flexibility, optimal porosity, lighter 
weight compared to metals, biocompatibility, and biodegradability. Positive 
strategies are being developed for them to become ideal implant materials.

Research is underway to explore exceptional and innovative ways of using 
biopolymers in various biotechnological product derivations for sustainable 
biotechnology and bioeconomy. There is a particular focus on the high-volume 
production of microbial biopolymers. Microbial biopolymer production is 
emphasized due to the ability of microorganisms to enable low-cost and rapid 
production compared to other organisms. Microbial biopolymers exhibit 
high biological activity and various physicochemical properties compared to 
those produced from plants and algae, leading to the adoption of microbial 
bioproduction strategies (Jing et al., 2011).

2.3. Biopolymer Levan

The history of levan dates back to its discovery by Lipmann in 1870-1881, 
followed by reports of levan polymers produced by microorganisms isolated 
from eucalyptus sap by Greig-Smith and Steel in 1902. Subsequently, research 
in this field, particularly in Germany, England, and France, focused on the 
biosynthesis, production, and harvesting of levan from 1870 to 1940. Starting 
from the 1930s, microbial levan production and polymer applications opened 
up new horizons, leading to the development of a commercial market for 
polysaccharides, especially in the United States (Srikanth et al., 2015).

Levan biosynthesis occurs through the activity of levansucrase (EC 
2.4.1.10, sucrose: 2,6-β-D-fructan 6-β-D-fructosyltransferase). Levansucrase 
catalyzes the transfer of fructosyl groups to a polyfructose (fructan) chain 
from sucrose, leading to the formation of microbial exopolysaccharide 
known as levan. This enzyme belongs to the glycosyltransferase family, 
particularly fructosyltransferases. Glycosyltransferases (EC 2.4) catalyze the 
transfer of activated glycosyl groups from donor carbohydrates to acceptor 
molecules. They play a significant role in the biosynthesis or modification of 
polysaccharides and in the production of oligosaccharide derivatives of many 
organic compounds (Koşarsoy Ağçeli ve Yucel, 2023).

Levansucrases are reported to be found in both gram-negative and gram-
positive bacteria, with widespread distribution especially among Gram-
positive bacteria (Khandekar et al., 2014).
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In plants, levan exists in a mixed FOS (fructooligosaccharide) structure 
with both β-(2→6) and β-(2→1) fructofuranosidic bonds between fructosyl units. 
Bacterial levan, on the other hand, typically exhibits β-(2→6) linkage, with 
higher molecular weight compared to plant levans. Consequently, structural 
differences in levan, such as molecular weight, degree of polymerization, and 
branching of repeating units, are source-dependent. Levans obtained from 
plants are much smaller than those produced by microorganisms, typically 
ranging in molecular weight from 2000 to 33000 Daltons (Da) (Srikanth et al., 
2015a). On the other hand, microbial levans have molecular weights ranging 
from 2 to 100 million Da, with bacterial levans having much higher molecular 
weights due to multiple branching (Srikanth et al., 2015a).

Levan Biosynthesis

Due to its wide range of functional properties, levan is considered a 
homopolysaccharide with a broad potential for industrial applications. 
In recent years, there has been an increasing interest in the commercial 
production of levan (Sarilmiser et al., 2015).

In the medical and pharmaceutical sectors, levan finds applications in 
many areas, particularly due to its biodegradability, biocompatibility, and film-
forming ability (Silbir et al., 2014). Levan polymers have potential industrial 
applications as thickeners, encapsulating agents, for medical uses, and as 
substitutes for some petrochemicals. Additionally, levan has the potential to 
be used as edible coating materials for foods and pharmaceuticals due to its 
low oxygen permeability properties (Kaplan et al., 1993).

In cosmetic products, levan has been reported to act as a formulation aid, 
exhibiting excellent cell proliferation and moisturizing effects on the skin. 
Furthermore, levan derivatives can also be used in hair care products (Divya 
and Sugumaran, 2015).

In general, the carbon source plays a significant role in the production 
of levansucrase via microbial fermentation. For example, increased sucrose 
concentration usually leads to increased levan formation, and sucrose 
concentration often plays a crucial role in controlling the targeted molecular 
weight of the produced levan molecule (Zhang et al., 2014). Among the 
factors tested to control the molecular weight of levan produced as a result 
of levansucrase activity from B. subtilis NRC 33a, sucrose concentration 
was shown to be the most important factor. Various studies conducted with 
Bacillus circulans, Bacillus amyloliquefaciens, Bacillus sp., and Geobacillus 
stearothermophilus (Inthanavong et al., 2013) bacteria have reported that 
sucrose is required as an inducer to enhance levansucrase production, 
and levansucrase production ceases at very low sucrose concentrations or 
in the absence of sucrose. Levansucrase is the key enzyme for producing 
microbial levan from sucrose, and sucrose supplementation generally induces 
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levansucrase expression during fermentation (Srikanth et al., 2015a). It has 
been shown that sucrose supplementation alone has no significant effect on 
levansucrase production in B. subtilis NRC 33a (Abdel-Fattah et al., 2005).

The production of levansucrase is also influenced by the nitrogen source. 
While bacteria such as B. amyloliquefaciens (Tian et al., 2011), B. subtilis NRC 
33a (Abdel-Fattah et al., 2005), and Bacillus sp. (Belghith et al., 2012) require 
yeast extract for levansucrase production, it has been reported that Geobacillus 
stearothermophilus requires an environment containing peptone or tryptone 
instead of yeast extract for high-level levansucrase production.

It is known that other factors such as culture temperature and metal ions 
also have significant effects on levansucrase production, and species-specific 
production efficiency may vary depending on the applied metal ion and 
incubation temperature. While the optimum temperature and supplemented 
metal for levansucrase production from B. subtilis NRC 33a were determined 
to be 30°C and Mg2+, respectively (Abdel-Fattah et al., 2005), the optimum 
temperature and metal requirement for Bacillus sp. bacteria were reported to 
be 50°C and Fe2+ (Belghith et al., 2012).

The properties of levan obtained from the cultivation of Azotobacter 
vinelandii D-08 in environments provided with molasses and distillation 
waste were investigated for its potential use as a hydrogel component capable 
of adsorbing highly toxic heavy metals and radionuclides. It was reported 
that a culture medium containing 5% molasses and 2-15% distillation waste 
was the most suitable condition for the efficient synthesis of levansucrase and 
levan. Particularly, levan synthesized depending on levansucrase activity 
from bacteria cultured using molasses and 10% distillation waste was 
characterized by High-Performance Liquid Chromatography (HPLC) and 
Infrared Spectroscopy (IR). Two different levan structures with high and low 
molecular weights were identified (Shutova et al., 2021).

As a result of these studies, it is suggested that levan can be used for the 
production and enrichment of uranium ores known to contain heavy metals 
and radionuclides, as well as for the treatment of industrial, multi-component 
wastewater from atomic power plants and facilities. It is observed that 
levan has the potential to be used for the removal of heavy metal ions from 
wastewater and for the remediation of soils contaminated with toxic metals, 
which is a significant environmental issue resulting from industrial activities 
(Shutova et al., 2021).

Levansucrase generally exhibits different temperature optima for 
polymerization and sucrose hydrolysis reactions, where low temperatures 
typically support the polymerization reaction, while high temperature 
conditions support sucrose hydrolysis. The optimum temperature for levan 
synthesis in Pseudomonas syringae pv. is approximately 18 °C, while it is 60 °C 
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for sucrose hydrolysis (Hettwer et al., 1995).

The molecular weight of the produced levan is usually controlled by the 
reaction temperature. It has been found that Bacillus licheniformis RN-01 
produces high molecular weight levan (612 kDa) as the main product at 50 °C, 
while it produces low molecular weight levan (11 kDa) at 30 °C (Nakapong et 
al., 2013).

Levan isolated from B. licheniformis has been shown to significantly 
stimulate the proliferation of spleen lymphocytes. It has been determined that 
EPS is directly mitogenic for mouse splenocytes (Liu et al., 2010).

The optimization of levan obtained from Acetobacter xylinum has been 
studied, and it was found that the highest levan production conditions 
were 10 g/L nitrogen, pH 6.8, levan concentration between 0.1-0.4 g/L, and 
sucrose concentration between 50-60 g/L. The antioxidant activity of the 
extracted levan was observed to be 81.26% at a concentration of 1 mg/mL 
(w/v) and 100% at a concentration of 1.25 mg/mL. These results suggest that 
the isolated levan can be used as a potent antioxidant for pharmaceutical 
and biomedical applications. Furthermore, an inhibitory effect of 71.18% was 
observed at a concentration of 0.25 mg/mL in the in vitro anti-inflammatory 
assay performed using protein (BSA) extracted from A. xylinum NCIM 2526, 
indicating a high anti-inflammatory activity compared to standard drugs 
(Srikahnt et al., 2015).

Levans are not produced on a commercial scale, and there is limited 
data available on their physiological or health effects. However, research 
conducted on rats has shown that a diet supplemented with levan increased 
superoxide dismutase (SOD) and catalase (CAT) enzyme levels by 40% and 
28%, respectively, and positively altered plasma antioxidant enzyme activities. 
Additionally, rat groups fed with levan exhibited significantly reduced total 
cholesterol, triglyceride, and LDL-cholesterol levels. Due to these potential 
antioxidant effects, levan may hold promise for the treatment of metabolic 
diseases related to oxidative stress (Dahech et al., 2013). However, human 
clinical trials evaluating the physiological effects of levan type fructans are 
very limited to date.

Marx et al. (2000) investigated levan as a novel carbohydrate source for the 
growth of Bifidobacteria and reported that certain Bifidobacterium sp. strains 
showed good growth on levan oligosaccharides. In contrast, Niv et al. (2012) 
examined the effects of consuming 500 mL of natural orange juice enriched 
with 11.25 g of levan daily for 8 weeks compared to natural orange juice without 
levan on the weight, gastrointestinal symptoms, and metabolic profiles of 48 
individuals. They found no significant difference in the studied parameters 
between the two types of fruit juices. It was stated that levan consumption had 
no effect on intestinal habits, serum lipid levels, gastrointestinal symptoms, 
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or blood pressure. Dal Bello et al. (2001) demonstrated that levan-type 
exopolysaccharides obtained from Lactobacillus sanfranciscensis exhibited 
bifidogenic properties in in vitro experiments.

 3. POTENTIAL BIOTECHNOLOGICAL APPLICATIONS OF 
LEVAN 

Antimicrobial Activity of Levan

Three different levan compounds, namely high molecular weight, low 
molecular weight, and difructose dianhydride, have been tested for their 
antibacterial activity against pathogens commonly responsible for food 
spoilage and foodborne diseases worldwide. Low molecular weight levan 
effectively inhibited the growth of Bacillus cereus, Staphylococcus aureus, 
Escherichia coli O157:H7, and P. aeruginosa at a concentration of 1%. At 
concentrations above 3%, low molecular weight levan strongly inhibited 
the growth of B. subtilis, B. cereus, S. aureus, Listeria monocytogenes, E. coli 
O157:H7, S. typhimurium, P. aeruginosa, and Enterobacter aerogenes. On the 
other hand, the 5% concentration of high molecular weight levan did not 
exhibit effective antimicrobial activity against B. subtilis, S. typhimurium, 
and E. aerogenes, but showed high antimicrobial activity against B. cereus, 
S. aureus, L. monocytogenes, E. coli O157:H7, and P. aeruginosa. Difructose 
dianhydride at concentrations above 3% strongly inhibited the growth of 
most tested pathogenic bacteria except E. aerogenes (Byun et al., 2014).

The antimicrobial efficacy of levan-coated silver nanoparticles (AgLeNP) 
has been investigated as a drug delivery system and bactericidal agent. The 
bacteriostatic activity against Gram-positive bacterium B. subtilis ATCC 6051 
and Gram-negative bacterium E. coli K12 strain was tested and antagonistic 
activity was observed against both groups. When examining the concentration 
of activity, it was found that AgLeNPs were less effective against Gram-positive 
due to the peptidoglycan wall (González-Garcinuño et al., 2019).

The antimicrobial activity of commercial levan produced by Zymomonas 
mobilis NRRL B-1402 and levan produced by B. subtilis against bacterial strains 
and fungal species isolated from food products has been tested. Since none of 
the tested microorganisms showed inhibition effects even at the highest levan 
concentration of 40 mg/mL, no minimum inhibitory concentration (MIC) 
value could be determined for both levan products (Gökmen et al., 2020).

The antibacterial activity of levan was evaluated against S. aureus ATCC 
33592 and E. coli ATCC 25922. They respectively formed inhibition zones of 1 
cm and 0.8 cm. Additionally, both strains exhibited an MIC value of >256 μg/
mL (Bouallegue et al., 2020).

In another study, levan produced by Pseudomonas mandelii was 
evaluated for its antibacterial activity against test cultures of S. aureus, E. 
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coli, C. albicans, and A. niger. It was observed that levan at a concentration 
of 100 μg/mL formed an inhibition zone against E. coli and S. aureus but did 
not show antifungal effects against C. albicans and A. niger. However, levan 
at a concentration of 200 μg/mL exhibited both antibacterial and antifungal 
activity (Koşarsoy and Cihangir, 2020).

The composition of the culture medium containing carbon, nitrogen, and 
micro- and macro-elements is crucial for bacterial polysaccharide synthesis. 
The addition of pre-formed levan to the levan production medium can 
accelerate levan formation and increase the final yield of levan; however, the 
presence of pre-formed levan is not necessary for bacterial levan production. 
Additionally, the initial levan concentration affects the production of 
homogeneous, high-molecular-weight levan (Han, 1990).

The antibiofilm activity of levan produced by P. mandelii has been 
tested, and all concentrations of levan, namely 100, 200, 500, and 1000 μg/
mL, exhibited antibiofilm activity against test microorganisms including S. 
aureus, E. coli, C. albicans, and K. pneumoniae (Koşarsoy and Cihangir, 2020).

Levan-based antimicrobial film composites have become an important 
research topic in recent years. It has been found that a film composite formed 
with levan produced by Paenibacillus polymyxa, bentonite, and essential 
oils exhibits antimicrobial activity (Koşarsoy Ağçeli et al., 2022). In another 
study, nanocomposites of levan and chia seed mucilages were investigated for 
their antimicrobial film properties, and although they exhibited antibacterial 
properties, they did not show antifungal activity (Koşarsoy Ağçeli, 2022a). 
Additionally, film samples prepared using ostrich eggshell powder and levan 
showed antibacterial and antibiofilm activities (Koşarsoy Ağçeli, 2022b).

The antibiofilm and antimicrobial activities of levan produced by 
Halomonas elongata 153B at concentrations of 250, 500, 750, and 1000 μg/
mL have been tested, and all applied concentrations showed antibiofilm and 
antimicrobial activities against test cultures including E. coli ATCC 25922, S. 
aureus ATCC 6538, P. aeruginosa ATCC 11778, and C. albicans ATCC 10231 
(Altıntaş et al., 2023).

P. polymyxa HCT33-3 (at concentrations of 0.50, 0.25, and 0.10 g/mL) 
and commercial levan produced by Erwinia herbicola (at a concentration of 
0.50 g/mL) have been tested for their antimicrobial activities against various 
microbial cultures including E. coli ATCC 35218, S. aureus ATCC 2921, K. 
pneumoniae ATCC 1705, P. aeruginosa ATCC 27853, C. albicans ATCC 90029, 
and A. niger. It was observed that levan derived from P. polymyxa exhibited 
antibacterial activity against all bacteria, while pure levan obtained from E. 
herbicola showed antimicrobial activity only against A. niger (Koşarsoy Ağçeli 
and Günan, 2023).
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Antimicrobial Textile Applications

In recent years, the application of antimicrobial finishing processes to 
textiles has become extremely important in the production of protective, 
decorative, and technical textile products, leading to increased consumer 
demand in this direction. The use of such textiles has provided opportunities to 
expand into various applications in industries such as medicine, engineering, 
agriculture, and food. Antimicrobial textile products offer advantages in 
preventing biological degradation due to their sensitivity to microorganisms 
such as bacteria and fungi that accumulate on textiles depending on moisture, 
nutrients, and temperature. Biological degradation occurring in textile 
materials leads to unpleasant odors, fading of fiber colors, and deterioration of 
the material. The extent of biological degradation in textile materials depends 
on the type of microorganism, the chemical composition of the textile material, 
molecular structure, and degree of polymerization. Generally, cellulose fibers 
are most susceptible to attack by microorganisms. It is known that bacteria 
of the genera Cytophaga, Bacillus, Cellulomonas, Clostridium, Cellvibrio, and 
Sporocytophaga often degrade cellulose-containing fabrics. The degradation 
of wool products, whose main polymer substance is keratin, is mainly 
attributed to bacteria belonging to the genera Bacillus, Pseudomonas, and 
Actinomycetes. In this context, hydrophilic natural and regenerated textile 
fibers are more vulnerable to microbial growth, while synthetic fibers have a 
lower risk of microbial colonization (Harmsen et al., 2021).

A significant portion of the sectoral objectives in the textile industry 
regarding antimicrobial finishing processes target medical applications. 
Medical textiles are used in medical sciences and applications such as 
wound dressings, bandages, wound care products, hygiene products, surgical 
garments, and the production of implant materials. Antimicrobial textiles 
have the potential to reduce the transmission of infections in hospital and 
care environments. Additionally, antimicrobial properties can enhance the 
performance and lifespan of products, while also reducing the formation of 
unpleasant odors in these fabrics.

With the widespread use of antimicrobial textiles in the medical field, 
confusion has arisen in the purpose of use and classification of textile products, 
leading to regulatory interventions. The US Food and Drug Administration 
(FDA) and the US Environmental Protection Agency (EPA) have engaged 
in discussions to regulate antimicrobial textile products, defining the sole 
purpose of antimicrobial textile products as exclusively protecting articles or 
substances. The ability of antimicrobial textile products to serve a therapeutic 
purpose has been limited by the requirement for antimicrobial textile products 
to be registered with the FDA as medical devices.
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Antimicrobial applications in textile products protect users from 
pathogenic or odor-causing microorganisms and unwanted aesthetic changes 
or damage caused by decay, which can lead to medical and hygiene issues.

In the current textile sector, the amount of suitable antimicrobial agents 
applied to textile products has significantly increased. These antimicrobial 
agents vary in chemical structure, efficacy, application methods, as well as 
their effects on humans and the environment, and also in terms of cost (Gao 
and Cranston, 2008).

The demand for antimicrobial textiles has not only increased for medical 
textiles but also for sports apparel, food packaging, home furnishings, 
automotive textiles, air filters, water purification systems, and others.

Various chemical substances are used as antimicrobial agents in textile 
applications. Generally, antibacterial agents are classified into two groups: 
bactericidal or bacteriostatic. Almost all commercial antimicrobial agents used 
in textiles are bactericides. The mechanism of action of general bactericides 
aims to damage the cell wall, hinder cell membrane permeability, and inhibit 
enzyme activity or lipid synthesis—all essential functions for the survival of 
microorganisms. Common chemicals encountered as antimicrobial agents 
include metal salts (e.g., silver), quaternary ammonium compounds (QACs), 
halogenated phenols (e.g., triclosan), polybiguanides (e.g., Polyhexamethylene 
biguanide (PHMB)), chitosan, and N-based chemicals. In the current 
industry, many antibacterial products and chemicals are available and under 
development using different technologies (Akarslan and Altınay, 2017).

Despite their traditionally high antimicrobial efficacy, synthetic materials 
are harmful to human health. As a result, natural or safe adjuncts are seen 
as alternatives to synthetic ones for the functionalization of textile materials. 
Chitosan is a polysaccharide with anticancer, nontoxic, biodegradable, and 
biocompatible properties. Initially used as a dye fixative in textiles, chitosan 
improves surface properties by forming a homogeneous coating film on 
the fiber surface, reducing the repellency between the fabric and dyes, and 
significantly increasing the dye absorption rate. Moreover, chitosan has the 
potential to be widely used as an antimicrobial agent in the textile industry, 
particularly due to its strong availability and low cost advantages, especially 
its antibacterial properties. Compared to chitosan, chitosan oligosaccharide 
(COS) has relatively lower molecular weight and stronger water solubility 
advantages, along with antibacterial and antiviral activity (Lan et al., 2023).

In the antimicrobial textile sector, there is a focus on chitosan biopolymer 
and nanoparticle (NP) applications as antimicrobial agents, and the 
combination of metal and metal oxide nanoparticles with biopolymers is an 
important research topic. However, there is no research available on the use of 
levan biopolymer as an antimicrobial agent in the textile sector.
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Studies in the literature that demonstrate the high antimicrobial and 
particularly antibiofilm efficacy of levan suggest its potential to serve as an 
alternative to polymers such as chitosan. Furthermore, these studies indicate 
that levan has the potential to increase the use of eco-friendly biopolymers in 
textiles.
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𝜕𝜕𝑡𝑡

𝜕𝜕𝑓𝑓3
𝜕𝜕𝑡𝑡

𝜕𝜕𝑓𝑓4
𝜕𝜕𝑡𝑡

𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓1
𝜕𝜕𝑗𝑗

𝜕𝜕𝑓𝑓2
𝜕𝜕𝑗𝑗

𝜕𝜕𝑓𝑓3
𝜕𝜕𝑗𝑗

𝜕𝜕𝑓𝑓4
𝜕𝜕𝑗𝑗

𝜕𝜕𝑓𝑓1
𝜕𝜕𝑧𝑧

𝜕𝜕𝑓𝑓2
𝜕𝜕𝑧𝑧

𝜕𝜕𝑓𝑓3
𝜕𝜕𝑧𝑧

𝜕𝜕𝑓𝑓4
𝜕𝜕𝑧𝑧 ]

 
 
 
 
 
 
 
 

𝑓𝑓 𝑞𝑞 (𝑡𝑡, 𝜕𝜕, 𝑗𝑗, 𝑧𝑧)

𝑓𝑓

𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞
𝜕𝜕𝑞𝑞
𝜕𝜕𝑡𝑡 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞 . 1 = 𝑓𝑓′(𝑞𝑞)

𝑓𝑓′(𝑞𝑞) 𝑓𝑓′(𝑞𝑞)
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𝑓𝑓′(𝑞𝑞) = 𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕 + 𝑖𝑖 𝜕𝜕𝑓𝑓2𝜕𝜕𝜕𝜕 + 𝑗𝑗 𝜕𝜕𝑓𝑓3𝜕𝜕𝜕𝜕 +𝑘𝑘 𝜕𝜕𝑓𝑓4

𝜕𝜕𝜕𝜕

𝑥𝑥, 𝑦𝑦 𝑧𝑧

𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞
𝜕𝜕𝑞𝑞
𝜕𝜕𝑥𝑥 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞 . 𝑖𝑖

= 𝑓𝑓′(𝑞𝑞)𝑖𝑖 ⇒𝑓𝑓′(𝑞𝑞) = −𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥 𝑖𝑖 = 𝜕𝜕𝑓𝑓2

𝜕𝜕𝑥𝑥 − 𝑖𝑖 𝜕𝜕𝑓𝑓1𝜕𝜕𝑥𝑥 − 𝑗𝑗 𝜕𝜕𝑓𝑓4𝜕𝜕𝑥𝑥 +𝑘𝑘 𝜕𝜕𝑓𝑓3𝜕𝜕𝑥𝑥
𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞
𝜕𝜕𝑞𝑞
𝜕𝜕𝑦𝑦 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞 . 𝑗𝑗

= 𝑓𝑓′(𝑞𝑞)𝑗𝑗 ⇒𝑓𝑓′(𝑞𝑞) = 𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦 𝑗𝑗 =

𝜕𝜕𝑓𝑓3
𝜕𝜕𝑦𝑦 + 𝑖𝑖 𝜕𝜕𝑓𝑓4𝜕𝜕𝑦𝑦 + 𝑗𝑗 𝜕𝜕𝑓𝑓1𝜕𝜕𝑦𝑦 +𝑘𝑘 𝜕𝜕𝑓𝑓2𝜕𝜕𝑦𝑦

𝜕𝜕𝑓𝑓
𝜕𝜕𝑧𝑧 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞
𝜕𝜕𝑞𝑞
𝜕𝜕𝑧𝑧 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞 . 𝑘𝑘

= 𝑓𝑓′(𝑞𝑞)𝑘𝑘 ⇒𝑓𝑓′(𝑞𝑞) = 𝜕𝜕𝑓𝑓
𝜕𝜕𝑧𝑧 𝑘𝑘 = 𝜕𝜕𝑓𝑓4

𝜕𝜕𝑧𝑧 − 𝑖𝑖 𝜕𝜕𝑓𝑓3𝜕𝜕𝑧𝑧 − 𝑗𝑗 𝜕𝜕𝑓𝑓2𝜕𝜕𝑧𝑧 +𝑘𝑘 𝜕𝜕𝑓𝑓1𝜕𝜕𝑧𝑧

𝑇𝑇f′

𝑇𝑇𝑞𝑞 ≡ [
𝑡𝑡 𝑥𝑥 𝑦𝑦 𝑧𝑧
−𝑥𝑥 𝑡𝑡 𝑧𝑧 −𝑦𝑦
𝑦𝑦 𝑧𝑧 𝑡𝑡 𝑥𝑥
𝑧𝑧 −𝑦𝑦 −𝑥𝑥 𝑡𝑡

]

𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡 =𝜕𝜕𝑓𝑓1𝜕𝜕𝑡𝑡 + 𝑖𝑖 𝜕𝜕𝑓𝑓2𝜕𝜕𝑡𝑡 + 𝑗𝑗 𝜕𝜕𝑓𝑓3𝜕𝜕𝑡𝑡 +𝑘𝑘 𝜕𝜕𝑓𝑓4𝜕𝜕𝑡𝑡
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𝑓𝑓′(𝑞𝑞) = 𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕 + 𝑖𝑖 𝜕𝜕𝑓𝑓2𝜕𝜕𝜕𝜕 + 𝑗𝑗 𝜕𝜕𝑓𝑓3𝜕𝜕𝜕𝜕 +𝑘𝑘 𝜕𝜕𝑓𝑓4

𝜕𝜕𝜕𝜕

𝑥𝑥, 𝑦𝑦 𝑧𝑧

𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞
𝜕𝜕𝑞𝑞
𝜕𝜕𝑥𝑥 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞 . 𝑖𝑖

= 𝑓𝑓′(𝑞𝑞)𝑖𝑖 ⇒𝑓𝑓′(𝑞𝑞) = −𝜕𝜕𝑓𝑓
𝜕𝜕𝑥𝑥 𝑖𝑖 = 𝜕𝜕𝑓𝑓2

𝜕𝜕𝑥𝑥 − 𝑖𝑖 𝜕𝜕𝑓𝑓1𝜕𝜕𝑥𝑥 − 𝑗𝑗 𝜕𝜕𝑓𝑓4𝜕𝜕𝑥𝑥 +𝑘𝑘 𝜕𝜕𝑓𝑓3𝜕𝜕𝑥𝑥
𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞
𝜕𝜕𝑞𝑞
𝜕𝜕𝑦𝑦 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞 . 𝑗𝑗

= 𝑓𝑓′(𝑞𝑞)𝑗𝑗 ⇒𝑓𝑓′(𝑞𝑞) = 𝜕𝜕𝑓𝑓
𝜕𝜕𝑦𝑦 𝑗𝑗 =

𝜕𝜕𝑓𝑓3
𝜕𝜕𝑦𝑦 + 𝑖𝑖 𝜕𝜕𝑓𝑓4𝜕𝜕𝑦𝑦 + 𝑗𝑗 𝜕𝜕𝑓𝑓1𝜕𝜕𝑦𝑦 +𝑘𝑘 𝜕𝜕𝑓𝑓2𝜕𝜕𝑦𝑦

𝜕𝜕𝑓𝑓
𝜕𝜕𝑧𝑧 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞
𝜕𝜕𝑞𝑞
𝜕𝜕𝑧𝑧 = 𝑑𝑑𝑓𝑓

𝑑𝑑𝑞𝑞 . 𝑘𝑘

= 𝑓𝑓′(𝑞𝑞)𝑘𝑘 ⇒𝑓𝑓′(𝑞𝑞) = 𝜕𝜕𝑓𝑓
𝜕𝜕𝑧𝑧 𝑘𝑘 = 𝜕𝜕𝑓𝑓4

𝜕𝜕𝑧𝑧 − 𝑖𝑖 𝜕𝜕𝑓𝑓3𝜕𝜕𝑧𝑧 − 𝑗𝑗 𝜕𝜕𝑓𝑓2𝜕𝜕𝑧𝑧 +𝑘𝑘 𝜕𝜕𝑓𝑓1𝜕𝜕𝑧𝑧

𝑇𝑇f′

𝑇𝑇𝑞𝑞 ≡ [
𝑡𝑡 𝑥𝑥 𝑦𝑦 𝑧𝑧
−𝑥𝑥 𝑡𝑡 𝑧𝑧 −𝑦𝑦
𝑦𝑦 𝑧𝑧 𝑡𝑡 𝑥𝑥
𝑧𝑧 −𝑦𝑦 −𝑥𝑥 𝑡𝑡

]

𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡 =𝜕𝜕𝑓𝑓1𝜕𝜕𝑡𝑡 + 𝑖𝑖 𝜕𝜕𝑓𝑓2𝜕𝜕𝑡𝑡 + 𝑗𝑗 𝜕𝜕𝑓𝑓3𝜕𝜕𝑡𝑡 +𝑘𝑘 𝜕𝜕𝑓𝑓4𝜕𝜕𝑡𝑡

𝑇𝑇𝑓𝑓′ ≡

[
 
 
 
 
 
 
 
 𝜕𝜕𝑓𝑓1

𝜕𝜕𝜕𝜕
𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕

−𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕

−𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕

−𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

−𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕 ]

 
 
 
 
 
 
 
 

≡

[
 
 
 
 
 
 
 
 𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕 ]

 
 
 
 
 
 
 
 

𝑞𝑞1 𝑞𝑞2, 
𝜇𝜇

𝑞𝑞1 = 𝜇𝜇𝑞𝑞2𝜇𝜇−1.

𝑞𝑞 𝑞𝑞𝑖𝑖 𝑞𝑞𝑗𝑗 𝑞𝑞𝑘𝑘 𝑞𝑞

𝑖𝑖 𝑘𝑘

𝑞𝑞𝑖𝑖 = −𝑖𝑖𝑞𝑞𝑖𝑖 = −𝑖𝑖(𝜕𝜕 + 𝑖𝑖𝜕𝜕 + 𝑗𝑗𝜕𝜕 + 𝑘𝑘𝜕𝜕)𝑖𝑖 = −𝑖𝑖(𝜕𝜕𝑖𝑖 − 𝜕𝜕 − 𝑘𝑘𝜕𝜕 + 𝑗𝑗𝜕𝜕)
= 𝜕𝜕 + 𝑖𝑖𝜕𝜕 − 𝑗𝑗𝜕𝜕 − 𝑘𝑘𝜕𝜕

𝑞𝑞𝑗𝑗 = −𝑗𝑗𝑞𝑞𝑗𝑗 = −𝑗𝑗(𝜕𝜕 + 𝑖𝑖𝜕𝜕 + 𝑗𝑗𝜕𝜕 + 𝑘𝑘𝜕𝜕)𝑗𝑗 = −𝑗𝑗(𝜕𝜕𝑗𝑗 + 𝑘𝑘𝜕𝜕 + 𝜕𝜕 + 𝑖𝑖𝜕𝜕)
= −𝜕𝜕 + 𝑖𝑖𝜕𝜕 − 𝑗𝑗𝜕𝜕 + 𝑘𝑘𝜕𝜕

𝑞𝑞𝑘𝑘 = −𝑘𝑘𝑞𝑞𝑘𝑘 = −𝑘𝑘(𝜕𝜕 + 𝑖𝑖𝜕𝜕 + 𝑗𝑗𝜕𝜕 + 𝑘𝑘𝜕𝜕)𝑘𝑘 = −𝑘𝑘(𝜕𝜕𝑘𝑘 − 𝑗𝑗𝜕𝜕 − 𝑖𝑖𝜕𝜕 + 𝜕𝜕)
= −𝜕𝜕 + 𝑖𝑖𝜕𝜕 + 𝑗𝑗𝜕𝜕 − 𝑘𝑘𝜕𝜕.
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𝑞𝑞 = 𝑡𝑡 + 𝑖𝑖𝑖𝑖 + 𝑗𝑗𝑗𝑗 + 𝑘𝑘𝑘𝑘  
𝑞𝑞𝑖𝑖 =  𝑡𝑡 + 𝑖𝑖𝑖𝑖 − 𝑗𝑗𝑗𝑗 − 𝑘𝑘𝑘𝑘
𝑞𝑞𝑗𝑗 = −𝑡𝑡 + 𝑖𝑖𝑖𝑖 − 𝑗𝑗𝑗𝑗 + 𝑘𝑘𝑘𝑘
𝑞𝑞𝑘𝑘 = −𝑡𝑡 + 𝑖𝑖𝑖𝑖 + 𝑗𝑗𝑗𝑗 − 𝑘𝑘𝑘𝑘} 

 
  

𝑡𝑡, 𝑖𝑖, 𝑗𝑗 𝑘𝑘

𝑡𝑡 = 14 (𝑞𝑞 + 𝑞𝑞
𝑖𝑖 − 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘)

𝑖𝑖 = 1
4𝑖𝑖 (𝑞𝑞 + 𝑞𝑞

𝑖𝑖 + 𝑞𝑞𝑗𝑗 + 𝑞𝑞𝑘𝑘)

𝑗𝑗 = 1
4𝑗𝑗 (𝑞𝑞 − 𝑞𝑞

𝑖𝑖 − 𝑞𝑞𝑗𝑗 + 𝑞𝑞𝑘𝑘)

𝑘𝑘 = 1
4𝑘𝑘 (𝑞𝑞 − 𝑞𝑞

𝑖𝑖 + 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘)}
  
 
 

  
 
 

𝑑𝑑𝑡𝑡 = 1
4 (𝑑𝑑𝑞𝑞 + 𝑑𝑑𝑞𝑞

𝑖𝑖 − 𝑑𝑑𝑞𝑞𝑗𝑗 − 𝑑𝑑𝑞𝑞𝑘𝑘)
𝑑𝑑𝑖𝑖 = −𝑖𝑖

4 (𝑑𝑑𝑞𝑞 + 𝑑𝑑𝑞𝑞
𝑖𝑖 + 𝑑𝑑𝑞𝑞𝑗𝑗 + 𝑑𝑑𝑞𝑞𝑘𝑘)

𝑑𝑑𝑗𝑗 = 𝑗𝑗
4 (𝑑𝑑𝑞𝑞 − 𝑑𝑑𝑞𝑞

𝑖𝑖 − 𝑑𝑑𝑞𝑞𝑗𝑗 + 𝑑𝑑𝑞𝑞𝑘𝑘)
𝑑𝑑𝑘𝑘 = 𝑘𝑘

4 (𝑑𝑑𝑞𝑞 − 𝑑𝑑𝑞𝑞
𝑖𝑖 + 𝑑𝑑𝑞𝑞𝑗𝑗 − 𝑑𝑑𝑞𝑞𝑘𝑘) }

  
 

  
 

𝑓𝑓

𝜕𝜕𝑓𝑓
𝜕𝜕𝑞𝑞 =

𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡
𝜕𝜕𝑡𝑡
𝜕𝜕𝑞𝑞 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖
𝜕𝜕𝑖𝑖
𝜕𝜕𝑞𝑞 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑗𝑗
𝜕𝜕𝑗𝑗
𝜕𝜕𝑞𝑞 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑘𝑘
𝜕𝜕𝑘𝑘
𝜕𝜕𝑞𝑞 =

𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡
1
4 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖
(−𝑖𝑖)
4 + 𝜕𝜕𝑓𝑓𝜕𝜕𝑗𝑗

𝑗𝑗
4 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑘𝑘
𝑘𝑘
4

= 14 (
𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡 − 𝑖𝑖

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖 + 𝑗𝑗

𝜕𝜕𝑓𝑓
𝜕𝜕𝑗𝑗 + 𝑘𝑘

𝜕𝜕𝑓𝑓
𝜕𝜕𝑘𝑘)

𝜕𝜕𝑓𝑓
𝜕𝜕𝑞𝑞𝑖𝑖 =

𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡

𝜕𝜕𝑡𝑡
𝜕𝜕𝑞𝑞𝑖𝑖 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖

𝜕𝜕𝑖𝑖
𝜕𝜕𝑞𝑞𝑖𝑖 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑗𝑗

𝜕𝜕𝑗𝑗
𝜕𝜕𝑞𝑞𝑖𝑖 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑘𝑘

𝜕𝜕𝑘𝑘
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕𝑓𝑓𝜕𝜕𝑡𝑡
1
4 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖

1
4𝑖𝑖 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑗𝑗
(−1)
4𝑗𝑗 + 𝜕𝜕𝑓𝑓𝜕𝜕𝑘𝑘

(−1)
4𝑘𝑘

= 14 (
𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡 − 𝑖𝑖

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖 − 𝑗𝑗

𝜕𝜕𝑓𝑓
𝜕𝜕𝑗𝑗 − 𝑘𝑘

𝜕𝜕𝑓𝑓
𝜕𝜕𝑘𝑘)
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𝑞𝑞 = 𝑡𝑡 + 𝑖𝑖𝑖𝑖 + 𝑗𝑗𝑗𝑗 + 𝑘𝑘𝑘𝑘  
𝑞𝑞𝑖𝑖 =  𝑡𝑡 + 𝑖𝑖𝑖𝑖 − 𝑗𝑗𝑗𝑗 − 𝑘𝑘𝑘𝑘
𝑞𝑞𝑗𝑗 = −𝑡𝑡 + 𝑖𝑖𝑖𝑖 − 𝑗𝑗𝑗𝑗 + 𝑘𝑘𝑘𝑘
𝑞𝑞𝑘𝑘 = −𝑡𝑡 + 𝑖𝑖𝑖𝑖 + 𝑗𝑗𝑗𝑗 − 𝑘𝑘𝑘𝑘} 

 
  

𝑡𝑡, 𝑖𝑖, 𝑗𝑗 𝑘𝑘

𝑡𝑡 = 14 (𝑞𝑞 + 𝑞𝑞
𝑖𝑖 − 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘)

𝑖𝑖 = 1
4𝑖𝑖 (𝑞𝑞 + 𝑞𝑞

𝑖𝑖 + 𝑞𝑞𝑗𝑗 + 𝑞𝑞𝑘𝑘)

𝑗𝑗 = 1
4𝑗𝑗 (𝑞𝑞 − 𝑞𝑞

𝑖𝑖 − 𝑞𝑞𝑗𝑗 + 𝑞𝑞𝑘𝑘)

𝑘𝑘 = 1
4𝑘𝑘 (𝑞𝑞 − 𝑞𝑞

𝑖𝑖 + 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘)}
  
 
 

  
 
 

𝑑𝑑𝑡𝑡 = 1
4 (𝑑𝑑𝑞𝑞 + 𝑑𝑑𝑞𝑞

𝑖𝑖 − 𝑑𝑑𝑞𝑞𝑗𝑗 − 𝑑𝑑𝑞𝑞𝑘𝑘)
𝑑𝑑𝑖𝑖 = −𝑖𝑖

4 (𝑑𝑑𝑞𝑞 + 𝑑𝑑𝑞𝑞
𝑖𝑖 + 𝑑𝑑𝑞𝑞𝑗𝑗 + 𝑑𝑑𝑞𝑞𝑘𝑘)

𝑑𝑑𝑗𝑗 = 𝑗𝑗
4 (𝑑𝑑𝑞𝑞 − 𝑑𝑑𝑞𝑞

𝑖𝑖 − 𝑑𝑑𝑞𝑞𝑗𝑗 + 𝑑𝑑𝑞𝑞𝑘𝑘)
𝑑𝑑𝑘𝑘 = 𝑘𝑘

4 (𝑑𝑑𝑞𝑞 − 𝑑𝑑𝑞𝑞
𝑖𝑖 + 𝑑𝑑𝑞𝑞𝑗𝑗 − 𝑑𝑑𝑞𝑞𝑘𝑘) }

  
 

  
 

𝑓𝑓

𝜕𝜕𝑓𝑓
𝜕𝜕𝑞𝑞 =

𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡
𝜕𝜕𝑡𝑡
𝜕𝜕𝑞𝑞 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖
𝜕𝜕𝑖𝑖
𝜕𝜕𝑞𝑞 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑗𝑗
𝜕𝜕𝑗𝑗
𝜕𝜕𝑞𝑞 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑘𝑘
𝜕𝜕𝑘𝑘
𝜕𝜕𝑞𝑞 =

𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡
1
4 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖
(−𝑖𝑖)
4 + 𝜕𝜕𝑓𝑓𝜕𝜕𝑗𝑗

𝑗𝑗
4 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑘𝑘
𝑘𝑘
4

= 14 (
𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡 − 𝑖𝑖

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖 + 𝑗𝑗

𝜕𝜕𝑓𝑓
𝜕𝜕𝑗𝑗 + 𝑘𝑘

𝜕𝜕𝑓𝑓
𝜕𝜕𝑘𝑘)

𝜕𝜕𝑓𝑓
𝜕𝜕𝑞𝑞𝑖𝑖 =

𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡

𝜕𝜕𝑡𝑡
𝜕𝜕𝑞𝑞𝑖𝑖 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖

𝜕𝜕𝑖𝑖
𝜕𝜕𝑞𝑞𝑖𝑖 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑗𝑗

𝜕𝜕𝑗𝑗
𝜕𝜕𝑞𝑞𝑖𝑖 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑘𝑘

𝜕𝜕𝑘𝑘
𝜕𝜕𝑞𝑞𝑖𝑖

= 𝜕𝜕𝑓𝑓𝜕𝜕𝑡𝑡
1
4 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖

1
4𝑖𝑖 +

𝜕𝜕𝑓𝑓
𝜕𝜕𝑗𝑗
(−1)
4𝑗𝑗 + 𝜕𝜕𝑓𝑓𝜕𝜕𝑘𝑘

(−1)
4𝑘𝑘

= 14 (
𝜕𝜕𝑓𝑓
𝜕𝜕𝑡𝑡 − 𝑖𝑖

𝜕𝜕𝑓𝑓
𝜕𝜕𝑖𝑖 − 𝑗𝑗

𝜕𝜕𝑓𝑓
𝜕𝜕𝑗𝑗 − 𝑘𝑘

𝜕𝜕𝑓𝑓
𝜕𝜕𝑘𝑘)

𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗

= 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

1
4 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
1
4𝑖𝑖 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
(−1)
4𝑗𝑗 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
1
4𝑘𝑘

= 1
4 (−𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 − 𝑖𝑖 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 − 𝑗𝑗 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 + 𝑘𝑘 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑘𝑘 = 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑘𝑘 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑘𝑘 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑘𝑘 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑘𝑘

= 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

(−1)
4 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
1
4𝑖𝑖 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
1
4𝑗𝑗 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
(−1)
4𝑘𝑘

= 1
4 (−𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 − 𝑖𝑖 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕 + 𝑗𝑗 𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕 − 𝑘𝑘 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕)

[
 
 
 
 
 
 
 
 
 𝜕𝜕𝜕𝜕(𝑞𝑞, 𝑞𝑞𝑖𝑖, 𝑞𝑞𝑗𝑗, 𝑞𝑞𝑘𝑘)

𝜕𝜕𝑞𝑞
𝜕𝜕𝜕𝜕(𝑞𝑞, 𝑞𝑞𝑖𝑖, 𝑞𝑞𝑗𝑗, 𝑞𝑞𝑘𝑘)

𝜕𝜕𝑞𝑞𝑖𝑖

𝜕𝜕𝜕𝜕(𝑞𝑞, 𝑞𝑞𝑖𝑖, 𝑞𝑞𝑗𝑗, 𝑞𝑞𝑘𝑘)
𝜕𝜕𝑞𝑞𝑗𝑗

𝜕𝜕𝜕𝜕(𝑞𝑞, 𝑞𝑞𝑖𝑖, 𝑞𝑞𝑗𝑗, 𝑞𝑞𝑘𝑘)
𝜕𝜕𝑞𝑞𝑘𝑘 ]

 
 
 
 
 
 
 
 
 

= 1
4 [

1 −𝑖𝑖 𝑗𝑗 𝑘𝑘
1 −𝑖𝑖 −𝑗𝑗 −𝑘𝑘

−1 −𝑖𝑖 −𝑗𝑗 𝑘𝑘
−1 −𝑖𝑖 𝑗𝑗 −𝑘𝑘

]

[
 
 
 
 
 
 
 
 𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕]

 
 
 
 
 
 
 
 

.

[
 
 
 
 
 
 
 𝜕𝜕𝜕𝜕(𝑞𝑞,𝑞𝑞𝑖𝑖,𝑞𝑞𝑗𝑗,𝑞𝑞𝑘𝑘)

𝜕𝜕𝑞𝑞∗

𝜕𝜕𝜕𝜕(𝑞𝑞,𝑞𝑞𝑖𝑖,𝑞𝑞𝑗𝑗,𝑞𝑞𝑘𝑘)
𝜕𝜕𝑞𝑞𝑖𝑖∗

𝜕𝜕𝜕𝜕(𝑞𝑞,𝑞𝑞𝑖𝑖,𝑞𝑞𝑗𝑗,𝑞𝑞𝑘𝑘)
𝜕𝜕𝑞𝑞𝑗𝑗∗

𝜕𝜕𝜕𝜕(𝑞𝑞,𝑞𝑞𝑖𝑖,𝑞𝑞𝑗𝑗,𝑞𝑞𝑘𝑘)
𝜕𝜕𝑞𝑞𝑘𝑘∗ ]

 
 
 
 
 
 
 

= 1
4 [

1 𝑖𝑖 −𝑗𝑗 −𝑘𝑘
1 𝑖𝑖 𝑗𝑗 𝑘𝑘

−1 𝑖𝑖 𝑗𝑗 −𝑘𝑘
−1 𝑖𝑖 −𝑗𝑗 𝑘𝑘

]

[
 
 
 
 
 
 
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕]
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∇𝑓𝑓 =

[
 
 
 
 
 
 
 
 𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕
𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕
𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕
𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕]

 
 
 
 
 
 
 
 

𝑓𝑓

𝑓𝑓 ∇𝑓𝑓
𝑓𝑓 𝜕𝜕, 𝜕𝜕, 𝜕𝜕 𝜕𝜕

𝑓𝑓 𝑓𝑓

𝑞𝑞∗ =  t −
 ix −  jy −  kz.

𝑞𝑞∗ = 1
4 (𝑞𝑞 + 𝑞𝑞𝑖𝑖 − 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘) − 𝑖𝑖 1

4𝑖𝑖 (𝑞𝑞 + 𝑞𝑞𝑖𝑖 + 𝑞𝑞𝑗𝑗 + 𝑞𝑞𝑘𝑘) − 𝑗𝑗 1
4𝑗𝑗 (𝑞𝑞 − 𝑞𝑞𝑖𝑖 − 𝑞𝑞𝑗𝑗

+ 𝑞𝑞𝑘𝑘)

−𝑘𝑘 1
4𝑘𝑘 (𝑞𝑞 − 𝑞𝑞𝑖𝑖 + 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘) = 1

2 (−𝑞𝑞 + 𝑞𝑞𝑖𝑖 − 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘)

𝑓𝑓 𝑓𝑓(𝑞𝑞∗)

𝑓𝑓(𝑞𝑞∗) = 𝑓𝑓(12 (−𝑞𝑞 + 𝑞𝑞𝑖𝑖 − 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘))

𝑓𝑓 𝑞𝑞∗ 𝑞𝑞
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∇𝑓𝑓 =

[
 
 
 
 
 
 
 
 𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕
𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕
𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕
𝜕𝜕𝑓𝑓
𝜕𝜕𝜕𝜕]

 
 
 
 
 
 
 
 

𝑓𝑓

𝑓𝑓 ∇𝑓𝑓
𝑓𝑓 𝜕𝜕, 𝜕𝜕, 𝜕𝜕 𝜕𝜕

𝑓𝑓 𝑓𝑓

𝑞𝑞∗ =  t −
 ix −  jy −  kz.

𝑞𝑞∗ = 1
4 (𝑞𝑞 + 𝑞𝑞𝑖𝑖 − 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘) − 𝑖𝑖 1

4𝑖𝑖 (𝑞𝑞 + 𝑞𝑞𝑖𝑖 + 𝑞𝑞𝑗𝑗 + 𝑞𝑞𝑘𝑘) − 𝑗𝑗 1
4𝑗𝑗 (𝑞𝑞 − 𝑞𝑞𝑖𝑖 − 𝑞𝑞𝑗𝑗

+ 𝑞𝑞𝑘𝑘)

−𝑘𝑘 1
4𝑘𝑘 (𝑞𝑞 − 𝑞𝑞𝑖𝑖 + 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘) = 1

2 (−𝑞𝑞 + 𝑞𝑞𝑖𝑖 − 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘)

𝑓𝑓 𝑓𝑓(𝑞𝑞∗)

𝑓𝑓(𝑞𝑞∗) = 𝑓𝑓(12 (−𝑞𝑞 + 𝑞𝑞𝑖𝑖 − 𝑞𝑞𝑗𝑗 − 𝑞𝑞𝑘𝑘))

𝑓𝑓 𝑞𝑞∗ 𝑞𝑞

𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞∗ 𝑑𝑑𝑞𝑞

∗ = −1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞 𝑑𝑑𝑞𝑞 + 1

2
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑖𝑖 𝑞𝑞

𝑖𝑖 − 1
2
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑗𝑗 𝑞𝑞𝑗𝑗 − 1

2
𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑘𝑘 𝑞𝑞

𝑘𝑘

𝜕𝜕

−2 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞∗ 𝑑𝑑𝑞𝑞

∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑖𝑖 𝑞𝑞

𝑖𝑖 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞 𝑑𝑑𝑞𝑞 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝑞𝑞𝑗𝑗 𝑞𝑞𝑗𝑗 + 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑘𝑘 𝑞𝑞

𝑘𝑘

𝑑𝑑𝜕𝜕

𝑑𝑑𝜕𝜕 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞 𝑑𝑑𝑞𝑞 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝑞𝑞𝑖𝑖 𝑞𝑞
𝑖𝑖 + 𝜕𝜕𝜕𝜕

𝜕𝜕𝑞𝑞𝑗𝑗 𝑞𝑞𝑗𝑗+ 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑘𝑘 𝑞𝑞

𝑘𝑘

𝑑𝑑𝜕𝜕 = 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑖𝑖 𝑞𝑞

𝑖𝑖 − 2 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞∗ 𝑑𝑑𝑞𝑞

∗ + 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑖𝑖 𝑞𝑞

𝑖𝑖 = 2 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑖𝑖 𝑞𝑞

𝑖𝑖 − 2 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞∗ 𝑑𝑑𝑞𝑞

∗

= 2 𝜕𝜕𝜕𝜕
𝜕𝜕𝑞𝑞𝑖𝑖 𝑞𝑞

𝑖𝑖 − 2 (𝜕𝜕𝜕𝜕𝜕𝜕𝑞𝑞 𝑑𝑑𝑞𝑞)
∗
= 2 [ 𝜕𝜕𝜕𝜕𝜕𝜕𝑞𝑞𝑖𝑖 𝑞𝑞

𝑖𝑖 − (𝜕𝜕𝜕𝜕𝜕𝜕𝑞𝑞 𝑑𝑑𝑞𝑞)
∗
]

= 2 [(𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝑑𝑑𝑞𝑞)
𝑖𝑖 − (𝜕𝜕𝜕𝜕𝜕𝜕𝜕𝜕 𝑑𝑑𝑞𝑞)

∗]
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Ƃ(𝑢𝑢), ƥ(𝑢𝑢) ƌ(𝑢𝑢)

𝔑𝔑 𝑢𝑢 Ц Ƃ(𝑢𝑢), ƌ(𝑢𝑢), ƥ(𝑢𝑢) ∈ [0,1] 0 ≤
 Ƃ(𝑢𝑢) + ƌ(𝑢𝑢) + ƥ(𝑢𝑢)  ≤  2

𝔑𝔑 = {(𝑢𝑢, Ƃ(𝑢𝑢), ƌ(𝑢𝑢) and ƥ(𝑢𝑢)): 𝑢𝑢 ∈ Ц}.

ƥ(𝑢𝑢) Ƃ(𝑢𝑢) ƌ(𝑢𝑢)

 Ц ⊡ ⨁
𝔱𝔱 𝔱𝔱
  {((𝓊𝓊, 𝓋𝓋), Ƃ(𝓊𝓊, 𝓋𝓋), ƌ(𝓊𝓊, 𝓋𝓋), ƥ(𝓊𝓊, 𝓋𝓋)): (𝓊𝓊, 𝓋𝓋)  ∈  Ц × (0, ∞)}

 Ƃ(𝓊𝓊, 𝓋𝓋), ƥ(𝓊𝓊, 𝓋𝓋), ƌ(𝓊𝓊, 𝓋𝓋)
(𝓊𝓊, 𝓋𝓋) Ц × (0, ∞)

𝓊𝓊, �̃�𝓊 ∈ Ц

Ƃ(𝓊𝓊, 𝓋𝓋), ƌ(𝓊𝓊, 𝓋𝓋), ƥ(𝓊𝓊, 𝓋𝓋) ∈ [0,1],
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 𝓊𝓊 ∈ (0, ∞), Ƃ(𝓊𝓊, 𝓋𝓋) + ƌ(𝓊𝓊, 𝓋𝓋) + ƥ(𝓊𝓊, 𝓋𝓋) ≤ 2,

𝔠𝔠 ≠ 0

Ƃ(𝔠𝔠𝓊𝓊, 𝓋𝓋) = Ƃ (𝓊𝓊, 𝓋𝓋
|𝔠𝔠|) ƥ(𝔠𝔠𝓊𝓊, 𝓋𝓋) = ƥ (𝓊𝓊, 𝓋𝓋

|𝔠𝔠|), ƌ(𝔠𝔠𝓊𝓊, 𝓋𝓋) = ƌ (𝓊𝓊, 𝓋𝓋
|𝔠𝔠|),

 𝓋𝓋 ∈ (0, ∞)

Ƃ(𝓊𝓊, 𝓋𝓋) = 1 ⟺  𝓊𝓊 = 0, ƥ(𝓊𝓊, 𝓋𝓋) = 0  ⟺  𝓊𝓊 = 0, ƌ(𝓊𝓊, 𝓋𝓋) = 0  ⟺
𝓊𝓊 = 0,

 𝑤𝑤, 𝓋𝓋 ∈ ℝ+ 𝓊𝓊, �̃�𝓊 ∈ Ц

Ƃ(𝓊𝓊, 𝓋𝓋) ⊡ Ƃ(�̃�𝓊, 𝓋𝓋) ≤ Ƃ(𝓊𝓊 + 𝓊𝓊,̃ 𝑤𝑤 + 𝓋𝓋)

ƥ(𝓊𝓊, 𝓋𝓋)⨁  ƥ(�̃�𝓊, 𝓋𝓋) ≥ ƥ(𝓊𝓊 + 𝓊𝓊,̃ 𝑤𝑤 + 𝓋𝓋),
ƌ(𝓊𝓊, 𝓋𝓋)⨁ ƌ(�̃�𝓊, 𝓋𝓋) ≥ ƌ(𝓊𝓊 + 𝓊𝓊,̃ 𝑤𝑤 + 𝓋𝓋).

Ƃ(𝓊𝓊, . )  ƥ(𝓊𝓊, . ) ƌ(𝓊𝓊, . )

lim
𝑡𝑡→∞

Ƃ(𝓊𝓊, 𝓋𝓋) = 1  lim
𝑡𝑡→∞

ƥ(𝓊𝓊, 𝓋𝓋) = 0, lim
𝑡𝑡→∞

ƌ(𝓊𝓊, 𝓋𝓋) = 0

𝓋𝓋 ≤ 0 Ƃ(𝓊𝓊, 𝓋𝓋) = 0 ƥ(𝓊𝓊, 𝓋𝓋) = 1 ƌ(𝓊𝓊, 𝓋𝓋) = 1.

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) Ƃ
ƌ ƥ

𝜀𝜀 > 0 𝓊𝓊 = (𝓊𝓊𝑛𝑛)

𝛿𝛿({𝑗𝑗: |𝓊𝓊𝑗𝑗 − ȴ| ≥ 𝜀𝜀}) = 0.

𝓊𝓊 = (𝓊𝓊𝑛𝑛) ȴ
𝑠𝑠𝑠𝑠 − 𝑙𝑙𝑙𝑙𝑙𝑙𝓊𝓊 = ȴ
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 𝓊𝓊 ∈ (0, ∞), Ƃ(𝓊𝓊, 𝓋𝓋) + ƌ(𝓊𝓊, 𝓋𝓋) + ƥ(𝓊𝓊, 𝓋𝓋) ≤ 2,

𝔠𝔠 ≠ 0

Ƃ(𝔠𝔠𝓊𝓊, 𝓋𝓋) = Ƃ (𝓊𝓊, 𝓋𝓋
|𝔠𝔠|) ƥ(𝔠𝔠𝓊𝓊, 𝓋𝓋) = ƥ (𝓊𝓊, 𝓋𝓋

|𝔠𝔠|), ƌ(𝔠𝔠𝓊𝓊, 𝓋𝓋) = ƌ (𝓊𝓊, 𝓋𝓋
|𝔠𝔠|),

 𝓋𝓋 ∈ (0, ∞)

Ƃ(𝓊𝓊, 𝓋𝓋) = 1 ⟺  𝓊𝓊 = 0, ƥ(𝓊𝓊, 𝓋𝓋) = 0  ⟺  𝓊𝓊 = 0, ƌ(𝓊𝓊, 𝓋𝓋) = 0  ⟺
𝓊𝓊 = 0,

 𝑤𝑤, 𝓋𝓋 ∈ ℝ+ 𝓊𝓊, �̃�𝓊 ∈ Ц

Ƃ(𝓊𝓊, 𝓋𝓋) ⊡ Ƃ(�̃�𝓊, 𝓋𝓋) ≤ Ƃ(𝓊𝓊 + 𝓊𝓊,̃ 𝑤𝑤 + 𝓋𝓋)

ƥ(𝓊𝓊, 𝓋𝓋)⨁  ƥ(�̃�𝓊, 𝓋𝓋) ≥ ƥ(𝓊𝓊 + 𝓊𝓊,̃ 𝑤𝑤 + 𝓋𝓋),
ƌ(𝓊𝓊, 𝓋𝓋)⨁ ƌ(�̃�𝓊, 𝓋𝓋) ≥ ƌ(𝓊𝓊 + 𝓊𝓊,̃ 𝑤𝑤 + 𝓋𝓋).

Ƃ(𝓊𝓊, . )  ƥ(𝓊𝓊, . ) ƌ(𝓊𝓊, . )

lim
𝑡𝑡→∞

Ƃ(𝓊𝓊, 𝓋𝓋) = 1  lim
𝑡𝑡→∞

ƥ(𝓊𝓊, 𝓋𝓋) = 0, lim
𝑡𝑡→∞

ƌ(𝓊𝓊, 𝓋𝓋) = 0

𝓋𝓋 ≤ 0 Ƃ(𝓊𝓊, 𝓋𝓋) = 0 ƥ(𝓊𝓊, 𝓋𝓋) = 1 ƌ(𝓊𝓊, 𝓋𝓋) = 1.

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) Ƃ
ƌ ƥ

𝜀𝜀 > 0 𝓊𝓊 = (𝓊𝓊𝑛𝑛)

𝛿𝛿({𝑗𝑗: |𝓊𝓊𝑗𝑗 − ȴ| ≥ 𝜀𝜀}) = 0.

𝓊𝓊 = (𝓊𝓊𝑛𝑛) ȴ
𝑠𝑠𝑠𝑠 − 𝑙𝑙𝑙𝑙𝑙𝑙𝓊𝓊 = ȴ

𝜃𝜃 = {𝑗𝑗𝑖𝑖} 𝑗𝑗0 = 0 ɦ𝑖𝑖 ≔ 𝑗𝑗𝑖𝑖 − 𝑗𝑗𝑖𝑖−1 lim
𝑟𝑟→∞

ɦ𝑖𝑖 ≔
lim
𝑖𝑖→∞

𝑗𝑗𝑖𝑖 − 𝑗𝑗𝑖𝑖−1 𝜃𝜃 𝐼𝐼𝑖𝑖 ≔

(𝑗𝑗𝑖𝑖−1, 𝑗𝑗𝑖𝑖], 𝑞𝑞𝑖𝑖 ≔ 𝑗𝑗𝑖𝑖
𝑗𝑗𝑖𝑖−1

θ = {𝑗𝑗𝑖𝑖} ε > 0
𝓊𝓊 = (𝓊𝓊𝑛𝑛)

𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: |𝓊𝓊𝑗𝑗 − ȴ| ≥ 𝜀𝜀 }| = 0,

𝓊𝓊  𝓈𝓈𝓈𝓈𝜃𝜃 −
𝑙𝑙𝑙𝑙𝑙𝑙 𝓊𝓊 = ȴ . 𝒮𝒮𝓈𝓈θ |ℳ|

ℳ

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛 

Ц 𝜓𝜓 ų ∈ Ц (𝜓𝜓𝑛𝑛(ų))
𝜓𝜓(ų)

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

𝜓𝜓𝑛𝑛 
Ц 𝜓𝜓 𝑛𝑛 ∈ (0,1), 

𝑛𝑛0 ∈ ℕ ų ∈ Ц 𝑛𝑛 ≥ 𝑛𝑛0 Ƃ(𝜓𝜓𝑛𝑛(ų), 𝜓𝜓(ų)) > 1 −
𝜀𝜀, ƌ(𝜓𝜓𝑛𝑛(ų), 𝜓𝜓(ų)) < 𝜀𝜀
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ƥ(𝜓𝜓𝑛𝑛(ų), 𝜓𝜓(ų)) < 𝜀𝜀.

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛 

𝜓𝜓 Ц, ų ∈ Ц (𝜓𝜓𝑛𝑛(ų))
𝜓𝜓(ų)

𝓈𝓈𝓈𝓈(Ƃ, ƌ, ƥ) − 𝜓𝜓𝑛𝑛 → 𝜓𝜓 .

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛 

Ц 𝜓𝜓 𝜀𝜀 ∈ (0,1), 
𝑛𝑛0 ∈ ℕ ų ∈ Ц 𝑛𝑛 ≥ 𝑛𝑛0 Ƃ(𝜓𝜓𝑛𝑛(ų), 𝜓𝜓(ų)) > 1 −

𝜀𝜀, ƌ(𝜓𝜓𝑛𝑛(ų), 𝜓𝜓(ų)) < 𝜀𝜀 ƥ(𝜓𝜓𝑛𝑛(ų), 𝜓𝜓(ų)) < 𝜀𝜀.
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ƥ(𝜓𝜓𝑛𝑛(ų), 𝜓𝜓(ų)) < 𝜀𝜀.

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛 

𝜓𝜓 Ц, ų ∈ Ц (𝜓𝜓𝑛𝑛(ų))
𝜓𝜓(ų)

𝓈𝓈𝓈𝓈(Ƃ, ƌ, ƥ) − 𝜓𝜓𝑛𝑛 → 𝜓𝜓 .

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑛𝑛 

Ц 𝜓𝜓 𝜀𝜀 ∈ (0,1), 
𝑛𝑛0 ∈ ℕ ų ∈ Ц 𝑛𝑛 ≥ 𝑛𝑛0 Ƃ(𝜓𝜓𝑛𝑛(ų), 𝜓𝜓(ų)) > 1 −

𝜀𝜀, ƌ(𝜓𝜓𝑛𝑛(ų), 𝜓𝜓(ų)) < 𝜀𝜀 ƥ(𝜓𝜓𝑛𝑛(ų), 𝜓𝜓(ų)) < 𝜀𝜀.

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

𝜓𝜓𝑖𝑖 
𝜓𝜓 Ц, ų ∈ Ц

𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀}| = 0.

𝜓𝜓𝑖𝑖 
𝜓𝜓 Ц, ų ∈ Ц

(𝜓𝜓𝑖𝑖(ų)) 𝜓𝜓(ų)

(𝜓𝜓𝑖𝑖(ų))       →
𝑠𝑠𝑠𝑠(𝜃𝜃)   𝜓𝜓(ų).

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

𝜓𝜓𝑖𝑖 
(Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁), ų ∈ Ц

𝜀𝜀 ∈ (0,1), 𝑗𝑗̿

𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̿�𝑗(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̿�𝑗(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̿�𝑗(ų)) > 𝜀𝜀}| = 0.

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

𝜓𝜓𝑖𝑖 
Ц 𝜓𝜓 𝜀𝜀 ∈ (0,1), 

𝑙𝑙0 ∈ ℕ ų ∈ Ц 𝑙𝑙 ≥ 𝑙𝑙0
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𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀}| = 0.

𝜓𝜓𝑖𝑖 
𝜓𝜓 Ц, 𝜀𝜀 ∈

(0,1), 𝑙𝑙0 ∈ ℕ ų ∈ Ц 𝑙𝑙 ≥
𝑙𝑙0 (𝜓𝜓𝑖𝑖(ų)) 𝜓𝜓(ų)

(𝜓𝜓𝑖𝑖(ų))        ⇉
𝑠𝑠𝑠𝑠(𝜃𝜃)   𝜓𝜓(ų).

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
 (𝜓𝜓𝑖𝑖(ų))

(Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁) (𝜓𝜓𝑖𝑖(ų)) 
𝜓𝜓(ų)

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

(𝜓𝜓𝑖𝑖(ų))        →
𝑠𝑠𝑠𝑠(𝜃𝜃)   𝜓𝜓(ų).

𝑙𝑙𝑙𝑙) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀}| = 0.

𝑙𝑙𝑙𝑙𝑙𝑙) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

< 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀}| = 0.

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖, 𝜑𝜑𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
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𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀}| = 0.

𝜓𝜓𝑖𝑖 
𝜓𝜓 Ц, 𝜀𝜀 ∈

(0,1), 𝑙𝑙0 ∈ ℕ ų ∈ Ц 𝑙𝑙 ≥
𝑙𝑙0 (𝜓𝜓𝑖𝑖(ų)) 𝜓𝜓(ų)

(𝜓𝜓𝑖𝑖(ų))        ⇉
𝑠𝑠𝑠𝑠(𝜃𝜃)   𝜓𝜓(ų).

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
 (𝜓𝜓𝑖𝑖(ų))

(Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁) (𝜓𝜓𝑖𝑖(ų)) 
𝜓𝜓(ų)

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

(𝜓𝜓𝑖𝑖(ų))        →
𝑠𝑠𝑠𝑠(𝜃𝜃)   𝜓𝜓(ų).

𝑙𝑙𝑙𝑙) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀}| = 0.

𝑙𝑙𝑙𝑙𝑙𝑙) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

< 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀}| = 0.

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖, 𝜑𝜑𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

𝜓𝜓𝑖𝑖, 𝜑𝜑𝑖𝑖
 𝑎𝑎, 𝑏𝑏 ∈ ℝ,

((𝑎𝑎𝜓𝜓𝑖𝑖 + 𝑏𝑏𝜑𝜑𝑖𝑖)(ų))    →
𝑠𝑠𝑠𝑠(𝜃𝜃)   (𝑎𝑎𝜓𝜓𝑖𝑖 + 𝑏𝑏𝜑𝜑𝑖𝑖)(ų).

𝑎𝑎, 𝑏𝑏 ≠ 0. ų ∈ Ц,

((𝜓𝜓𝑖𝑖)(ų))    →𝑠𝑠𝑠𝑠   (𝜓𝜓𝑖𝑖)(ų) ((𝜑𝜑𝑖𝑖)(ų))    →
𝑠𝑠𝑠𝑠(𝜃𝜃)   (𝜑𝜑𝑖𝑖)(ų)

𝐴𝐴1 = { 1
ɦ𝑖𝑖

{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

< 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀}},

𝐴𝐴2 = { 1
ɦ𝑖𝑖

{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) > 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų))

< 𝜀𝜀, ƥ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) < 𝜀𝜀}},

𝐾𝐾 = 𝐴𝐴 ∪ 𝐵𝐵

𝑗𝑗 ∈ ℕ: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀, Ƃ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) >
1 − 𝜀𝜀 

 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀, ƌ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) < 𝜀𝜀; ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) <

𝜀𝜀, ƥ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) < 𝜀𝜀.

𝐿𝐿 = { 1
ɦ𝑖𝑖

{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) > 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 

ƌ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų))

< 𝜀𝜀, ƥ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) < 𝜀𝜀}}.
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𝐾𝐾𝑐𝑐 ⊂ 𝐿𝐿 𝑗𝑗 ∈ 𝐾𝐾𝑐𝑐.

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀, Ƃ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) > 1 − 𝜀𝜀 

 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀, ƌ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) < 𝜀𝜀; ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) <

𝜀𝜀, ƥ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) < 𝜀𝜀.

Ƃ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) ≥ Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⊡ Ƃ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų))
> 1 − 𝜀𝜀,

ƌ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) ≤ ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⨁ƌ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų))
< 𝜀𝜀,

ƥ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) ≤ ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⨁ƥ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų))
< 𝜀𝜀.

𝐾𝐾𝑐𝑐 ⊂ 𝐿𝐿. 𝐿𝐿𝑐𝑐 ⊂ 𝐾𝐾 𝐾𝐾

𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) > 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 

ƌ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų))

< 𝜀𝜀, ƥ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) < 𝜀𝜀}| = 0.

((𝑎𝑎𝜓𝜓𝑖𝑖 + 𝑏𝑏𝜑𝜑𝑖𝑖)(ų))    →
𝑠𝑠𝑠𝑠(𝜃𝜃)   (𝑎𝑎𝜓𝜓𝑖𝑖 + 𝑏𝑏𝜑𝜑𝑖𝑖)(ų).

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

(𝜓𝜓𝑖𝑖(ų))        ⇉
𝑠𝑠𝑠𝑠(𝜃𝜃)   𝜓𝜓(ų).

𝑙𝑙𝑙𝑙) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀}| = 0.



 . 73International  Studies in Science and Mathematics

𝐾𝐾𝑐𝑐 ⊂ 𝐿𝐿 𝑗𝑗 ∈ 𝐾𝐾𝑐𝑐.

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀, Ƃ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) > 1 − 𝜀𝜀 

 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀, ƌ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) < 𝜀𝜀; ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) <

𝜀𝜀, ƥ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų)) < 𝜀𝜀.

Ƃ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) ≥ Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⊡ Ƃ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų))
> 1 − 𝜀𝜀,

ƌ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) ≤ ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⨁ƌ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų))
< 𝜀𝜀,

ƥ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) ≤ ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⨁ƥ (𝜑𝜑𝑗𝑗(ų), 𝜑𝜑(ų))
< 𝜀𝜀.

𝐾𝐾𝑐𝑐 ⊂ 𝐿𝐿. 𝐿𝐿𝑐𝑐 ⊂ 𝐾𝐾 𝐾𝐾

𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) > 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 

ƌ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų))

< 𝜀𝜀, ƥ ((𝑎𝑎𝜓𝜓𝑗𝑗 + 𝑏𝑏𝜑𝜑𝑗𝑗)(ų), (𝑎𝑎𝜓𝜓 + 𝑏𝑏𝜑𝜑)(ų)) < 𝜀𝜀}| = 0.

((𝑎𝑎𝜓𝜓𝑖𝑖 + 𝑏𝑏𝜑𝜑𝑖𝑖)(ų))    →
𝑠𝑠𝑠𝑠(𝜃𝜃)   (𝑎𝑎𝜓𝜓𝑖𝑖 + 𝑏𝑏𝜑𝜑𝑖𝑖)(ų).

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

(𝜓𝜓𝑖𝑖(ų))        ⇉
𝑠𝑠𝑠𝑠(𝜃𝜃)   𝜓𝜓(ų).

𝑙𝑙𝑙𝑙) 𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀}| = 0.

𝑖𝑖𝑖𝑖𝑖𝑖) 𝑙𝑙𝑖𝑖𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

< 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀}| = 0.

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

𝜓𝜓𝑖𝑖
𝜓𝜓𝑖𝑖

𝜀𝜀 ∈ (0,1), (𝜓𝜓𝑖𝑖(ų))        →
𝑠𝑠𝑠𝑠(𝜃𝜃)   𝜓𝜓(ų).

𝛾𝛾 > 0

(1 − 𝜀𝜀) ⊡ (1 − 𝜀𝜀) > 1 − 𝛾𝛾 𝜀𝜀⨁𝜀𝜀 < 𝛾𝛾. ų ∈ Ц

𝑀𝑀 ≔ {𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀},

𝑀𝑀𝑐𝑐 ≔ {𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų))

< 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀}.

 𝑀𝑀  𝑀𝑀𝑐𝑐 �⃛�𝑗 ∈ 𝑀𝑀𝑐𝑐.

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀.

�⃛�𝑗

𝑙𝑙𝑖𝑖𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) > 𝜀𝜀}| = 0.

ų ∈ Ц, 

𝑅𝑅 ≔ {𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) < 1 − 𝛾𝛾 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų))

> 𝛾𝛾, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) > 𝛾𝛾}.
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𝑅𝑅 ⊂ 𝑀𝑀. 𝑅𝑅 ⊄ 𝑀𝑀. 
ʝ, 𝑅𝑅 𝑀𝑀 ʝ ∈ 𝑅𝑅 ∖ 𝑀𝑀.

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) < 1 − 𝛾𝛾, Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀.

1 − 𝛾𝛾 >  Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) >  Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⊡ Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) >
(1 − 𝜀𝜀) ⊡ (1 − 𝜀𝜀) > 1 − 𝛾𝛾,

 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) > 𝛾𝛾, ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) <

𝜀𝜀, ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀.

𝛾𝛾 < ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) < ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⨁ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝛾𝛾.

𝑅𝑅 ⊂ 𝑀𝑀.
 𝜓𝜓𝑗𝑗

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

 (𝜓𝜓𝑖𝑖(ų))
(Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁) (𝜓𝜓𝑖𝑖(ų)) 

𝜓𝜓(ų)

(𝜓𝜓𝑖𝑖(ų))
(Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁). 𝜀𝜀 ∈ (0,1) 𝑖𝑖0 ∈ ℕ
ų ∈ Ц 𝑖𝑖 ≥ 𝑖𝑖0

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀 , ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀.

𝑖𝑖 < 𝑖𝑖0,

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 1 − 𝜀𝜀, ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀
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𝑅𝑅 ⊂ 𝑀𝑀. 𝑅𝑅 ⊄ 𝑀𝑀. 
ʝ, 𝑅𝑅 𝑀𝑀 ʝ ∈ 𝑅𝑅 ∖ 𝑀𝑀.

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) < 1 − 𝛾𝛾, Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀.

1 − 𝛾𝛾 >  Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) >  Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⊡ Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) >
(1 − 𝜀𝜀) ⊡ (1 − 𝜀𝜀) > 1 − 𝛾𝛾,

 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) > 𝛾𝛾, ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) <

𝜀𝜀, ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀.

𝛾𝛾 < ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓𝑗𝑗(ų)) < ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⨁ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝛾𝛾.

𝑅𝑅 ⊂ 𝑀𝑀.
 𝜓𝜓𝑗𝑗

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

 (𝜓𝜓𝑖𝑖(ų))
(Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁) (𝜓𝜓𝑖𝑖(ų)) 

𝜓𝜓(ų)

(𝜓𝜓𝑖𝑖(ų))
(Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁). 𝜀𝜀 ∈ (0,1) 𝑖𝑖0 ∈ ℕ
ų ∈ Ц 𝑖𝑖 ≥ 𝑖𝑖0

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀 , ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀.

𝑖𝑖 < 𝑖𝑖0,

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 1 − 𝜀𝜀, ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 𝜀𝜀

𝑖𝑖

𝑇𝑇 𝜀𝜀 ∈ (0,1) 𝑖𝑖0 ∈ ℕ, 𝑇𝑇 ⊂ ℕ 𝑇𝑇
ų ∈ Ц 𝑖𝑖 ≥ 𝑖𝑖0

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀 , ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀.

(𝜓𝜓𝑖𝑖(ų))        ⇉
𝑠𝑠𝑠𝑠(𝜃𝜃)   𝜓𝜓(ų).

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

𝜓𝜓𝑖𝑖 
(Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁), 𝜀𝜀 ∈ (0,1),

𝑗𝑗̿

𝑙𝑙𝑖𝑖𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̿�𝑗(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̿�𝑗(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̿�𝑗(ų)) > 𝜀𝜀}| = 0.

(Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)
𝜓𝜓𝑖𝑖: (Ц, Ƃ, ƌ, ƥ ,⊡, ⨁) → (Ц̃, Ƃ, ƌ, ƥ ,⊡, ⨁)

𝜓𝜓𝑖𝑖
𝜓𝜓𝑖𝑖

(𝜓𝜓𝑖𝑖(ų))        ⇉
𝑠𝑠𝑠𝑠(𝜃𝜃)   𝜓𝜓(ų). 𝜀𝜀 ∈ (0,1),

𝑖𝑖0 ∈ ℕ, 𝑇𝑇 ⊂ ℕ ų ∈ Ц  𝛿𝛿(𝑇𝑇) = 1 𝑖𝑖 ≥ 𝑖𝑖0  𝑖𝑖 ∈
𝑇𝑇,

 Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 − 𝜀𝜀 , ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀.

𝑗𝑗̆ ∈ 𝑇𝑇, 𝑗𝑗̆ > 𝑖𝑖0. Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) > 1 −

𝜀𝜀 , ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀,

ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) < 𝜀𝜀. 𝑗𝑗̆:
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𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̆�𝑗(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̆�𝑗(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̆�𝑗(ų)) > 𝜀𝜀}| = 0.

𝑗𝑗 ∈ 𝑇𝑇,

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̆�𝑗(ų)) > Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⊡ Ƃ (𝜓𝜓(ų), 𝜓𝜓�̆�𝑗(ų)) > (1 −
𝜀𝜀 ) ⊡ (1 − 𝜀𝜀 ) = 1 − 𝜀𝜀

ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̆�𝑗(ų)) < ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⨁ƌ (𝜓𝜓(ų), 𝜓𝜓�̆�𝑗(ų)) < 𝜀𝜀

𝛿𝛿(𝑇𝑇) = 1, 𝜓𝜓𝑖𝑖
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𝑙𝑙𝑙𝑙𝑙𝑙
𝑖𝑖

1
ɦ𝑖𝑖

|{𝑗𝑗 ∈ 𝐼𝐼𝑖𝑖: Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̆�𝑗(ų)) < 1 − 𝜀𝜀 𝑜𝑜𝑜𝑜 ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̆�𝑗(ų))

> 𝜀𝜀, ƥ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̆�𝑗(ų)) > 𝜀𝜀}| = 0.

𝑗𝑗 ∈ 𝑇𝑇,

Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̆�𝑗(ų)) > Ƃ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⊡ Ƃ (𝜓𝜓(ų), 𝜓𝜓�̆�𝑗(ų)) > (1 −
𝜀𝜀 ) ⊡ (1 − 𝜀𝜀 ) = 1 − 𝜀𝜀

ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓�̆�𝑗(ų)) < ƌ (𝜓𝜓𝑗𝑗(ų), 𝜓𝜓(ų)) ⨁ƌ (𝜓𝜓(ų), 𝜓𝜓�̆�𝑗(ų)) < 𝜀𝜀

𝛿𝛿(𝑇𝑇) = 1, 𝜓𝜓𝑖𝑖
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Major depressive disorder (MDD) and other mental health issues affect 
millions of individuals worldwide. In 2019 (before to the pandemic), there 
were over 970 million cases of mental disorders worldwide, with 28.9% of cases 
being depressive disorders. Due to the drawbacks of current antidepressant 
medications, which include high cost, poor performance, safety concerns, 
delayed onset, adverse effects, and long-term consequences, scientists are now 
investigating natural products, such as plants [1-4].  

Sixty to seventy percent of dementia cases are caused by Alzheimer’s 
disease, a brain disease that often begins slowly and gets worse over time 
[5]. Alzheimer’s disease is typified by alterations that result in the buildup of 
specific proteins in the brain. It is primarily linked to the formation of amyloid 
plaques, neurofibrillary tangles, and the loss of neural connections within 
the brain. In the end, it results in brain cell death and shrinkage. Memory 
loss related to recent events is the most prevalent early symptom [6]. As the 
illness worsens, linguistic difficulties, mood fluctuations, motivation loss, 
self-neglect, and behavioral problems can all be signs. Disorientation can also 
involve difficulty getting lost easily. A person often withdraws from family 
and community as their health worsens. Body functions gradually decline 
and eventually end in death [7].
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  Based on approximations, AD impacts 13% of persons above 65 and 45% 
of adults over 85 [8].  Globally, there are already about 50 million Alzheimer’s 
sufferers; and by 2050, that figure is expected to triple [9]. Most Alzheimer’s 
cases still have an unidentified cause[10].  A number of rival theories 
endeavor to elucidate the fundamental reason; the most widely accepted 
theory is the amyloid beta (Aβ) hypothesis. According to the tau theory, 
aberrant tau protein starts the illness cascade [10]. According to this concept, 
hyperphosphorylated tau starts to form paired helical filaments with other tau 
threads. They eventually create neurofibrillary tangles within the cell bodies 
of nerves [11]. This results in the disintegration of the microtubules, which 
breaks down the cytoskeleton of the cell and collapses the transport system 
of the neuron. The cholinergic hypothesis, which contends that decreased 
synthesis of the neurotransmitter acetylcholine is the cause of Alzheimer’s 
disease, is the oldest and the foundation for the majority of pharmacological 
treatments.
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Four primary drugs have FDA approval in the United States for the 
treatment of AD: memantine is an NMDA glutamate receptor antagonist, 
and rivastigmine, galantamine, and donepezil are AChE inhibitors. Tacrine 
was outlawed despite having been permitted in the past because of its many 
negative effects [12]. 

Scientists are constantly researching to produce new active compounds 
[13-17]. Coumarin compounds are among the most important of these 
compounds. Coumarins are a class of heterocyclic compounds consisting of a 
benzene ring and a pyrone ring. Coumarin and its derivatives have numerous 
biological activities [18-23]. Many activities of coumarin compounds 
synthesized by our team have also been proven [24-26]. The effectiveness of 
coumarin and its derivatives on mental health has been proven in previous 
studies [4, 27, 28]. One of the reasons why coumarins have been studied so 
much is that they have many substituted centers in their structures.

New compounds of coumarin acetohydrazide (4a-d) were synthesized 
in this study. The capacity of the recently created substances to inhibit 
acetylcholinesterase (AChE) was examined and compound 4c in particular 
shown a promising inhibitory action with an IC50 value of 0.802 mM when 
compared to the reference medication donepezil [29]. 

In this study, four purchased coumarin derivatives and four previously 
isolated from a medicinal plant by in vitro methods were used. AChE activity 
screening and comparison were performed. It has been stated that the most 
potent AChE inhibitor is thunberginol C [18].
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Novel ChE inhibitors, fused coumarin dihydropyridines (6a-m), were 
produced in a different investigation. The most promising derivatives against 
AChE and BChE were compounds 6b, 6f, and 6i, according to the results of in 
vitro analyses [30].

Well-characterized CouS-1 and CouS-4 were employed in a different 
investigation to image and block Aβ in Alzheimer’s patients. According to 
the findings, CouS-1 and CouS-4 have a few benefits, including their excellent 
selectivity, strong binding affinities, good biocompatibility, and capacity to 
penetrate the blood-brain barrier [31].

A novel fluorescent probe (XCYC-3) was found in another investigation. It 
was highlighted that XCYC-3 exhibited good blood-brain barrier permeability 
and displayed a greater fluorescence rise for aggregated Aβ than monomeric 
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Aβ. According to the findings, XCYC-3 is a potential agent for fluorescence 
imaging of Aβ [32]. 

Compounds (1-3) that were synthesized for the first time in this study were 
tested for their anti-AD properties both in vitro and in silico. They exhibited 
good inhibitory activities on Aβ aggregation and acetylcholinesterase (AChE), 
with compound 1 had the highest AChE inhibitory effect (AChE IC50=11.15 
μM) [33].

Alzheimer hastalığının (AD) tedavisine yönelik bir dizi yeni Schiff 
bazı-kumarin hibriti sentezlendi. Bu hibritlerin asetilkolinesteraz (AChE) 
inhibitör etkileri araştırıldı. Hepsi AChE’ye karşı mükemmel inhibitör 
aktivite sergiledi.Özellikle 13c ve 13d (IC50 değerleri sırasıyla 0,232 ± 0,011 ve 
0,190 ± 0,004 µM) en güçlü aktiviteyi gösterdiler (Referans ilaç Galantamine 
IC50: 1,142 ± 0,027 µM) [34].
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13a 13b 13c 13d 13e 13f 13g 13h 13i 13j
R1 H OCH3 Cl Cl H OCH3 OCH3 OCH3 Cl Cl
R2 H H H OCH3 OCH3 OCH3 H OCH3 OCH3 H

A number of coumarin-triazole hybrids were created for this investigation. 
It was reported that 10b (IC50 of 2.57, 3.26, and 10.65 μM, respectively) 
was the most active molecule in the inhibition of β-secretase-1 (BACE-1), 
butyrylcholinesterase (BChE), and acetylcholinesterase (AChE) [35].

Excellent yields of a number of novel coumarin-based phosphorothioates 
were produced, and the new compounds’ cholinesterase inhibitory properties 
were assessed. 7a was found to be the most effective molecule (anti-AChE 
activity; IC50 = 0.73 µg/ml) according to the results of the structure-activity 
relationship investigation [36].

A total of fourteen novel chalcone-coumarin derivatives (8a-n) were 
synthesized, and examined by the Ellman method to determine whether 
the produced compounds might suppress the activity of acetylcholinesterase 
(AChE). AChE inhibition was seen in all substances tested; the IC50 values 
ranged from 0.201 ± 0.008 to 1.047 ± 0.043 µM. Compared to other members 
of the series, 8d demonstrated comparatively superior potency with an IC 
value of 0.201 ± 0.008 µM. Hybrid 8d has a chloro substitution on the B ring 
of the chalcone scaffold. The IC50 of galantamine, the reference medication, 
was 1.142 ± 0.027 µM [37].
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In a different work, the tris(bipyridine)ruthenium(II) complex was 
combined with the coumarin derivative using a formaldehyde-sensitive 
preservative to create a luminescence probe (Ru-COU). Ratiometric 
luminescence imaging of formaldehyde and Alzheimer disease brain slices in 
vivo is made possible by the probe [38].

This work involved the synthesis of 12 coumarin-chalcone derivatives, 
all of which showed potent inhibition of acetylcholinesterase. The range of 
Ki values for acetylcholinesterase was 2.39 ± 0.97–9.35 ± 3.95 nM, while the 
values for tacrine were 13.78 ± 4.36 nM [39].

R R1

7a H Phenyl
7b H 4-Nitrophenyl
7c H 4-Dimethylaminophenyl
7d H 2-Furyl
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7e H 3-Bromphenyl
7f H 2-Methylphenyl
7g C6H5N=N Phenyl
7h C6H5N=N 4-Dimethylaminophenyl
7i C6H5N=N 3-Bromphenyl
7j C6H5N=N 5-[2-(4-amidophenyl)diazenyl]

salicylaldehyde
7k H2NCOC6H4N=N 4-Nitrophenyl
7l H2NCOC6H4N=N 4-Dimethylaminophenyl

Three naturally occurring coumarins (1-3) that had previously been 
separated from Murraya paniculata leaves were examined in this study in 
relation to the cholinesterase enzymes AChE and BChE. Compound 1 was 
shown to be inert against both AChE and BChE, while compounds 2 and 3 
were found to be strong inhibitors of both enzymes [40].

Based on coumarin and benzotriazole moieties, a number of fluorescent 
compounds were created. The compound BTAC(e) showed a strong affinity for 
Hcy, which has been linked to a number of illnesses, including Alzheimer’s, 
coronary artery disease, stroke, and cardiovascular disease [41].

This work examined the ability of coumarins to inhibit the 
acetylcholinesterase enzyme (AChE) by synthesizing eight distinct 
dihydroxycoumarin derivatives. The outcomes demonstrated that every 
chemical had inhibitory efficacy against AChE. The compounds with the 
strongest inhibitory activity were 1 (96.83%), 3 (96.72%), and 2 (95.48%); these 
results were superior to those of galantamine (93.14%) [42].
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This work produced nine coumarin compounds (I - IX) and examined 
how well they inhibited AChE. I demonstrated an IC50 of 48.49 ± 4.6 nM, 
which was significantly higher than the IC50 of donepezil (DON), the FDA-
approved medication for Alzheimer’s disease (AD), which was 74.13 ± 8.3 
nM. These data demonstrate compound I’s unquestionably powerful potential 
against AChE inhibition [43].

New coumarin thiosemicarbazone compounds and their zinc(II), 
nickel(II) and copper(II) metal complexes were synthesized and characterized. 
The inhibitory activities of these new coumarin thiosemicarbazone-based 
metal complexes against butyrylcholinesterase (BChE), acetylcholinesterase 
(AChE), αamylase and α-glucosidase were examined, and  (E)-2-((7,8-
dimethoxy-2-oxo-2H-chromen-3-yl)(phenyl)methylene)-N-phenyl-
hydrazine-1-carbothioamide Zn complex  has the best activity [44].
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𝔻𝔻 = {𝔸𝔸 = a + εa∗ ∶ a, a∗ ∈ ℝ, ε ≠ 0, ε2 = 0}

𝔻𝔻3

𝕊𝕊2 = {𝔸𝔸 ⃗⃗  ⃗ϵ 𝔻𝔻3:  ‖�⃗⃗�𝔸 ‖ = 1}.

 2𝔻𝔻

𝑖𝑖 =  √−1
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𝔻𝔻 = {𝔸𝔸 = a + εa∗ ∶ a, a∗ ∈ ℝ, ε ≠ 0, ε2 = 0}

𝔻𝔻3

𝕊𝕊2 = {𝔸𝔸 ⃗⃗  ⃗ϵ 𝔻𝔻3:  ‖�⃗⃗�𝔸 ‖ = 1}.

 2𝔻𝔻

𝑖𝑖 =  √−1

ℂ2 = {𝐴𝐴 ∣ 𝐴𝐴 = 𝑎𝑎0 + 𝑎𝑎1𝑖𝑖1 + 𝑎𝑎2𝑖𝑖2 + 𝑎𝑎3𝑖𝑖3: 𝑎𝑎0−3 ∈ ℝ}

𝑖𝑖1, 𝑖𝑖2 𝑖𝑖3

𝑖𝑖1
2 = 𝑖𝑖2

2 = −1, 𝑖𝑖1𝑖𝑖2 = 𝑖𝑖2𝑖𝑖1 = 𝑖𝑖3

𝔻𝔻2
4

𝑛𝑛
(𝑛𝑛 − 1)

        �̃�𝐴 =  �̃�𝑎0 + �̃�𝑎1𝑖𝑖1 + �̃�𝑎2𝑖𝑖2 + �̃�𝑎3𝑖𝑖3 

= (𝑎𝑎0 + 𝑎𝑎0
∗ 𝜀𝜀) + (𝑎𝑎1 + 𝑎𝑎1

∗ 𝜀𝜀)𝑖𝑖1 + (𝑎𝑎2 + 𝑎𝑎2
∗ 𝜀𝜀)𝑖𝑖2 + (𝑎𝑎3 + 𝑎𝑎3

∗ 𝜀𝜀)𝑖𝑖3 

𝑖𝑖1, 𝑖𝑖2, 𝑖𝑖3 𝜀𝜀

𝑖𝑖1
2 = 𝑖𝑖2

2 = −1, 𝑖𝑖1𝑖𝑖2 = 𝑖𝑖2𝑖𝑖1 = 𝑖𝑖3 and 𝜀𝜀2 = 0.      

ℂ2
𝔻𝔻 = {�̃�𝐴 ∣ �̃�𝐴 = �̃�𝑎0 + �̃�𝑎1𝑖𝑖1 + �̃�𝑎2𝑖𝑖2 + �̃�𝑎3𝑖𝑖3: �̃�𝑎0−3 ∈ 𝔻𝔻}.

�̃�𝐴 �̃�𝐵

�̃�𝐴 +  �̃�𝐵 = (�̃�𝑎0 + �̃�𝑏0) + (�̃�𝑎1 + �̃�𝑏1)𝑖𝑖1 + (�̃�𝑎2 + �̃�𝑏2)𝑖𝑖2 + (�̃�𝑎3 + �̃�𝑏3)𝑖𝑖3
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�̃�𝐴�̃�𝐵 = (�̃�𝑎0 + �̃�𝑎1𝑖𝑖1 + �̃�𝑎2𝑖𝑖2 + �̃�𝑎3𝑖𝑖3)(�̃�𝑏0 + 𝑖𝑖1�̃�𝑏1 + 𝑖𝑖2�̃�𝑏2 + 𝑖𝑖3�̃�𝑏3)                     

= (�̃�𝑎0�̃�𝑏0 − �̃�𝑎1�̃�𝑏1 − �̃�𝑎2�̃�𝑏2 + �̃�𝑎3�̃�𝑏3) + (�̃�𝑎0�̃�𝑏1 + �̃�𝑎1�̃�𝑏0 − �̃�𝑎2�̃�𝑏3 − �̃�𝑎3�̃�𝑏2)𝑖𝑖1   

+(�̃�𝑎0�̃�𝑏2 − �̃�𝑎2�̃�𝑏0 + �̃�𝑎3�̃�𝑏1 − �̃�𝑎1�̃�𝑏3)𝑖𝑖2 + (�̃�𝑎0�̃�𝑏1 + �̃�𝑎1�̃�𝑏0 − �̃�𝑎2�̃�𝑏3 − �̃�𝑎3�̃�𝑏2)𝑖𝑖3,

𝑖𝑖1   𝑖𝑖2 𝑖𝑖3
�̃�𝐴

�̃�𝐴𝑖𝑖1 = �̃�𝑎0 − �̃�𝑎1𝑖𝑖1 + �̃�𝑎3𝑖𝑖2 − �̃�𝑎3𝑖𝑖3

𝐴𝐴 ̃�̃�𝐴𝑖𝑖1 = �̃�𝑎0
2 + �̃�𝑎1

2 − �̃�𝑎2
2 − �̃�𝑎3

2 + 2𝑖𝑖2(�̃�𝑎0�̃�𝑎2 + �̃�𝑎1�̃�𝑎3)

�̃�𝐴𝑖𝑖2 = �̃�𝑎0 + �̃�𝑎1𝑖𝑖1 − �̃�𝑎3𝑖𝑖2 − �̃�𝑎3𝑖𝑖3

𝐴𝐴 ̃�̃�𝐴𝑖𝑖2 = �̃�𝑎0
2 − �̃�𝑎1

2 + �̃�𝑎2
2 − �̃�𝑎3

2 + 2𝑖𝑖2(�̃�𝑎0�̃�𝑎1 + �̃�𝑎2�̃�𝑎3)

�̃�𝐴𝑖𝑖3 = �̃�𝑎0 − �̃�𝑎1𝑖𝑖1 − �̃�𝑎3𝑖𝑖2 + �̃�𝑎3𝑖𝑖3

𝐴𝐴 ̃�̃�𝐴𝑖𝑖3 = �̃�𝑎0
2 + �̃�𝑎1

2 + �̃�𝑎2
2 + �̃�𝑎3

2 + 2𝑖𝑖2(�̃�𝑎0�̃�𝑎3 − �̃�𝑎1�̃�𝑎2) 

‖�̃�𝐴‖𝑖𝑖1
= �̃�𝑎0

2 + �̃�𝑎1
2 − �̃�𝑎2

2 − �̃�𝑎3
2

‖�̃�𝐴‖𝑖𝑖2
= �̃�𝑎0

2 − �̃�𝑎1
2 + �̃�𝑎2

2 − �̃�𝑎3
2 

‖�̃�𝐴‖𝑖𝑖3
= �̃�𝑎0

2 + �̃�𝑎1
2 + �̃�𝑎2

2 + �̃�𝑎3
2. 

ℂ2
𝔻𝔻

ℂ2
𝔻𝔻

{1, 𝑖𝑖1, 𝑖𝑖2, 𝑖𝑖3} 4
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�̃�𝐴�̃�𝐵 = (�̃�𝑎0 + �̃�𝑎1𝑖𝑖1 + �̃�𝑎2𝑖𝑖2 + �̃�𝑎3𝑖𝑖3)(�̃�𝑏0 + 𝑖𝑖1�̃�𝑏1 + 𝑖𝑖2�̃�𝑏2 + 𝑖𝑖3�̃�𝑏3)                     

= (�̃�𝑎0�̃�𝑏0 − �̃�𝑎1�̃�𝑏1 − �̃�𝑎2�̃�𝑏2 + �̃�𝑎3�̃�𝑏3) + (�̃�𝑎0�̃�𝑏1 + �̃�𝑎1�̃�𝑏0 − �̃�𝑎2�̃�𝑏3 − �̃�𝑎3�̃�𝑏2)𝑖𝑖1   

+(�̃�𝑎0�̃�𝑏2 − �̃�𝑎2�̃�𝑏0 + �̃�𝑎3�̃�𝑏1 − �̃�𝑎1�̃�𝑏3)𝑖𝑖2 + (�̃�𝑎0�̃�𝑏1 + �̃�𝑎1�̃�𝑏0 − �̃�𝑎2�̃�𝑏3 − �̃�𝑎3�̃�𝑏2)𝑖𝑖3,

𝑖𝑖1   𝑖𝑖2 𝑖𝑖3
�̃�𝐴

�̃�𝐴𝑖𝑖1 = �̃�𝑎0 − �̃�𝑎1𝑖𝑖1 + �̃�𝑎3𝑖𝑖2 − �̃�𝑎3𝑖𝑖3

𝐴𝐴 ̃�̃�𝐴𝑖𝑖1 = �̃�𝑎0
2 + �̃�𝑎1

2 − �̃�𝑎2
2 − �̃�𝑎3

2 + 2𝑖𝑖2(�̃�𝑎0�̃�𝑎2 + �̃�𝑎1�̃�𝑎3)

�̃�𝐴𝑖𝑖2 = �̃�𝑎0 + �̃�𝑎1𝑖𝑖1 − �̃�𝑎3𝑖𝑖2 − �̃�𝑎3𝑖𝑖3

𝐴𝐴 ̃�̃�𝐴𝑖𝑖2 = �̃�𝑎0
2 − �̃�𝑎1

2 + �̃�𝑎2
2 − �̃�𝑎3

2 + 2𝑖𝑖2(�̃�𝑎0�̃�𝑎1 + �̃�𝑎2�̃�𝑎3)

�̃�𝐴𝑖𝑖3 = �̃�𝑎0 − �̃�𝑎1𝑖𝑖1 − �̃�𝑎3𝑖𝑖2 + �̃�𝑎3𝑖𝑖3

𝐴𝐴 ̃�̃�𝐴𝑖𝑖3 = �̃�𝑎0
2 + �̃�𝑎1

2 + �̃�𝑎2
2 + �̃�𝑎3

2 + 2𝑖𝑖2(�̃�𝑎0�̃�𝑎3 − �̃�𝑎1�̃�𝑎2) 

‖�̃�𝐴‖𝑖𝑖1
= �̃�𝑎0

2 + �̃�𝑎1
2 − �̃�𝑎2

2 − �̃�𝑎3
2

‖�̃�𝐴‖𝑖𝑖2
= �̃�𝑎0

2 − �̃�𝑎1
2 + �̃�𝑎2

2 − �̃�𝑎3
2 

‖�̃�𝐴‖𝑖𝑖3
= �̃�𝑎0

2 + �̃�𝑎1
2 + �̃�𝑎2

2 + �̃�𝑎3
2. 

ℂ2
𝔻𝔻

ℂ2
𝔻𝔻

{1, 𝑖𝑖1, 𝑖𝑖2, 𝑖𝑖3} 4

𝜙𝜙: �̃�𝐴 → 𝜙𝜙(�̃�𝐴) = [
�̃�𝑎0 −�̃�𝑎1
�̃�𝑎1    �̃�𝑎0

−�̃�𝑎2    �̃�𝑎3
−�̃�𝑎3 −�̃�𝑎2

�̃�𝑎2 −�̃�𝑎3
�̃�𝑎3    �̃�𝑎2

   �̃�𝑎0 −�̃�𝑎1
�̃�𝑎1     �̃�𝑎0

]

ℂ2
𝔻𝔻

𝒩𝒩 = {  [
�̃�𝑎0 −�̃�𝑎1
�̃�𝑎1    �̃�𝑎0

−�̃�𝑎2 �̃�𝑎3
−�̃�𝑎3 −�̃�𝑎2

�̃�𝑎2 −�̃�𝑎3
�̃�𝑎3    �̃�𝑎2

   �̃�𝑎0 −�̃�𝑎1
�̃�𝑎1     �̃�𝑎0

] ∶  �̃�𝑎0, �̃�𝑎1,  �̃�𝑎2,  �̃�𝑎3 ∈ 𝔻𝔻}

𝜙𝜙(�̃�𝐴) 𝒩𝒩 ∀ �̃�𝐴, �̃�𝐵 ∈
ℂ2

𝔻𝔻 ∀ 𝜆𝜆 ∈ ℝ

    𝜙𝜙(�̃�𝐴 + �̃�𝐵) = 𝜙𝜙(�̃�𝐴) + 𝜙𝜙(�̃�𝐵) 

𝜙𝜙(𝜆𝜆 �̃�𝐴) = 𝜆𝜆 𝜙𝜙(�̃�𝐴) 

                              𝜙𝜙(𝐴𝐴 ̃�̃�𝐵) = 𝜙𝜙(�̃�𝐴)𝜙𝜙(�̃�𝐵).                         

 𝔻𝔻𝟐𝟐
𝟒𝟒

ℳ 𝒮𝒮2
3 𝒦𝒦

ℳ = {𝛾𝛾 = (𝛾𝛾0, 𝛾𝛾1, 𝛾𝛾2, 𝛾𝛾3) ∣ 𝛾𝛾0𝛾𝛾1 + 𝛾𝛾2𝛾𝛾3 = 0}, 

𝒮𝒮2
3 = {𝛾𝛾 = (𝛾𝛾0, 𝛾𝛾1, 𝛾𝛾2, 𝛾𝛾3) ∣ 𝛾𝛾0

2 − 𝛾𝛾1
2 + 𝛾𝛾2

2 − 𝛾𝛾3
2 = 1} 

𝒦𝒦 = {𝛾𝛾 = (𝛾𝛾0, 𝛾𝛾1, 𝛾𝛾2, 𝛾𝛾3) ∣ 𝛾𝛾0
2 − 𝛾𝛾1

2 + 𝛾𝛾2
2 − 𝛾𝛾3

2 = 0}.

𝛾𝛾 : 𝐼𝐼 ⊂ 𝑅𝑅 → ℳ ⊂ 𝔻𝔻2
4  

𝑡𝑡 → 𝛾𝛾(𝑡𝑡) = 𝛾𝛾0(𝑡𝑡) + 𝛾𝛾1(𝑡𝑡)𝑖𝑖1 + 𝛾𝛾2(𝑡𝑡)𝑖𝑖2 + 𝛾𝛾3(𝑡𝑡)𝑖𝑖3 

= (𝑎𝑎0(𝑡𝑡) + 𝜀𝜀𝑎𝑎0
∗(𝑡𝑡)) + (𝑎𝑎1(𝑡𝑡) + 𝜀𝜀𝑎𝑎1

∗(𝑡𝑡))𝑖𝑖1 

+(𝑎𝑎2(𝑡𝑡) + 𝜀𝜀𝑎𝑎2
∗(𝑡𝑡))𝑖𝑖2 + (𝑎𝑎3(𝑡𝑡) + 𝜀𝜀𝑎𝑎3

∗(𝑡𝑡))𝑖𝑖3 
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𝑡𝑡 ∈ 𝐼𝐼 𝛾𝛾(𝑡𝑡)
𝑛𝑛 ℬ = 𝒩𝒩 𝛾𝛾(𝑡𝑡)

ℬ = [
𝛾𝛾0 −𝛾𝛾1 −𝛾𝛾2      𝛾𝛾3
𝛾𝛾1  𝛾𝛾0 −𝛾𝛾3    −𝛾𝛾2
𝛾𝛾2
𝛾𝛾3

−𝛾𝛾3
   𝛾𝛾2

    𝛾𝛾0   −𝛾𝛾1
     𝛾𝛾1      𝛾𝛾0

]

‖𝛾𝛾′(𝑡𝑡)‖ = 1, 𝛾𝛾(𝑡𝑡) 𝛾𝛾(𝑡𝑡)
𝛾𝛾(𝑡𝑡) ≠ 0 ℬ

ℬ = 𝜆𝜆 𝒜𝒜 = 𝜆𝜆
[
 
 
 𝛾𝛾0/𝜆𝜆 −𝛾𝛾1/𝜆𝜆 −𝛾𝛾2/𝜆𝜆      𝛾𝛾3/𝜆𝜆
𝛾𝛾1/𝜆𝜆  𝛾𝛾0/𝜆𝜆 −𝛾𝛾3/𝜆𝜆    −𝛾𝛾2/𝜆𝜆
𝛾𝛾2/𝜆𝜆
𝛾𝛾3/𝜆𝜆

−𝛾𝛾3/𝜆𝜆
   𝛾𝛾2/𝜆𝜆

     𝛾𝛾0/𝜆𝜆   −𝛾𝛾1/𝜆𝜆
      𝛾𝛾1/𝜆𝜆      𝛾𝛾0/𝜆𝜆]

 
 
 

𝜆𝜆: 𝐼𝐼 ⊂ ℝ → 𝔻𝔻
𝑡𝑡 → 𝜆𝜆(𝑡𝑡) =∥ 𝛾𝛾(𝑡𝑡) ∥= √|𝛾𝛾0

2(𝑡𝑡) − 𝛾𝛾12(𝑡𝑡) + 𝛾𝛾2
2(𝑡𝑡) − 𝛾𝛾3

2(𝑡𝑡)| 𝛾𝛾(𝑡𝑡) ≠ 0.

𝒜𝒜

𝛾𝛾(𝑡𝑡) ∉ 𝒦𝒦 𝛾𝛾1(𝑡𝑡)𝛾𝛾2(𝑡𝑡) + 𝛾𝛾3(𝑡𝑡)𝛾𝛾4(𝑡𝑡) = 0. ℬ = 𝜆𝜆𝒜𝒜
𝒜𝒜 𝒜𝒜T𝜀𝜀 𝒜𝒜 = 𝜀𝜀

𝜀𝜀 = [
1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

]

𝒜𝒜 det𝒜𝒜 = 1

𝛾𝛾(𝑡𝑡) ∈ 𝒮𝒮2
3 ∩ ℳ 𝒜𝒜

𝛾𝛾(𝑡𝑡) ∈ 𝒮𝒮2
3 𝛾𝛾0

2 + 𝛾𝛾1
2 + 𝛾𝛾2

2 + 𝛾𝛾3
2 = 1,
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𝑡𝑡 ∈ 𝐼𝐼 𝛾𝛾(𝑡𝑡)
𝑛𝑛 ℬ = 𝒩𝒩 𝛾𝛾(𝑡𝑡)

ℬ = [
𝛾𝛾0 −𝛾𝛾1 −𝛾𝛾2      𝛾𝛾3
𝛾𝛾1  𝛾𝛾0 −𝛾𝛾3    −𝛾𝛾2
𝛾𝛾2
𝛾𝛾3

−𝛾𝛾3
   𝛾𝛾2

    𝛾𝛾0   −𝛾𝛾1
     𝛾𝛾1      𝛾𝛾0

]

‖𝛾𝛾′(𝑡𝑡)‖ = 1, 𝛾𝛾(𝑡𝑡) 𝛾𝛾(𝑡𝑡)
𝛾𝛾(𝑡𝑡) ≠ 0 ℬ

ℬ = 𝜆𝜆 𝒜𝒜 = 𝜆𝜆
[
 
 
 𝛾𝛾0/𝜆𝜆 −𝛾𝛾1/𝜆𝜆 −𝛾𝛾2/𝜆𝜆      𝛾𝛾3/𝜆𝜆
𝛾𝛾1/𝜆𝜆  𝛾𝛾0/𝜆𝜆 −𝛾𝛾3/𝜆𝜆    −𝛾𝛾2/𝜆𝜆
𝛾𝛾2/𝜆𝜆
𝛾𝛾3/𝜆𝜆

−𝛾𝛾3/𝜆𝜆
   𝛾𝛾2/𝜆𝜆

     𝛾𝛾0/𝜆𝜆   −𝛾𝛾1/𝜆𝜆
      𝛾𝛾1/𝜆𝜆      𝛾𝛾0/𝜆𝜆]

 
 
 

𝜆𝜆: 𝐼𝐼 ⊂ ℝ → 𝔻𝔻
𝑡𝑡 → 𝜆𝜆(𝑡𝑡) =∥ 𝛾𝛾(𝑡𝑡) ∥= √|𝛾𝛾0

2(𝑡𝑡) − 𝛾𝛾12(𝑡𝑡) + 𝛾𝛾2
2(𝑡𝑡) − 𝛾𝛾3

2(𝑡𝑡)| 𝛾𝛾(𝑡𝑡) ≠ 0.

𝒜𝒜

𝛾𝛾(𝑡𝑡) ∉ 𝒦𝒦 𝛾𝛾1(𝑡𝑡)𝛾𝛾2(𝑡𝑡) + 𝛾𝛾3(𝑡𝑡)𝛾𝛾4(𝑡𝑡) = 0. ℬ = 𝜆𝜆𝒜𝒜
𝒜𝒜 𝒜𝒜T𝜀𝜀 𝒜𝒜 = 𝜀𝜀

𝜀𝜀 = [
1 0 0 0
0 −1 0 0
0 0 1 0
0 0 0 −1

]

𝒜𝒜 det𝒜𝒜 = 1

𝛾𝛾(𝑡𝑡) ∈ 𝒮𝒮2
3 ∩ ℳ 𝒜𝒜

𝛾𝛾(𝑡𝑡) ∈ 𝒮𝒮2
3 𝛾𝛾0

2 + 𝛾𝛾1
2 + 𝛾𝛾2

2 + 𝛾𝛾3
2 = 1,

ℬ−1 = 𝜀𝜀ℬ𝜀𝜀 det𝒜𝒜 = 1

 

ℛ0 ℛ
ℛ0 ℛ ℛ0/ℛ

[𝒳𝒳1 ] = [λ𝒜𝒜 𝒞𝒞
0 1] [

𝒳𝒳0
1 ]

𝒳𝒳 = λ𝒜𝒜𝒳𝒳0 + 𝒞𝒞

𝒳𝒳 𝒳𝒳0 ℛ
ℛ0 𝒞𝒞

4
λ

𝒜𝒜 4 × 4
𝒳𝒳0 𝒞𝒞 4 × 1 𝒜𝒜, 𝒞𝒞 𝜆𝜆 𝒞𝒞n

𝜆𝜆(𝑡𝑡) = ℎ(𝑡𝑡) + 𝜀𝜀ℎ∗(𝑡𝑡) ≠ , 𝜆𝜆(𝑡𝑡) ≠ 0

�̇�𝜆𝒞𝒞 + 𝜆𝜆�̇�𝒞 ≠ 0, �̇�𝒞 ≠ 0.

𝛾𝛾(𝑡𝑡) ∈ 𝔻𝔻2
4

𝑡𝑡
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𝒜𝒜 ∈ SO(4,2)

𝛾𝛾(𝑡𝑡) �̇�𝛾(𝑡𝑡) ∈ ℳ
ℬ ℬ = λ𝒜𝒜 𝔻𝔻2

4

𝛾𝛾(t)

�̇�𝛾02(𝑡𝑡) + �̇�𝛾12(𝑡𝑡) + �̇�𝛾22(𝑡𝑡) + �̇�𝛾32(𝑡𝑡) = 1

�̇�𝛾(𝑡𝑡) ∈ ℳ

�̇�𝛾0(𝑡𝑡)�̇�𝛾1(𝑡𝑡) + �̇�𝛾2(𝑡𝑡)�̇�𝛾3(𝑡𝑡) = 0.

ℬ̇εℬ̇T = ℬ̇Tεℬ̇ detℬ̇ = 1

𝛾𝛾(𝑡𝑡) ℳ

𝛾𝛾(𝑡𝑡)

�̇�𝛾02(𝑡𝑡) + �̇�𝛾12(𝑡𝑡) + �̇�𝛾22(𝑡𝑡) + �̇�𝛾32(𝑡𝑡) = 1

ℬεℬT = ℬTεℬ ℬ

detℬ = 1. ℬ 𝔻𝔻2
4

 

𝒳𝒳 = ℬ𝒳𝒳0 + 𝒞𝒞

𝒳𝒳0 = −ℬ−1(𝒳𝒳 − 𝒞𝒞).

𝒞𝒞′ = ℬ−1𝒞𝒞 𝜆𝜆−1 = 1
𝜆𝜆 I, λ

T = 𝜆𝜆)
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𝒜𝒜 ∈ SO(4,2)

𝛾𝛾(𝑡𝑡) �̇�𝛾(𝑡𝑡) ∈ ℳ
ℬ ℬ = λ𝒜𝒜 𝔻𝔻2

4

𝛾𝛾(t)

�̇�𝛾02(𝑡𝑡) + �̇�𝛾12(𝑡𝑡) + �̇�𝛾22(𝑡𝑡) + �̇�𝛾32(𝑡𝑡) = 1

�̇�𝛾(𝑡𝑡) ∈ ℳ

�̇�𝛾0(𝑡𝑡)�̇�𝛾1(𝑡𝑡) + �̇�𝛾2(𝑡𝑡)�̇�𝛾3(𝑡𝑡) = 0.

ℬ̇εℬ̇T = ℬ̇Tεℬ̇ detℬ̇ = 1

𝛾𝛾(𝑡𝑡) ℳ

𝛾𝛾(𝑡𝑡)

�̇�𝛾02(𝑡𝑡) + �̇�𝛾12(𝑡𝑡) + �̇�𝛾22(𝑡𝑡) + �̇�𝛾32(𝑡𝑡) = 1

ℬεℬT = ℬTεℬ ℬ

detℬ = 1. ℬ 𝔻𝔻2
4

 

𝒳𝒳 = ℬ𝒳𝒳0 + 𝒞𝒞

𝒳𝒳0 = −ℬ−1(𝒳𝒳 − 𝒞𝒞).

𝒞𝒞′ = ℬ−1𝒞𝒞 𝜆𝜆−1 = 1
𝜆𝜆 I, λ

T = 𝜆𝜆)

𝒳𝒳0 = ℬ−1𝒳𝒳 + �̇�𝒞

𝑡𝑡

�̇�𝒳 = ℬ̇𝒳𝒳0 + �̇�𝒞 + �̇�𝒳0 + ℬ𝒳𝒳0̇

ℬ𝒳𝒳0̇ ℬ̇𝒳𝒳0 + �̇�𝒞
�̇�𝒳 �̇�𝒳0

�̇�𝒳0 𝑡𝑡
�̇�𝒳0

𝔻𝔻2
4

ℬ̇𝒳𝒳0 + �̇�𝒞 = 0,

𝑡𝑡 

𝛾𝛾(𝑡𝑡) �̇�𝛾(𝑡𝑡) ∈ ℳ in ℛ0
𝑡𝑡 ℬ̇

�̇�𝒞

ℬ̇ ℬ̇T

 

𝑛𝑛
(𝑛𝑛 − 1)
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ℬ(𝑛𝑛)𝒳𝒳0 + 𝒞𝒞(𝑛𝑛) = ∑ (𝑛𝑛
𝑘𝑘) 𝜆𝜆(𝑛𝑛−𝑘𝑘)𝒜𝒜(𝑛𝑛)𝒳𝒳0 + 𝒞𝒞(𝑛𝑛) = 0

𝑛𝑛

𝑘𝑘=𝑜𝑜

ℬ(𝑛𝑛) = 𝑑𝑑𝑛𝑛ℬ
𝑑𝑑𝑡𝑡𝑛𝑛   𝒞𝒞(𝑛𝑛) = 𝑑𝑑𝑛𝑛𝒞𝒞

𝑑𝑑𝑡𝑡𝑛𝑛 𝛾𝛾(𝑡𝑡)
𝑛𝑛

𝛾𝛾(𝑛𝑛) ∈ ℳ 𝛾𝛾0
(𝑛𝑛)𝛾𝛾1

(𝑛𝑛) + 𝛾𝛾2
(𝑛𝑛)𝛾𝛾3

(𝑛𝑛)�̃�𝛾3
(𝑛𝑛) = 0.

(𝛾𝛾0
(𝑛𝑛))

2
+ (𝛾𝛾1

(𝑛𝑛))
2

+ (𝛾𝛾2
(𝑛𝑛))

2
+ (𝛾𝛾3

(𝑛𝑛))
2

≠ 0,

𝑑𝑑𝑑𝑑𝑡𝑡ℬ(𝑛𝑛) = ((𝛾𝛾0
(𝑛𝑛))

2
+ (𝛾𝛾1

(𝑛𝑛))
2

+ (𝛾𝛾2
(𝑛𝑛))

2
+ (𝛾𝛾3

(𝑛𝑛))
2

)
2

≠ 0

ℬ(𝑛𝑛)

(𝑛𝑛 − 1) 𝑡𝑡

𝒳𝒳0 = [ℬ(𝑛𝑛)]−1[−ℬ(𝑛𝑛)].

𝛾𝛾: 𝐼𝐼 ⊂ 𝑅𝑅 → ℳ ⊂ 𝔻𝔻2
4

𝛾𝛾(𝑡𝑡) = 1
√2 ( 𝑡𝑡, 𝑡𝑡, 𝑡𝑡, 𝑡𝑡). 𝛾𝛾(𝑡𝑡) ∈ 𝒮𝒮2

3

‖�̇�𝛾(𝑡𝑡)‖ = 1 𝛾𝛾(𝑡𝑡)

 �̇�𝛾(𝑡𝑡), �̈�𝛾(𝑡𝑡), , , 𝛾𝛾(𝑛𝑛)(𝑡𝑡)  ∈ ℳ

𝛾𝛾(𝑡𝑡)
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ℬ(𝑛𝑛)𝒳𝒳0 + 𝒞𝒞(𝑛𝑛) = ∑ (𝑛𝑛
𝑘𝑘) 𝜆𝜆(𝑛𝑛−𝑘𝑘)𝒜𝒜(𝑛𝑛)𝒳𝒳0 + 𝒞𝒞(𝑛𝑛) = 0

𝑛𝑛

𝑘𝑘=𝑜𝑜

ℬ(𝑛𝑛) = 𝑑𝑑𝑛𝑛ℬ
𝑑𝑑𝑡𝑡𝑛𝑛   𝒞𝒞(𝑛𝑛) = 𝑑𝑑𝑛𝑛𝒞𝒞

𝑑𝑑𝑡𝑡𝑛𝑛 𝛾𝛾(𝑡𝑡)
𝑛𝑛

𝛾𝛾(𝑛𝑛) ∈ ℳ 𝛾𝛾0
(𝑛𝑛)𝛾𝛾1

(𝑛𝑛) + 𝛾𝛾2
(𝑛𝑛)𝛾𝛾3

(𝑛𝑛)�̃�𝛾3
(𝑛𝑛) = 0.

(𝛾𝛾0
(𝑛𝑛))

2
+ (𝛾𝛾1

(𝑛𝑛))
2

+ (𝛾𝛾2
(𝑛𝑛))

2
+ (𝛾𝛾3

(𝑛𝑛))
2

≠ 0,

𝑑𝑑𝑑𝑑𝑡𝑡ℬ(𝑛𝑛) = ((𝛾𝛾0
(𝑛𝑛))

2
+ (𝛾𝛾1

(𝑛𝑛))
2

+ (𝛾𝛾2
(𝑛𝑛))

2
+ (𝛾𝛾3

(𝑛𝑛))
2

)
2

≠ 0

ℬ(𝑛𝑛)

(𝑛𝑛 − 1) 𝑡𝑡

𝒳𝒳0 = [ℬ(𝑛𝑛)]−1[−ℬ(𝑛𝑛)].

𝛾𝛾: 𝐼𝐼 ⊂ 𝑅𝑅 → ℳ ⊂ 𝔻𝔻2
4

𝛾𝛾(𝑡𝑡) = 1
√2 ( 𝑡𝑡, 𝑡𝑡, 𝑡𝑡, 𝑡𝑡). 𝛾𝛾(𝑡𝑡) ∈ 𝒮𝒮2

3

‖�̇�𝛾(𝑡𝑡)‖ = 1 𝛾𝛾(𝑡𝑡)

 �̇�𝛾(𝑡𝑡), �̈�𝛾(𝑡𝑡), , , 𝛾𝛾(𝑛𝑛)(𝑡𝑡)  ∈ ℳ

𝛾𝛾(𝑡𝑡)

𝑛𝑛
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1. 

 

   

𝑀𝑀𝑊𝑊 ≥ 5.
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2. 
 

𝐶𝐶(𝑢𝑢) = 𝐶𝐶(𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑛𝑛) 
𝐶𝐶: [0,1]𝑛𝑛 → [0,1].

𝐶𝐶(𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑛𝑛)
𝑢𝑢𝑖𝑖. 𝑢𝑢𝑗𝑗 = 1 

𝑖𝑖 ≠ 𝑗𝑗 𝑢𝑢𝑖𝑖

𝐶𝐶(1, … ,1, 𝑢𝑢𝑖𝑖, 1 … ,1) = 𝑢𝑢𝑖𝑖. (𝑈𝑈1, 𝑈𝑈2, … , 𝑈𝑈𝑛𝑛)′
𝐶𝐶 (𝑣𝑣1, … , 𝑣𝑣𝑛𝑛)

(𝑤𝑤1, … , 𝑤𝑤𝑛𝑛) ∈ [0,1]𝑛𝑛 𝑣𝑣𝑖𝑖 ≤ 𝑤𝑤𝑖𝑖 𝑃𝑃(𝑣𝑣1 ≤ 𝑈𝑈1 ≤
𝑤𝑤1, … , 𝑣𝑣𝑛𝑛 ≤ 𝑈𝑈𝑛𝑛 ≤ 𝑤𝑤𝑛𝑛)
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2. 
 

𝐶𝐶(𝑢𝑢) = 𝐶𝐶(𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑛𝑛) 
𝐶𝐶: [0,1]𝑛𝑛 → [0,1].

𝐶𝐶(𝑢𝑢1, 𝑢𝑢2, … , 𝑢𝑢𝑛𝑛)
𝑢𝑢𝑖𝑖. 𝑢𝑢𝑗𝑗 = 1 

𝑖𝑖 ≠ 𝑗𝑗 𝑢𝑢𝑖𝑖

𝐶𝐶(1, … ,1, 𝑢𝑢𝑖𝑖, 1 … ,1) = 𝑢𝑢𝑖𝑖. (𝑈𝑈1, 𝑈𝑈2, … , 𝑈𝑈𝑛𝑛)′
𝐶𝐶 (𝑣𝑣1, … , 𝑣𝑣𝑛𝑛)

(𝑤𝑤1, … , 𝑤𝑤𝑛𝑛) ∈ [0,1]𝑛𝑛 𝑣𝑣𝑖𝑖 ≤ 𝑤𝑤𝑖𝑖 𝑃𝑃(𝑣𝑣1 ≤ 𝑈𝑈1 ≤
𝑤𝑤1, … , 𝑣𝑣𝑛𝑛 ≤ 𝑈𝑈𝑛𝑛 ≤ 𝑤𝑤𝑛𝑛)

 

𝐻𝐻
𝐹𝐹1, … 𝐹𝐹𝑛𝑛, 𝐶𝐶 𝑥𝑥1, … , 𝑥𝑥𝑛𝑛 ∈ [−∞, ∞],

𝐻𝐻(𝑥𝑥1, … , 𝑥𝑥𝑛𝑛) = 𝐶𝐶(𝐹𝐹1(𝑥𝑥1), … , 𝐹𝐹𝑛𝑛(𝑥𝑥𝑛𝑛))

𝐶𝐶 𝐹𝐹1, … 𝐹𝐹𝑛𝑛 
𝐻𝐻

𝐶𝐶

𝐶𝐶𝛾𝛾(𝑢𝑢, 𝑣𝑣) 𝛾𝛾

(𝑢𝑢−𝛾𝛾 + 𝑣𝑣−𝛾𝛾 − 1)−1 𝛾𝛾⁄ (0, ∞)

−𝛾𝛾−1 𝑙𝑙𝑙𝑙([(𝑒𝑒−𝛾𝛾 − 1) + (𝑒𝑒−𝛾𝛾𝛾𝛾 − 1)(𝑒𝑒−𝛾𝛾𝛾𝛾 − 1)]/(𝑒𝑒−𝛾𝛾 − 1)) (−∞, ∞) − {0}

𝑒𝑒(−((− 𝑙𝑙𝑛𝑛 𝛾𝛾)𝛾𝛾+(− 𝑙𝑙𝑛𝑛 𝛾𝛾)𝛾𝛾)1 𝛾𝛾⁄ ) [1, ∞)

𝑢𝑢𝑣𝑣𝑒𝑒(𝛾𝛾(1−𝛾𝛾)(1−𝛾𝛾)) [−1,1]

𝑢𝑢𝑣𝑣 + 𝛾𝛾𝑢𝑢𝑣𝑣(1 − 𝑢𝑢)(1 − 𝑣𝑣) [−1,1]

𝑢𝑢𝑣𝑣𝑒𝑒{[(− 𝑙𝑙𝑛𝑛 𝛾𝛾)−𝛾𝛾+(− 𝑙𝑙𝑛𝑛 𝛾𝛾)−𝛾𝛾]−1 𝛾𝛾⁄ } [0, ∞)

𝑢𝑢𝑣𝑣𝑒𝑒(−𝛾𝛾𝑙𝑙𝑛𝑛 𝛾𝛾 𝑙𝑙𝑛𝑛 𝛾𝛾
𝑙𝑙𝑛𝑛(𝛾𝛾𝛾𝛾) ) (0,1)

1 − [(1 − 𝑢𝑢)𝛾𝛾 + (1 − 𝑣𝑣)𝛾𝛾 − (1 − 𝑢𝑢)𝛾𝛾(1 − 𝑣𝑣)𝛾𝛾]1 𝛾𝛾⁄ [1, ∞)
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𝛾𝛾1 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛾𝛾1 ∑ ∑ 𝑙𝑙𝑙𝑙𝑎𝑎𝑓𝑓𝑖𝑖(𝑎𝑎𝑖𝑖,𝑡𝑡; 𝛾𝛾1)2
İ=1

𝑇𝑇
𝑡𝑡=1

𝛾𝛾2 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛾𝛾2 ∑ log 𝑐𝑐(𝐹𝐹1(𝑎𝑎1,𝑡𝑡), 𝐹𝐹2(𝑎𝑎2,𝑡𝑡); 𝛾𝛾2, 𝛾𝛾1)𝑇𝑇
𝑡𝑡=1

 

 

𝑘𝑘 = 1, . . . , 𝑎𝑎,
𝐻𝐻0: 𝐶𝐶 = 𝐶𝐶𝑘𝑘 𝐻𝐻1: 𝐶𝐶 ≠ 𝐶𝐶𝑘𝑘 (4)



 . 125International  Studies in Science and Mathematics

 

 

𝛾𝛾1 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛾𝛾1 ∑ ∑ 𝑙𝑙𝑙𝑙𝑎𝑎𝑓𝑓𝑖𝑖(𝑎𝑎𝑖𝑖,𝑡𝑡; 𝛾𝛾1)2
İ=1

𝑇𝑇
𝑡𝑡=1

𝛾𝛾2 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝛾𝛾2 ∑ log 𝑐𝑐(𝐹𝐹1(𝑎𝑎1,𝑡𝑡), 𝐹𝐹2(𝑎𝑎2,𝑡𝑡); 𝛾𝛾2, 𝛾𝛾1)𝑇𝑇
𝑡𝑡=1

 

 

𝑘𝑘 = 1, . . . , 𝑎𝑎,
𝐻𝐻0: 𝐶𝐶 = 𝐶𝐶𝑘𝑘 𝐻𝐻1: 𝐶𝐶 ≠ 𝐶𝐶𝑘𝑘 (4)

 

𝛿𝛿
�̄�𝛿𝑘𝑘 𝑘𝑘

𝐷𝐷𝑘𝑘
2 = (𝛿𝛿 − �̄�𝛿𝑘𝑘)′𝑆𝑆−1(𝛿𝛿 − �̄�𝛿𝑘𝑘) (5)

𝐷𝐷𝑘𝑘
2

𝑚𝑚𝐹𝐹𝑚𝑚,𝐵𝐵−1 𝑘𝑘

 

100𝑝𝑝% 𝑝𝑝
𝑃𝑃{𝑋𝑋𝑡𝑡𝑖𝑖 ≥ 𝑍𝑍𝑝𝑝} = 𝑝𝑝.

1 𝑝𝑝⁄  

3. 
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 𝑀𝑀𝑊𝑊 < 5

 𝑀𝑀𝑊𝑊 ≥ 5
 𝑀𝑀𝑊𝑊 ≥ 5 

 𝑀𝑀𝑊𝑊
𝑋𝑋𝑡𝑡𝑖𝑖 𝑌𝑌𝑖𝑖  

𝑡𝑡𝑖𝑖

 

𝑌𝑌𝑖𝑖 
𝑋𝑋𝑡𝑡𝑖𝑖.

  𝑌𝑌𝑖𝑖 𝑋𝑋𝑡𝑡𝑖𝑖, 

𝐹𝐹(𝑥𝑥) = 1 − exp (− (𝑥𝑥
𝛽𝛽))

𝛼𝛼

𝛼𝛼 𝛽𝛽  𝑎𝑎𝑎𝑎𝑎𝑎 
𝛼𝛼 𝛽𝛽 > 0

𝐹𝐹(𝑥𝑥) = exp ( − (1 + 𝑘𝑘 (𝑥𝑥−𝜇𝜇
𝜎𝜎 ))

−1 𝑘𝑘⁄
)



128  . Serpil ÜNAL

 

𝑘𝑘 𝜎𝜎 𝜇𝜇  𝑎𝑎𝑎𝑎𝑎𝑎 
𝜎𝜎 > 0

𝑌𝑌𝑖𝑖 ≈ 𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾 𝑿𝑿𝒕𝒕𝑾𝑾 ≈ 𝑮𝑮𝑮𝑮𝑮𝑮

𝛼𝛼 = 0.25234, 𝛽𝛽 = 0.13254 𝑘𝑘 = 0.37834, 𝜎𝜎

= 0.18487, 𝜇𝜇 = 5.1229
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𝑘𝑘 𝜎𝜎 𝜇𝜇  𝑎𝑎𝑎𝑎𝑎𝑎 
𝜎𝜎 > 0

𝑌𝑌𝑖𝑖 ≈ 𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾𝑾 𝑿𝑿𝒕𝒕𝑾𝑾 ≈ 𝑮𝑮𝑮𝑮𝑮𝑮

𝛼𝛼 = 0.25234, 𝛽𝛽 = 0.13254 𝑘𝑘 = 0.37834, 𝜎𝜎

= 0.18487, 𝜇𝜇 = 5.1229

 

 

𝑋𝑋𝑡𝑡𝑖𝑖 𝑌𝑌𝑖𝑖

𝑋𝑋𝑡𝑡𝑖𝑖 𝑌𝑌𝑖𝑖
𝛾𝛾 𝐿𝐿𝐿𝐿𝐿𝐿 − 𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙𝑙ℎ𝐿𝐿𝐿𝐿𝑜𝑜

𝐶𝐶𝛾𝛾
𝐶𝐶𝛾𝛾
𝐶𝐶𝛾𝛾
𝐶𝐶𝛾𝛾
𝐶𝐶𝛾𝛾

𝐶𝐶𝛾𝛾
𝐶𝐶𝛾𝛾
𝐶𝐶𝛾𝛾
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𝛾𝛾 = 1.0266 𝛾𝛾 = 0,1355
𝑋𝑋𝑡𝑡𝑖𝑖 𝑌𝑌𝑖𝑖

𝐷𝐷𝑘𝑘
2 

𝐷𝐷𝑘𝑘
2

𝐷𝐷𝑘𝑘
2

𝑋𝑋𝑡𝑡𝑖𝑖 𝑌𝑌𝑖𝑖 �̂�𝜸 = 1.0266, 𝑋𝑋𝑡𝑡𝑖𝑖 ≈
(𝑘𝑘 = 0.37834, 𝜎𝜎 = 0.18487, 𝜇𝜇 = 5.1229) 𝑌𝑌𝑖𝑖 ≈

(𝛼𝛼 = 0.25234, 𝛽𝛽 = 0.13254), 𝐻𝐻(𝑥𝑥, 𝑦𝑦)

𝐻𝐻(𝑥𝑥, 𝑦𝑦) = 𝑒𝑒𝑥𝑥𝑒𝑒 (−((− 𝑙𝑙𝑙𝑙 𝐹𝐹1(𝑥𝑥))1.0266 + (− 𝑙𝑙𝑙𝑙 𝐹𝐹2(𝑦𝑦))1.0266)1 1.0266⁄ ) (8)

𝑃𝑃{𝑋𝑋𝑡𝑡𝑖𝑖 ≥ 𝑥𝑥|𝑌𝑌𝑖𝑖 ≤ 𝑦𝑦} = 1 −
𝑒𝑒𝑒𝑒𝑒𝑒(−((− 𝑙𝑙𝑙𝑙 𝐹𝐹1(𝑒𝑒))1.0266+(− 𝑙𝑙𝑙𝑙 𝐹𝐹2(𝑦𝑦))1.0266)

1 1.0266⁄ )
𝐹𝐹2(𝑦𝑦)
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𝛾𝛾 = 1.0266 𝛾𝛾 = 0,1355
𝑋𝑋𝑡𝑡𝑖𝑖 𝑌𝑌𝑖𝑖

𝐷𝐷𝑘𝑘
2 

𝐷𝐷𝑘𝑘
2

𝐷𝐷𝑘𝑘
2

𝑋𝑋𝑡𝑡𝑖𝑖 𝑌𝑌𝑖𝑖 �̂�𝜸 = 1.0266, 𝑋𝑋𝑡𝑡𝑖𝑖 ≈
(𝑘𝑘 = 0.37834, 𝜎𝜎 = 0.18487, 𝜇𝜇 = 5.1229) 𝑌𝑌𝑖𝑖 ≈

(𝛼𝛼 = 0.25234, 𝛽𝛽 = 0.13254), 𝐻𝐻(𝑥𝑥, 𝑦𝑦)

𝐻𝐻(𝑥𝑥, 𝑦𝑦) = 𝑒𝑒𝑥𝑥𝑒𝑒 (−((− 𝑙𝑙𝑙𝑙 𝐹𝐹1(𝑥𝑥))1.0266 + (− 𝑙𝑙𝑙𝑙 𝐹𝐹2(𝑦𝑦))1.0266)1 1.0266⁄ ) (8)

𝑃𝑃{𝑋𝑋𝑡𝑡𝑖𝑖 ≥ 𝑥𝑥|𝑌𝑌𝑖𝑖 ≤ 𝑦𝑦} = 1 −
𝑒𝑒𝑒𝑒𝑒𝑒(−((− 𝑙𝑙𝑙𝑙 𝐹𝐹1(𝑒𝑒))1.0266+(− 𝑙𝑙𝑙𝑙 𝐹𝐹2(𝑦𝑦))1.0266)

1 1.0266⁄ )
𝐹𝐹2(𝑦𝑦)

 

𝑃𝑃{𝑋𝑋𝑡𝑡𝑖𝑖 ≥ 𝑥𝑥|𝑦𝑦1 ≤ 𝑌𝑌𝑖𝑖 ≤ 𝑦𝑦2} = 1 −  𝐻𝐻(𝑥𝑥,𝑦𝑦2)−𝐻𝐻(𝑥𝑥,𝑦𝑦1)
𝐹𝐹2(𝑦𝑦2)−𝐹𝐹2(𝑦𝑦1)

𝑀𝑀𝑊𝑊

𝑀𝑀𝑊𝑊

 

𝑀𝑀𝑊𝑊 = 7.4, 
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𝑀𝑀𝑊𝑊 ≥ 7,4 

𝑴𝑴𝒘𝒘
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𝑀𝑀𝑊𝑊 ≥ 7,4 

𝑴𝑴𝒘𝒘

 

 𝑀𝑀𝑊𝑊 = 7.4

𝑀𝑀𝑊𝑊 ≥
7,4 
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1. Introduction

Plants have been among the basic sources of life since the existence of 
humanity. Plants are used not only for nutrition but also for the treatment 
of many diseases. Alternative medicine practices are included in the culture 
and traditions of developing countries for treatment and prevention purposes 
(Njume et al., 2009). Plants used as herbal medicine in modern medicine and 
alternative medicine practices are called ‘Medical Plants’. (Baydar, 2007). 
The most important factor in the use of plants for therapeutic purposes is 
the high antioxidant capacity of the phenolic substances they contain. The 
most effective method to protect against diseases and gain resistance against 
them is to strengthen the immune system. There is increasing interest in the 
consumption of foods rich in antioxidant properties resulting from phenolic 
compounds that can replace the high toxicity of synthetic antioxidants. The 
determination and quantity of phenolic compounds in food has become very 
important, with the perception that the more phenolic compounds in the 
plant content, the higher the antioxidant value.

2. Phenolic Compounds

Polyphenols were first defined by Bate-Smith and Swain in 1962 as water-
soluble phenolic compounds with molecular weights between 500-3,000 
(Da) that, in addition to forming ordinary phenolic reactions, have special 
properties such as precipitating gelatin, alkaloids and other proteins in 
solution (Bate-Smith 1954).   Phenolic compounds are compounds found in 
the seeds, fruits, leaves, flowers, branches and stems of plants and originating 
from the shikimate, phenylpropanoid and pentose phosphate pathways 
in plant metabolism (Balasundram et al., 2006; Harborne and Williams, 
2000). Phenolic compounds in plant parts are secondary metabolites that 
are formed through metabolic activities as well as synthesized under various 
stress conditions such as infection, tissue damage, exposure to UV light and 
radiation, and they are generally found in the form of glycosides (Naczk 
& Shahidi, 2004; Saldamlı, 1998). Today, the structures of approximately 
more than 8000 plant phenolic compounds have been reported, and newly 
identified phenolic compounds continue to be added (Alu’datt  et al., 2017). 
Phenolic compounds are phytochemical substances that are effective in the 
formation of different characteristic properties such as taste, color and smell 
of fruits, vegetables, grains and various herbal products (Bohn, 2014). Phenolic 
compounds are structurally formed by an aromatic ring and one or more –
OH groups attached to this ring. The carbon skeleton of phenolic compounds 
is the C6-C3-C6 ring structure, which contains flavonoids, partial phenolic 
acids and condensed tannins, and the C6-C1 structures, which mainly contain 
partial phenolic acids and hydrolyzed tannins. They are classified according to 
the bonding of benzo-γ-pyrone derivatives carrying phenol and pyran rings 
to the ring (Ringli et al., 2008; Yao et al., 2004; Heim et al., 2002). Phenolic 
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compounds are classified as flavonoids, phenolic acids, lignans, tannins and 
stilbenes according to their chemical structures (Alu’datt et al., 2017).

Figure 1. Classification of Phenolic Compounds (Atak and Uslu, 2018)

In addition to their chemical classification, it is possible to classify them 
as water-soluble and insoluble compounds (Rispail  et al., 2005).  Phenolic 
compounds exist in three different forms within the cell: free, extractable and 
non-extractable (Nayak et al., 2015).  Phenolic compounds in free form are 
trapped inside cell vacuoles. Phenolic compounds in extractable form can 
be esterified into low molecular weight compounds or glycosides thanks to 
the aromatic ring and –OH groups in their structure (Saura-Calixto, 2012). 
Phenolic compounds that cannot be extracted are bound covalently to 
structures such as protein, pectin and cellulose in the cell wall via acetal, ether 
or ester bonds. The -OH groups in the aromatic ring of phenolic compounds 
form ether bonds with lignin in the cell walls of plants; -COOH groups are 
bonded to carbohydrates and proteins via ester bonds (Acosta-estrada et 
al., 2014). The antioxidant properties of phenolic compounds are related to 
the atoms in their rings, structural function relationships and glycosylation 
(Bendary et al. 2013; Wang et al., 2018a). 

According to recent studies, due to the high bioactivity of phenolic 
substances, they are used for prevention and treatment of many different 
diseases such as cardiovascular diseases, diabetes and oxidative stress-related 
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diseases due to their antioxidant, anti-inflammatory and anticarcinogenic 
effects (Yasir et al., 2016). Phenol compounds can protect important 
biomolecules such as proteins and nucleic acids against oxidative damage 
(Heleno et al., 2015). The basis of the antioxidative mechanism of phenolic 
compounds; It is related to the reducing properties of these compounds that 
scavenge free radicals, such as hydrogen or electrons. Due to their free radical 
scavenging effect and chelating activity on metals such as iron and copper, 
they prevent the formation of free radicals by the catalysis of metals (Vuolo 
et al., 2019).  These compounds have different effects such as taste, odor and 
color formation of fruits and vegetables, positive effects on human health, as 
well as enzyme inhibition (Saldamlı, 1998). Recent studies have proven that 
phenolic substances inhibit the enzymes of α-amylase and α-glucosidase and 
therefore have a positive effect in the treatment of type 2 diabetes (Mccue & 
Shetty,  2004).  They also play an important role in protecting plants against 
pesticides and play a role in the defense mechanism of plants and are effective 
against various pests such as parasitic viruses (Alasalvar et al., 2001; Bohn, 
2014).  Plants rich in secondary metabolites are used in different application 
areas such as medicine, agriculture, cosmetics and food (Tepe et al 2005).

2.1. Phenolic Acids

Phenolic acids; They are phytochemicals that contain an aromatic ring 
containing an acidic group and one or more -OH groups and are widely included 
in diets (Zhang et al., 2019; Sevgi et al., 2015). These phytochemicals constitute 
an important class of phenolic compounds in plants, found in bound or free 
states (Zhang et al., 2016). Phenolic acids account for approximately one-third 
of the phenolic compounds found in vegetables, fruits, nuts, herbs, tea and 
coffee (Li et al., 2020). Phenolic acids; They can be divided into 2 subclasses: 
hydroxybenzoic acid and hydroxycinnamic acid. Hydroxybenzoic acids have 
a C6-C1 chemical structure and protocatechuic, syringic, gallic and vanillic 
acids are compounds in this class (Zhang et al, 2016). These compounds are 
abundant in oilseeds, coffee, currants, black-eyed peas, cereals, raspberries, 
pumpkins and blackberries (Zhang et al., 2022). Hydroxycinnamic acid, 
coumaric, synaptic, ferulic and caffeic acid are some examples of this class, 
and they are aromatic compounds with a three-carbon side chain in the C6-
C3 chemical structure (Zhang et al, 2016). These compounds are abundant 
in grains, coffee, cherries, spinach, peaches, citrus fruits, plums, tomatoes, 
potatoes and almonds (Zhang et al., 2022). Unlike other phenolic compounds, 
hydroxycinnamic and hydroxybenzoic acids behave acidic due to the presence 
of the -COOH group in the molecule (Annie & Jean-Jacques, 2003).
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Figure 2. Classification of phenolic acids.

Phenolic acids play a role in different physiological activities such as 
photosynthesis, protein synthesis, enzyme activities, involvement in the 
cytoskeleton, and nutrient uptake from leaves, seeds and roots (Heleno et 
al., 2015). Phenolic acids have metal chelating and redox properties, acting 
as reducing agents, hydrogen donors, or singlet oxygen quenchers. It has 
been reported that they have various pharmacological activities such as 
anticarcinogenic, vasoprotective, antiallergenic and antiviral, which are 
attributed to phenolic compounds as antioxidants (Rao et al., 2018). Previous 
studies have reported that phenolic acids have very high biological activities 
such as anticancer, antimutagenic and antioxidant. In addition, previous 
studies have shown that dietary intake of plant foods rich in phenolic 
compounds is associated with a reduction in the risk of many chronic diseases 
such as neurodegenerative and cardiovascular disorders, some types of cancer 
and osteoporosis. For this reason, it has been demonstrated that phenolic 
acids can be used as ingredients that offer positive effects on health, such as 
functional foods and cosmetic products. (Li et al., 2020).

2.2. Flavonoid

Flavonoids derived from the Latin word flavus, meaning yellow; They 
are phenolic compounds containing diphenyl propane with 15 C atoms and 
arranged in a C6 - C3 -C6 configuration (Kahraman et al., 2002). The carbon 
skeleton of flavonoids is formed as a result of the bonding of two phenyl 
rings with the propane chain (Kumar & Pandey, 2013). Flavonoids generally 
consist of two aromatic rings, A and B, joined by a three-carbon bridge 
in the C-shaped form, which is a heterocyclic ring. The A aromatic ring is 
derived from the acetate/malonate pathway, while the B ring is derived from 
phenylalanine via the shikimate pathway (Merken & Beecher, 2000). High and 
low antioxidant capacities are related to their ability to absorb UV rays and 
their different ring structures. While flavonoids with dihydroxy B rings have 
higher antioxidant capacity, flavonoids with monohydroxy B rings absorb UV 
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waves better (Işık, 2005; Kumar & Pandey, 2013). Flavonoids constitute the 
majority of dietary phenolic compounds (Robbins, 2003). In addition to free 
compounds, they are often found as glycosides and partly as esters (Vermerris 
& Nicholson, 2006). While flavonoids were thought to be among vitamins 
until the 1930s, they are now studied as a class of phenolic compounds 
(Kumar & Pandey, 2013). Flavonoids are synthesized in different stress 
situations such as drought, injury, heavy metal exposure and starvation (Işık, 
2005; Kumar  & Pandey, 2013). Flavonoid compounds are found in all parts of 
plants such as leaves, roots, flowers, stems, seeds and fruits (Işık, 2005). They 
play a role in many important events such as color formation of flowers and 
fruits, attracting pollinators to the plant, protecting plants from harmful rays 
such as UV-A and UV-B, inhibiting enzyme activity and antioxidant (Işık, 
2005; Kumar & Pandey, 2013). They also protect plants against oxidative cell 
damage, fungal parasites and pathogens (Cook & Samman, 1996). Flavonoids 
consumed regularly in the diet significantly reduce the risk of serious diseases 
such as heart diseases and cancer. (Beecher, 2003 ; Liu et al., 2008). Flavonoids 
are divided into 6 classes as a result of the 3-carbon propane chain taking 
different shapes, variable positions of the phenyl groups and forming a third 
ring (Kumar & Pandey, 2013).

Figure 3. Flavonoid Classification

2.2.1. Flavonols

Flavonols are a class of flavonoids with double bonds between C2-C3 
carbons and usually exist in glycoside form. The contents of flavonols, which 
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are commonly found in fruits and vegetables, vary depending on many 
different environmental factors such as season, growing conditions, cooking 
conditions and storage processes (Caridi et al., 2007 ). Among its flavonols, 
the most well-known compounds are myricetin, kaempferol, quercetin and 
quercetin derivatives (Durazzo et al., 2019).

2.2.2. Flavones

Flavones have a similar structure to flavonols, but differ by a double bond 
at C3 that does not contain an -OH group (Bianca et al., 2021). The most 
well-known compounds of flavones are luteolin and apigenin (Durazzo et al., 
2019; Mark et al., 2019).

2.2.3. Flavanones 

Flavanones are a class of slimming flavonoids with no double bonds 
between C2-C3 and being in the carboxyl group in all four conformations 
(Durazzo et al., 2019). In other words, flavanones are characterized by the 
presence of a saturated three-carbon chain and one oxygen atom (Ignat et 
al., 2011). Flavanones are the precursors of many flavonoids, although there 
are flavanone species belonging to most plant families (Durazzo et al., 2019; 
Mark et al.,2019 ). In addition to being found in high amounts in citrus fruits, 
flavanones are also found in aromatic plants such as tomatoes and mint. To 
give some examples of flavanones, naringenin in grapefruit, hesperetin in 
orange and eriodiktyol in lemon are the best examples (Ignat et al., 2011).

2.2.4. Flavanols (Catechins) 

Flavanols, which are formed as intermediate products in the biosynthesis 
of flavonoids and are most commonly found in foods, are colorless compounds 
seen in almost all fruits. Flavanols are systematically called flavan-3-ols 
because they have a hydroxyl group at the C3 atom (Yeşilada, 2019.)

2.2.5. Isoflavone

Isoflavones are a class of flavonoids known as phytoestrogens, which are 
abundant in soybeans (Büyüktuncer ve Başaran, 2005). Isoflavones, which 
have structural similarities with estrogens, have hydroxyl groups in the C7-
C4 positions, like the estradiol molecule. They are found in many plants and 
plant-derived foods in both aglycone (natural) form and acetyl- or malonyl-
form. Isoflavones are used for the treatment and prevention of common 
diseases such as cancer and atherosclerosis. (Klejdus et al., 2007;  D’Archivio 
et al., 2007).    Among the isoflavone compounds, daidzein, genistein and 
glycitein stand out (Büyüktuncer and Başaran, 2005).

2.2.6. Anthocyanins

Anthocyanin, which means flower and blue in Latin, is the basic building 
block of flavylium ion (Kolaç et al., 2017). Anthocyanins derived from 



144  . Zeynep Demirkan, Bülent Kaya

flavonols with a –OH group at position 3 have two double bonds, one between 
the oxygen atom and carbon and the other between carbon 3 and 4. (Durazzo 
et al., 2019;  Mark  et al., 2019). Anthocyanin compounds are located in all 
plant tissues such as flowers, fruits, leaves, roots and stems. Anthocyanins 
are vacuole pigments that are water soluble and can appear in different colors 
such as red, purple or blue at varying pH (Ignat et al., 2011). Anthocyanins 
are plant pigments that color plant organs in blue and red (Gould & Lister, 
2006). In addition to the bioactivities demonstrated by anthocyanins, they are 
frequently used as natural colorants, especially in the food industry (Durazzo 
et al., 2019; Mark et al., 2019). Anthocyanins, which are abundant in flowers 
and ripe fruits, play an important role in attracting the attention of pollinators 
for pollination and seed dispersal (Gould & Lister, 2006). Anthocyanins have 
strong biological functions with their pharmacological properties, antioxidant 
and anti-inflammatory activities (Ignat et al., 2011). Fermentation and heat 
treatments increase the release of anthocyanins in the fruit (Kolaç et al., 2017).

Table 1. Food sources of some flavonoids.

Class Flavonoid Nutritional Source
Flavanol (+)-Catechin, (-)-Epicatechin, 

Epigallocatechin
Tea varieties, grapes, apples.

Flavone Sirisin, apigenin, routine, luteolin 
and luteolin glucosides

Fruit peels, red wine, olive oil, 
grapefruit.

Flavonol Kaempferol, quercetin, myricetin 
and tamarixetin

Leafy vegetables, onion, 
grapefruit, olive oil, 
strawberries, red wine.

Flavanone Naringin, naringenin, taxifolin 
and hesperidin

Citrus fruit

Isoflavone Genistein, daidzein Soybean.
Anthocyanin Apigenin, cyanidin Cherry, raspberry, strawberry.

Source: Aktaş and Çölgeçen, 2017; Theodoratou et al., 2007.

2.3.  Tannins

Tannins, also called tannic acid, are amorphous substances in flake, 
powder or sponge-like structure with different colors from light yellow to 
brown. Tannins, which are seen in the bark, root, leaf, wood and fruit tissues 
of plant parts, generally play an important role in regulating the development 
of these tissues. The tannins found in the buds protect the roots from 
freezing, the ones found in the leaves protect the leaves from being eaten by 
herbivorous animals by spoiling the taste of the leaves, and the ones found in 
the roots protect the roots against plant pathogens. Tannins contained in the 
seed tissue provide bactericidal and allelopathic effects as well as ensuring 
the survival of plant species (Aydın and Üstün, 2007). Hydrolyzable tannins 
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contain -OH groups esterified with carbohydrate and phenolic groups in 
the center, and they decompose into carbohydrate and phenolic acid as a 
result of easy hydrolysis with weak acid, weak base, hot water or enzymes 
such as tannase (Aydın and Üstün, 2007). Tannins are found primarily in 
grains, legume seeds, and many fruit and vegetable tissues. Tannins have 
antibacterial, antioxidant, antiviral, antiparasitic, anti-inflammatory, etc. 
properties. It has various biological activities such as (Smeriglio et al., 2017). 
Tannins, which are among the leading antiseptic compounds, are included in 
many drug compositions used in medicine due to their astringent effects on 
mucosa and vessels. Pharmaceutical preparations used for eczema treatment 
contain synthetic tannins (Aydın and Üstün, 2007).

2.4.  Stilbenes

Another class of phenolic compounds are stilbenes, characterized by a 
C6–C2–C6 molecular structure with two benzene rings connected by double 
bonds (Durazzo et al., 2019;  Mark  et al., 2019). Plants produce stilbenes in 
response to pathogenic infection and most stress conditions (Bavaresco, 2003).  
The most well-known and widely researched compound of stilbenes due to 
their bioactivity is resveratrol (Göçmez and Seferoğlu, 2014). Resveratrol 
compound exists in both cis and trans isomeric forms, mostly in glycosylated 
forms (Ignat et al., 2011). Black grape fruit produces the compound resveratrol 
to protect itself under adverse conditions (Göçmez and Seferoğlu, 2014). 
Stilbenes are frequently found naturally in a wide variety of food sources such 
as grapes, strawberries, peanuts and some medicinal plants (Tsai et al., 2017). 
Resveratrol has an antiaging effect as it shows 50 times more antioxidant 
activity than vitamin E and 30 times more than vitamin C. In addition, the 
resveratrol compound has effects on the production of lipoproteins in the 
liver, suppressing fat secretion and reducing blood fats (Xie et al., 2013).

2.5. Lignans

Lignans are the largest phenolic compounds obtained by oxidative 
dimerization of two phenylpropane units (Pietrofesa et al, 2016). The 
basic structure of lignans consists of a combination of phenylpropanoid 
dimers (C6-C3) that bond with the central carbons of the side chains 
(Durazzo, 2019). Although lignans are mostly in free form, glycoside 
derivatives are also found in small numbers ( Saleem et al., 2005). The 
basic lignan compounds found in plant tissues, such as secoisolariciresinol, 
matairesinol, isolariciresinol and lariciresinol, have a similar structure 
to the enterolactone and enterodiol compounds that show estrogenic 
activity in humans (Özkaynak and Ova, 2008). In addition to most of the 
bioactivities demonstrated by lignans, they also have estrogenic and anti-
estrogenic activities (Bianca et al., 2021). Although the richest source of 
lignans is f laxseed, they are found in most vegetables and fruits, nuts, 



146  . Zeynep Demirkan, Bülent Kaya

oilseeds and coffee. They have been used for a long time in both ethnic 
and traditional medicine due to their antioxidant, antibacterial, anti-
inf lammatory and antiviral properties (Pietrofesa et al., 2016). Interest 
in lignans and their synthetic derivatives is increasing day by day due to 
their potential applications in various cancer chemotherapy and other 
pharmacological effects ( Saleem et al., 2005).

3. Extraction Methods of Phenolic Compounds

The extraction process can be defined as the process of taking one or 
more compounds in the solid or liquid phase into a new liquid phase by 
taking advantage of their solubility properties (Nakilcioğlu and Ötleş, 2014). 
In its most general terms, extraction is the process of passing the plants and 
other materials to be extracted through a solvent and removing the soluble 
compounds contained in the material (Öztekin and Soysal, 1998). The method 
and solvent used in the extraction process are the first step to ensure the 
optimal concentration of natural compounds in the extract (Zhang et al., 2022).  
Extraction processes are applied with different methods depending on the 
final product to be obtained from the raw material (Öztekin and Soysal, 1998). 
The extraction process is the most important step in identifying and utilizing 
phenolic compounds. There are many different techniques and methods 
to extract phenolic compounds from plant materials, including fruits and 
vegetables (Bleve et al., 2008; Fredj et al., 1990). New extraction techniques are 
needed due to the need for large amounts of solvent and long periods of time 
in the most preferred solvent extraction method. New extraction techniques 
that shorten extraction times, reduce the solvent rate and are environmentally 
friendly are preferred (Wang & Weller, 2006). While the solvent extraction 
method and extraction with supercritical fluids are the most preferred 
techniques for the isolation of phenolic compounds, traditional and different 
methods such as enzyme-assisted extraction, ultrasound-assisted extraction, 
solid-liquid extraction, supercritical fluid extraction, microwave-assisted 
extraction, and pressure extraction are also used (Nahar & Sarker, 2005; 
Palma & Taylor, 1999; Zhang et al., 2022). The concentration of the desired 
components in the extract is determined by various factors such as the choice 
of different temperatures, contact times, particle size of the material, liquid-
solid ratio. For example, three times higher content of phenolic compounds 
in almond shell extraction was determined in the liquid-solid extraction 
method at 50 °C compared to 25 °C (Hayouni et al., 2007; Pinelo et al., 2005 
; Rubilar et al., 2003). There is no generally accepted and standard solvent for 
the extraction of phenolic compounds. However, it is generally believed that 
it shows high performances in phenolic compound extraction due to the high 
solubility of phenolic compounds in solvents with higher polarities (Zhang et 
al., 2022).
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3.1.  Liquid-liquid extraction

The liquid-liquid extraction method is a mass transfer process in which 
a solution containing one or more solutes is first thoroughly mixed with an 
immiscible or slightly immiscible solvent. This mixture consists of two parts: 
the extract, which contains the extracted solute and plenty of solvent, and 
the waste, which contains very little solute (Müller et al., 2008). Liquid-liquid 
extraction is frequently used in the purification of metal ions and phenolic 
compounds and in the beverage industry (Görgülü et al., 2017; Ignat et al., 
2011).

3.2. Solid-Liquid Extraction

Solid-liquid extraction is the process of direct extraction of fresh or 
dried plant materials in polar or non-polar solvents. Solid-liquid extraction 
is one of the easy and common methods preferred for the extraction of 
phenolic compounds from plant parts (Gadkari et al., 2014). The liquid-liquid 
extraction method, which is the most common and simple method, has 
various disadvantages due to low efficiency, long extraction time, and the use 
of dangerous solvents at high rates (Zhang et al., 2022).

3.3. Ultrasound Assisted Extraction

Ultrasonic sound waves are sound waves that are above what humans 
can hear (Cavuldak et al., 2016). Although the ultrasound-assisted extraction 
method involves close contact between the sample matrix and the solvents, it 
is a frequently used method to increase the efficiency of extraction of lipids, 
proteins and phenolic compounds in plants (Ignat et al., 2011). The ultrasound-
assisted extraction method is an alternative technique to the traditional 
method because it is simpler, more efficient and cheaper than the traditional 
extraction method (Jing et al., 2008). In addition to the increase in extraction 
efficiency by improving mass transfers, the ultrasound-assisted method has 
many advantages such as the low amount of solvent used, less equipment used, 
less working time and simplicity of working principles (Ameer et al., 2017). 
Ultrasound-assisted extraction method is frequently used in the extraction of 
phenolic compounds as it is a very simple, effective and economical method.

3.4.  Supercritical Fluid Extraction

There are three different states of matter: liquid, solid and gas. However, 
when the temperature and pressure of the substances are increased above 
their critical values, a new region is formed, this supercritical region, and the 
fluids in this region are defined as supercritical fluids (McHugh et al., 1994). 
Supercritical fluids are neither liquid nor gaseous. Since the fluid density 
decreases at low pressure and high temperatures, it will behave like a gas, 
and at high pressure and low temperatures, the fluid will behave like a liquid 
because its density will increase. The basic principle of this method is based on 
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the use of supercritical solvents in fluid form (Başer, 2010). Supercritical fluids 
preferred in biochemical materials are carbon dioxide, ammonia, ethane, 
propane, chlorotrifluoromethane, ethylene, trifluoromethane, propylene 
and hexane (Çolak & Tülek, 2003; Başer, 2010). Although there are many 
different fluids, the most preferred by far is supercritical carbon dioxide (SC-
CO2), which is the first choice due to its low toxicity, positive effects on the 
environment, easy removal from solutes, compatibility with foodstuffs and 
cheapness. Thanks to modern technologies, it helps in the extraction of natural 
products with various polarities by regulating the changes in temperature 
and pressure (Nahar & Sarker, 2005). Supercritical fluids are replacing most 
organic solvents traditionally used in industrial extraction, purification and 
recrystallization processes. Supercritical fluids have similar dissolving power 
to organic solvents, but have higher diffusivity, lower surface tension, and 
lower viscosity (Ignat et al., 2011). Reasons for choosing supercritical fluid 
extraction; It is very fast, does not use high amounts of toxic solvents, is 
selective and environmentally friendly. In addition, the absence of light and 
air entry during extraction minimizes the degradation processes that may 
occur in traditional solvent extraction techniques (Bleve et al., 2008). 

3.5. Mikrodalga Destekli Ekstraksiyon

Microwaves are defined as high frequency (300-300000 MHz) 
electromagnetic waves (Büyüktuncel, 2012).  Microwave energy has been 
used in the field of chemistry for many years for sample thawing, drying, 
solvent extraction, desorption and absorption, moisture measurement, 
chromogenic reactions, and analytical sample preparation (Tokkan et al., 
2012). The basic principle of the microwave-assisted extraction method is 
based on the direct effects of microwaves on molecules by ion conduction and 
dipole rotation (Büyüktuncel, 2012).  In other words, it is based on the direct 
use of microwave frequencies to facilitate the vibration of molecules and the 
separation of solvents from the sample (Zhang et al., 2022). Factors such as 
reducing the harmful solvent rate and shortening the extraction time have 
allowed this method to become widespread (Tokkan et al., 2012).  Important 
physical parameters of this method include microwave power, dielectric 
constant, extraction time, solubility and solvent properties (Zhang et al., 
2022). If this method is preferred, it provides many advantages such as low 
working time, low amount of solvent consumed, production cost and high 
efficiency (Hosseini et al., 2016).

4. Analysis Methods of Phenolic Compounds

The amount of phenolic compounds in the biomolecule varies depending 
on many different parameters such as the preferred extraction method, chemical 
structure of the compounds, particle size, solvent selection and impurities. 
With the development and progress in analytical science, there are methods 
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that use spectrophotometry, High performance liquid chromatography 
(HPLC), Gas Chromatography (GC) and Liquid chromatography-mass 
spectrometry (LC-MS) and combinations of these methods in the amount and 
determination of phenolic compounds in biomolecules (Zhang et al., 2022).

4.1. Spectrophotometry

Spectrophotometry is a very simple and rapid technique used in the 
quantification of phenolic compounds in biomolecules (Gogia et al., 2014). 
Due to the low cost and simplicity of this method, it is a common technique 
used for the determination of different classes of phenolic compounds in 
biomolecules (Zhang et al.,2022). Folin-Ciocalteu and Folin-Denis assays 
have been widely preferred for many years in the determination of phenolic 
compounds in plant tissues. The basic principle of both methods is based on 
chemical reduction procedures of substances containing molybdenum and 
tungsten. In the presence of phenolic compounds, the products formed in the 
reaction appear blue at a wavelength of 760 nm (Gogia et al., 2014; Khoddami 
et al., 2013).

4.2.  Gas Chromatography (GC-MS)

The term chromatography, which originates from Greek, means “color 
writing”. The term chromatography is the name given to the process steps 
in which the substances contained in the mixture placed in the appropriate 
solvent are dissolved and separated according to their chemical and 
physical properties (Eser & Sepici-Dinçel, 2018). Gas chromatography; It is 
the technique used to identify and quantify phenolic compounds such as 
phenolic acids, anthocyanins, flavonoids and tannins found in plant tissues. 
The principle of the method is based on passing the samples through a heated 
column under pressure between inert gas and the non-volatile liquid layer 
inside the column and using different evaporation temperatures for different 
compounds (Balas & Popa, 2007). In this technique, the column preferred for 
the analysis of phenolic compounds is 30 m long, with an outer diameter of 
0.25-0.30 mm and an inner diameter of 0.25 μm in capillary form. Helium gas 
is generally used as carrier gas in this technique. (Zhang et al., 2022).

4.3. High Pressure Liquid Chromatography (HPLC)

All compounds that can pass into soluble form (amino acids, vitamins, 
antibiotics, pesticides, phenolic compounds, etc.) are detected reliably and 
quickly by high-pressure liquid chromatography. The HPLC device consists 
of 8 parts, but its main parts are; It consists of pump, column and furnace, 
mobile phase, autosampler, deaerator, injector and detector parts (Bengü, 
2021). Various advantages of the HPLC technique, such as high selectivity, 
precision, sensitivity, resolution and sample behavior, make it the most 
preferred method for the determination and separation of plant phenolic 
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compounds (Naczk & Shahidi, 2006). The basic principle of the method is 
based on the separation of the desired compounds in complex mixtures based 
on their solubility or interactions between the stationary phase and mobile 
phase (Coskun, 2016). Many factors such as selected column types, mobile 
phase, applied detectors and characteristics of the samples are effective in 
the determination of phenolic compounds. To obtain information about a 
particular phenolic compound, it is necessary to compare the retention time 
with the standard (Ignat et al., 2011).

4.4. Liquid Chromatography-Mass Spectrometry (LC-MS/MS) 

Although it can be defined as a subtype of HPLC device based on liquid 
chromatography, it is recognized as a different method or device due to the 
high features provided by the mass detector (Eser & Sepici-Dinçel, 2018). 
Mass spectrometers are devices based on the principle of quantifying charged 
particles moving in an electrical or magnetic field by distinguishing them from 
other charged particles according to their mass and charge ratios (Biberoğlu, 
2003; Aguilar, 2004).  LC-MS/MS is a technique that can obtain results with 
high sensitivity and specificity in the determination of unknown compounds 
and the structural properties of organic-inorganic molecules (İşlekel, 2011). 
In the Mass Spectrometer, there is a capture time and mass-charge values 
for each molecule. Although molecules have the same mass-charge ratio, the 
number of molecules with the same fragmentation ions is 1/10000 in nature, 
allowing the quantification of contents even at very low concentrations (Eser 
& Sepici-Dinçel, 2018).

4.5. Colorimetric Analysis

The analysis method based on the color change that occurs as a result 
of the interaction of samples with different chemicals is called colorimetric 
methods (Martinez et al., 2008). Colorimetric analysis is another method 
used to determine the total phenolic compound content of organic solvents, 
phenols or aqueous solutions, and hydrocarbon mixtures. In colorimetric 
analysis, although the functional group affects hydrocarbons containing 
water, mineral, acidic inorganic bases, it is a successful process in determining 
monophenols and diphenols (Lykken et al., 1946).

5. Conclusion

Polyphenols are a class of secondary metabolites that are common in 
various plant organs such as dietary vegetables, fruits and spices, and play a role 
in the emergence of various properties of the material such as color and taste. 
Considering the potential health benefits of phenolic compounds, they attract 
the attention of researchers as natural antioxidant sources. Although synthetic 
antioxidants have high toxicity, studies on the use of antioxidants obtained 
from natural sources have increased considerably, with the belief that products 
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from nature will not be harmful. Internal and external factors that we are 
exposed to in our daily routine, such as sunlight and chemicals, are the main 
reasons that lead to the formation of free radicals and the acceleration of the 
aging process. Antioxidant compounds have highly bioactive properties such 
as delaying the formation of oxidative stress against free radicals and stopping 
or preventing the activities of free radicals. Natural phenolic compounds can 
also be used to extend the shelf life of foods and replace synthetic antioxidants 
in cosmetic products. The first step in determining the amount and content 
of phenolic compounds is the extraction process. In addition to the lack of a 
generally acceptable extraction method, parameters such as standard solvent, 
time and temperature vary depending on each product. However, the selected 
extraction method should be preferred as it is low cost, low toxicity, high 
efficiency and environmentally friendly. After the extraction step, natural 
antioxidant substances are identified and quantified using the appropriate 
analysis method. This analysis can be performed with the standard use of 
known phenolic substances in analysis methods. But what should we do about 
a phenolic compound that is not found in the newly obtained literature? This 
should be our real question. For this reason, biologists interested in this subject 
must have high knowledge of instrumental chemistry. In this case, analysis 
can be carried out up to a point with the effective use of ms/ms detectors. 
However, methods such as C-NMR and H-NMR must be used effectively. This 
is already a field of research in itself. An experimental setup and knowledge 
that require purification stages must be possessed and their skillful use must 
be ensured.
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