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Introduction

Cosmology is a fascinating field of science that includes many mysteries 
and exciting concepts to be explored. Dark matter, which has puzzled 
scientists for decades, is an example. The fact that dark matter cannot be 
directly observed using telescopes or other astronomical instruments has also 
increased the curiosity about it considerably. We can only infer dark matter’s 
presence and its gravitational effects on visible matter. Dark matter reveals 
much valuable information in understanding the universe’s large-scale 
structure and determining how galaxies and clusters of galaxies are formed. 
Many attempts have been made to find out the exact nature of dark matter 
and find evidence about it. Although none of these efforts provide satisfactory 
information on our understanding of dark matter, they continue to take 
scientists’ attention because they completely changed our understanding of 
the universe and provide insight into its fundamental structure.

History 	

The history of dark matter can be traced back to 1884 when Lord Kelvin 
mentioned that some of the stars may be dark and hence cannot be seen 
in estimating the number of stars around the Sun [1]. Theories about dark 
matter started to emerge in the 1930s when Swiss astronomer Knut Lundmark 
noticed that there should be more mass in the universe compared to our 
observations [2]. Then, another Swiss astronomer, Fritz Zwicky, who is a Swiss 
astronomer, supports Lundmark’s hypothesis. During observations of the 
Coma cluster, Zwicky detected strange gravitational interactions between the 
galaxies in the Coma cluster, which the observed mass of that cluster could not 
explain. Therefore, he theorised that there must be an unseen force exerting 
gravitational pull on visible matter, which is caused by an invisible matter 
with a significant amount of mass that can affect galaxies [3]. Nevertheless, 
until the 1970s and 1980s, when new observations were made about evidence 
of dark matter, his findings were not considered sufficient enough to achieve 
consensus on the existence of such an invisible matter with mass among 
scientists.

In the 1970s, when astronomer Vera Rubin and her colleagues were 
studying the rotation curves of spiral galaxies, they discovered key evidence 
supporting the dark matter theory. They observed that the stars were moving 
too fast in the outer regions of galaxies, and the mass of the visible matter in 
that cluster couldn’t create enough centrifugal force to hold the stars together 
in the galaxies [4]. So, they concluded that an additional mass (dark matter) 
must be responsible for holding the stars of galaxies together by creating 
enough centrifugal force.

The dark matter theory continued to be supported by observations in the 
1980s. X-ray observations about galaxy clusters showed that the gravitational 
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force of visible matter alone could not sufficiently explain the distributions of 
hot gas in clusters. Moreover, in the 1990s, observations of gravitational solid 
lensing provided evidence about some invisible mass sources [5]. Astronomers 
observed that the gravitational lensing effect was so strong that it required 
more mass than the mass of the cluster that caused it. 

With technological improvements, more large-scale observations 
were made in the 1990s and 2000s. Astronomers observed the large-scale 
structures in the universe (distribution of the galaxy clusters) and detected 
that the distribution was uneven (anisotropic). Further studies showed 
that the fluctuation from a uniform distribution is not random. Therefore, 
some unobserved (invisible) mass should exist to explain these nonrandom 
patterns. Additionally, some temperature fluctuations were detected in 
cosmic microwave background radiation, which also does not seem random, 
similar to the distribution of galaxies on a large scale in 1992 by the Cosmic 
Background Explorer (COBE) satellite. Scientists think these variations are 
caused by the density changes near the beginning of the universe, which may 
imply the existence of dark matter.

Although these discoveries revealed much detail about dark matter 
and many observational milestones achieved by astronomers, dark matter 
still preserves its mysterious nature. Currently, there are many continuing 
observations and experiments that aim to understand the true nature of dark 
matter. The Dark Energy Survey and the Large Hadron Collider are examples 
of such observations and experiments.

Observational Information Dark Matter

Because Dark matter does not interact with photons (light and any 
electromagnetic radiation), which is the greatest challenge in observing dark 
matter, it is impossible to observe it directly. Dark matter does not emit, absorb, 
or reflect electromagnetic radiation but interacts with gravity. Therefore, an 
inference of its existence can only be made by observing its gravitational 
effects on visible matter. There is much observational evidence that confirms 
its existence and reveals some of its aspects:
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Figure 1. Shining light on dark matter (Credit: NASA)

Rotation curves of spiral galaxies: The rotation curve of a galaxy is a 
graph that shows the orbital velocity of stars/planets in the galaxy on the y-axis 
and the distance from the galactic centre on the x-axis. Spiral galaxies’ arms 
orbit around the galaxy’s centre with all the matter they contain (gas, stars, 
planets). Based on observations, most of the mass of these galaxies clustered 
in the centre because we can directly see that centre is more luminous, and 
we observe more incoming electromagnetic radiation. Hence, we deduce that 
there is more mass. Therefore, in an ordinary spiral galaxy, the stars and gas 
in the outer regions of the arms should be moving more slowly compared to 
matter in closer regions of the galactic centre, according to Kepler’s second 
law (the area swept should be equal). See Figure 2. below.

On the contrary, 
the observations (which 
are shown in the graph 
approximately A is the 
expected values and B is the 
observed values) about the 
orbital speeds of arms of spiral 
galaxies show that the orbital 
velocities do not change when 
the distance from the galactic 
centre increases [6]. Since Kepler’s laws work perfectly in the solar system, if 
we make an analogy between the solar system and spiral galaxies based on the 
distribution of mass, then the only explanation for this contradiction is the 
existence of some invisible mass in the dark (non-luminous) around the arms 
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of the galaxy. Although there are some suggested alternative explanations for 
this phenomenon, like modified Newtonian dynamics [7], the anomaly in 
rotation curves of spiral galaxies is considered one of the most vital pieces of 
evidence for the existence of dark matter [8].

Gravitational lensing: Gravitational lensing occurs when an incredibly 
massive object bends the curvature of space-time and changes the direction 
of photons from the distant light source (another object). Gravitational 
lensing causes shape distortions in the image of the light source and even 
causes its image to appear in two or more places. Astronomers can infer the 
object’s mass (black hole or galaxy cluster) by analysing the distortions in the 
apparent image. In many observations of gravitational lensing events [11], 
it is seen that the visible mass is not enough to create such a lensing effect. 
Astronomers further analysed these effects and even managed to map the 
distribution of the dark matter to cause such gravitational lensing effects. The 
current observations about areas whose dark matter distribution is mapped 
showed that the amount of gravitational lensing and the distortions of the 
related images can be explained sufficiently by the dark matter map [12].

Figure 3. Gravitational lensing (Credit: NASA)

Velocity dispersion in elliptical galaxies: velocity dispersion is the 
deviation of each star’s velocity from the mean velocity of the stars in the 
context of a galaxy. When astronomers analyse elliptical galaxies by observing 
their velocity dispersions, they detect that the visible mass in those galaxies 
is far less to create a force that causes observed velocity deviations from the 
mean [9] [10]. Therefore, they theorised that there should be an invisible mass 
that caused these deviations. Moreover, the dispersion amounts are so high 
that if the theory is correct, the mass of dark matter should be much more 
than that of visible matter. 
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Large-scale structure of the universe: The distribution of galaxies and 
galaxy clusters on the largest scales of the universe also provides evidence for 
the existence of dark matter. The distribution of visible matter alone cannot 
account for the observed patterns of large-scale structure, suggesting that 
there must be additional mass in the form of dark matter.

The ordinary matter in the universe is not distributed uniformly; it is 
grouped and creates larger structures like planets, stars, galaxies, clusters and 
superclusters, and also creates significant gaps (voids). Extensive observations 
about space prove that the pattern that stars and galaxies create is not random 
but a repeated, correlated pattern called “filament of galaxies” [15].  The reason 
for these structures can be traced back to the universe’s beginning. According 
to our current knowledge, the universe is homogeneous at the beginning 
(Friedmann Solutions for General Relativity) [16]. 

Figure 4 Large-scale structure.(CrediT:NASA)

Therefore, there should be an external force that distorts this homogeneity 
and causes the formation of greater structures [17].  The interactions between 
ordinary matter and the dense radiation in the early universe are an excellent 
reason for this distortion. Still, the universe had not been long enough in 
that situation for dense radiation to cause such distortions intense enough to 
create the large structures we observe today. However, dark matter is a better 
candidate for this anisotropy because it is not affected by radiation and is 
not necessarily distributed uniformly. It affects ordinary matter by gravity 
to create such significant structures as galaxy filaments and the correlated 
pattern of these megastructures in the universe.
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 Figure 5. Greater structures (Credit: NASA)

Figure 6. Greater structures (Credit: NASA)

Redshift-Space distortions: In observational astronomy, many distance 
measurements made by the redshift of the object. When the spatial position 
of galaxies plotted in a plane (3d to 2d), their images distorted (clusters are 
squashed and voids elongated). These distortions occurs because the observed 
redshift of objects in space caused both the effects of the expansion of the 
universe and the peculiar velocity (the velocity of object without the effect of 
expansion of the universe, only caused by gravitational forces). Using these 
distortions, astronomers calculate the peculiar velocities of the galaxies. 
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Interestingly, the observations show that the in direction some galaxies’ 
peculiar velocity, there is no visible object observed which can cause an 
acceleration towards that direction by gravitational force. The 2dF Galaxy 
Redshift Survey which also includes strong evidence about dark matter and 
reveal possible dark-matter ordinary matter relationships is such example for 
these observations [18]. To conclude, the only explanation for this phenomenon 
is the existence of dark matter to cause acceleration towards the movement 
direction of these galaxies by gravity.

Hot gas distribution in galaxy clusters: Observations about the 
behaviour of hot gas in superclusters are also considered as evidence of the 
existence of dark matter. From the X-ray emission of such gases and the 
redshifts, scientists can analyse the spectrum and estimate the temperature, 
density, and velocity of gases. According to observations, the gas in these 
clusters moves with velocities that are too high to be held together by the 
gravitational force of the visible matter alone, similar to the case in rotation 
curves of spiral galaxies. Therefore, it is thought that additional dark matter 
mass causes hot gas to reach such high velocities.

Fluctuations in cosmic microwave background radiation: Cosmic 
microwave background radiation is electromagnetic radiation strongest in the 
microwave spectrum and is observed from anywhere in space. It is thought 
that the residual energy after the Big Bang [13]. The cosmic microwave 
background radiation is nearly uniform. However, some fluctuations in the 
temperature are observed [14], which have a repeated pattern that cannot be 
random. Since cosmic microwave background radiation can be detected from 
anywhere in space, including the areas with no visible matter, there has to 
be another source that causes these fluctuations. The only explanation is a 
small gravitational lensing effect that distorts the direction of photons and 
causes these fluctuations. Because we can observe these fluctuations in space 
areas with no visible matter, the reason must be the existence of dark matter 
in those areas to provide enough gravitational force that causes the lensing 
effect. Moreover, current observations perfectly match the theorised dark 
matter model very well [15], which makes the anisotropy of cosmic microwave 
background radiation another robust evidence for the existence of dark matter.

Bullet Cluster Observations: The Bullet Cluster is a supercluster of 
galaxies in which other galaxy clusters collide. Currently, these observations 
are considered the strongest evidence for the existence of dark matter [19] 
because none of the alternative models that exclude dark matter, like 
Modified Newton Dynamics, can explain the observed events in the Bullet 
Cluster, which are explained by dark matter [20]. During the collision, the 
gas in galaxies is heated so much that it emits X-rays, enabling astronomers to 
observe collision, estimate the velocities and where visible matter is moving. 
The masses in those galaxies are expected to merge in the middle due to 
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gravitational force, as most of the collision events in celestial bodies in space. 

However, two main gravitational lensing effects are observed around 
the hot gas, which is seen in this picture Figure 7). The pink area shows the 
X-ray emissions from the hot gas, and the blue areas show the region under 
the effect of gravitational lensing. Suppose only visible matter exists in those 
galaxies. In that case, most of the mass should accumulated in the middle (the 
pink region), and the gravitational lensing effect should have been observed 
in that region. However, these gravitational lensing areas undoubtedly show 
that most of the system’s mass accumulated here, which can only be explained 
by dark matter in those regions. The calculated centre of mass of the system 
using only visible matter is far different from the calculated centre of mass 
using all matter (visible matter and dark matter are supposed to be in blue 
areas) [19].

Figure 7.Two main gravitational lensing effects (Credit: NASA)

Theoretical Aspects of Dark Matter

Although many observations and experiments about dark matter have 
been made, there is no direct observation or evidence for its existence. 
Therefore, we are still far from completely understanding the true nature of 
dark matter. However, many ideas about dark matter’s behavior are theorized, 
and new theories are continuing to develop with the incoming information 
from new experiments and observations.

Nature of Dark Matter in Standard Model

The model that is most successful in explaining the current knowledge 
about the universe and achieving consensus among authorities is the Standard 
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Model (Lambda-CDM Model). This model is mainly based on General 
Relativity theory and assumes it is entirely correct. According to the standard 
model for cosmology (Lambda-CDM Model), the theoretical properties of 
dark matter are:

1.	 Dark matter is 
called “dark” because it 
does not interact with 
light or other forms of 
electromagnetic radiation. 
So, even if there is a 
consensus about its 
existence by observations 
about the gravitational 
effects, it cannot be 
directly observed with any 
astronomical instruments 
used by astronomers. 

2.	Dark matter is a 
significant component of the universe. Using the incoming information from 
observations, the Lambda-CDM model predicts that dark matter is composed 
of 25% of the universe and is responsible for 85% of the total mass of matter. 
Other parts of the universe are 70% dark energy and 5% ordinary matter [21].

3.	 The distribution of dark matter in the universe is approximately 
uniform. However, the concentration of dark matter is higher in regions 
where galaxies and galaxy clusters form, but it is still distributed more 
homogeneously compared to ordinary matter.

4.	 The particles that form dark matter have very low velocities compared 
to light speed. Therefore, dark matter can’t escape from the gravitational force 
of other particles since they are not fast enough to beat centrifugal force. 
Moreover, this feature of dark matter successfully explains the dark matter 
accumulations in specific regions, allowing the formation of large structures 
in the observed universe. Since temperature is defined as the overall kinetic 
energy of the particles, and the particles of the dark matter are relatively 
slow, the dark matter is referred to as “cold” in the Lambda-CDM model. 
Additionally, due to its non-interacting nature with photons, dark matter 
cannot be heated by absorbing or being cooled by emitting photons.

5.	 Dark matter is believed not to be composed of atoms and not to 
contain electrons, protons, and neutrons. Because the matter we observed 
mostly includes baryons (three quark particles like proton and neutron), dark 
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matter is often referred to as “non-baryonic matter.” The non-baryonic nature 
of dark matter is an important aspect because it successfully explains why it 
does not interact with any kind of electromagnetic radiation.

6.	 Dark matter particles don’t collide with any particle. Since dark 
matter particles only interact with each other and ordinary matter particles 
via gravitational force, they cannot collide with any particle. The collisionless 
nature of dark matter also enables it to clump together and hence contribute 
to creating the large-scale structure of the universe without disturbing any 
structure by the effect of collisions.

Other Theories about Dark Matter

1) Weakly Interacting 
Massive Particles 
(WIMPs): WIMP is a 
hypothetical elementary 
particle thought to be an 
elementary particle of dark 
matter (similar to proton 
and neutron-ordinary 
matter relation) such that 

it only interacts with other particles via weak nuclear force and gravitational 
force. WIMPs are called massive particles because their estimated mass is 10-
21 kg to 10-17 kg, much heavier than protons and neutrons. WIMPs are one of 
the most popular theories about dark matter because there is a probability of 
the creation of such particles at the beginning of the universe without violating 
the Standard Model (they can be created in the same way that other baryonic 
particles are created) [22] and also some extensions of Standard Model like 
supersymmetry imply that existence of such particles [23]. Although there are 
no direct observations or evidence to indicate its existence, WIMPs perfectly 
explain the nature of dark matter.

2)  Axions: Axion is another hypothetical particle considered a solution 
for the “CP Problem” in physics. It is possible that axions can be created in the 
early stages of a universe without violating the Standard Model [25]. Axons 
are extremely light hypothetical particles with a mass of 10-34 kg to 10-31 kg, 
making them much lighter than protons and electrons [24]. They interact with 
other particles only via electromagnetic and strong nuclear force. Scientists 
later noticed that axions can also be an explanation for dark matter. Because 
axions’ interaction with electromagnetic force is fragile due to their small 
mass, zero charge, and low energy, and although their mass is shallow, they 
may be clumped in some regions that act as gravitational fields. Therefore, 
axions are also considered a potential explanation for dark matter since their 
behaviour is similar to dark matter.
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3) Sterile Neutrinos: 
Sterile neutrinos are 
another hypothetical 
particle that only 
interacts with other 
particles via 
gravitational force. 
Their mass is not 
known precisely. 
Although other 
active neutrinos in 
the Standard Model 
are not likely to be 
the elementary 

particle of dark matter, sterile neutrinos are significantly more probable to be 
a candidate [26] in some terms. Neutrinos in the Standard Model have tiny 
masses, which makes them fast and hard to clump together to create the 
gravitational effect of dark matter. Moreover, if the neutrino in the Standard 
Model creates dark matter, it would be hot because the particles have negligible 
mass and hence can have high speeds. However, the current theories about 
dark matter suggest that it is more likely cold than in the Standard Model. On 
the other hand, there is no concrete upper bound on the mass of sterile 
neutrinos, considering that they can only interact via gravitational force. 
Hence, they have weak interactions with ordinary matter; sterile neutrinos 
are good potential candidates for dark matter.

Conclusions

Although we have plenty of evidence to support the existence of dark 
matter and there is a long history of research, the true nature of dark matter 
cannot be understood. However, many experiments are continuing, such as 
the Large Hadron Collider and the Dark Energy Survey, to search for the 
mystery of the nature of dark matter. These experiments provide new insights 
into the properties of dark matter, and day by day, our knowledge about dark 
matter increases. Understanding dark matter may reveal many mysteries 
and unsolved problems about the beginning of the universe, the large-scale 
structure, and our understanding of gravity with the general relativity theory.

I would like to thank Mert Nardal for his help during the preparation of 
this summary.
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Introduction

Football, also referred to as soccer in some countries, is acclaimed as the 
world’s most popular sport, a status attributed to its widespread appeal and 
accessibility. According to a FIFA survey, over 240 million people regularly 
play football in more than 200 countries, which underscores its global reach 
(FIFA, 270 million people active in football., 2007). Its universal popularity 
can be partly attributed to the minimal equipment and infrastructure 
requirements, making it accessible to people from various socioeconomic 
backgrounds. The simplicity of the game, combined with its ability to foster 
community and national pride, further contributes to its widespread appeal. 
Additionally, major football events like the FIFA World Cup have a unifying 
effect, transcending cultural and national boundaries and fostering a global 
community of fans and players alike. This phenomenon is reflected in the 
viewership of the FIFA World Cup; the 2006 World Cup final alone was 
watched by an estimated 715.1 million people worldwide, which was about a 
ninth of the entire population of the planet at the time (FIFA, TV Data, 2007). 
The sport’s ability to connect people across different cultures and regions is a 
testament to its powerful social and cultural influence. 

Football has undergone significant evolution since its codification in 
England in the 19th century. The sport’s development is closely tied to the 
industrialization and urbanization of Britain, where it rapidly spread among 
the working class, eventually becoming the nation’s most popular sport by the 
end of the 19th century (Goldblatt, 2014). The creation of standardized rules 
by the Football Association in 1863 marked a pivotal moment, distinguishing 
football from rugby and other similar games. This standardization facilitated 
the sport’s international spread, particularly within Europe and South America. 
By the 20th century, football had become ingrained in the cultural fabric of 
numerous nations, catalyzing the establishment of professional leagues and 
international competitions, most notably the FIFA World Cup inaugurated 
in 1930. The latter half of the 20th century witnessed further evolution, with 
advancements in broadcasting technology expanding football’s reach and 
commercial value (Boyle & Haynes, 2004). This period also saw significant 
changes in gameplay and tactics, influenced by global exchanges of ideas and 
the increasing professionalization of coaching (Wilson, 2018). Today, football 
continues to evolve, shaped by technological innovations like VAR (Video 
Assistant Referee), Data based analysis of the game and an ever-growing global 
fan base, reflecting its status as a dynamic, globally interconnected sport. 

The study  aims to dissect the relationship between football players’ 
market values and their on-field performances in the Turkish Süper Lig. 
Utilizing principal component analysis (PCA) and multiple regression 
analysis, the research identifies key performance indicators that significantly 
impact players’ market valuations. The methodology involves distilling a 
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large set of performance metrics into principal components that succinctly 
capture the essential statistical features contributing to players’ market 
value. This quantitative approach not only enhances understanding of 
value determination in football but also aids stakeholders in refining player 
evaluation and making strategic decisions in recruitment and development.

Additionally, the study integrates a clustering analysis to categorize 
players into distinct groups based on their performance attributes. By applying 
the K-Means clustering algorithm to the principal components derived from 
PCA, players are segmented into clusters that reflect similar playing styles and 
roles. This segmentation allows for a more nuanced analysis of market value, 
as each cluster represents a subgroup of players with comparable skill sets 
and roles within their teams. The clustering thus provides a framework for 
assessing market value dynamics within specific player categories, facilitating 
targeted analytical insights.

The findings of this study are expected to offer practical applications 
for club managers, sports analysts, and financial advisors in football. By 
quantifying the impact of various performance metrics on market values, 
the research highlights the most financially valued skills and attributes in the 
league. Moreover, the clustering approach enables a tailored analysis of player 
valuation, suggesting that market value is not only a reflection of individual 
performance but also of how those performances align with the roles and 
expectations defined by player clusters. This holistic view could significantly 
influence strategic decision-making in player signings, contract negotiations, 
and team assembly in professional football.

Theory and Literature

The integration of data analysis in football has revolutionized decision-
making processes, ranging from player signings to tactical preparations. 
The modern football club utilizes vast amounts of data to assess player 
performance, potential, and value, optimizing strategies both on and off the 
field. Systematic analysis of player statistics and trends enables clubs to make 
informed decisions that align with long-term goals, such as squad building 
and match preparation.

Principal Component Analysis (PCA) is a key statistical technique 
in football analytics for reducing the dimensionality of large data sets. By 
simplifying datasets with many variables into principal components, PCA 
helps identify the most influential factors impacting player performance 
and market value. This aids clubs in focusing on key attributes that define 
successful players in specific contexts.

K-Nearest Neighbors (KNN) is employed in predictive analytics within 
sports for player classification and predicting game outcomes based on 
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historical data. This method’s reliance on proximity to make predictions is 
apt for scenarios like scouting, matching player characteristics with specific 
playing styles, or tactical setups.

Regression analysis is another critical tool, utilized to understand 
relationships between variables like player attributes and market values. 
Models built through regression help predict outcomes based on input 
variables, assisting clubs in financially sound decision-making concerning 
player trades or signings.

The theoretical framework for using data analysis in football not 
only emphasizes the application of these techniques but also the strategic 
integration of the insights they provide into decision-making processes. 
Clubs effectively incorporating data analytics are more likely to achieve a 
competitive advantage and financial stability.

The literature reveals a dynamic shift in football driven by data analytics, 
machine learning (ML), and technological advancements, affecting player 
evaluation, team building, and strategic decision-making. Studies range from 
evaluating sports metrics to algorithmic approaches in talent identification 
and analyzing player transfer dynamics.

Franks et al. (2016)introduced “meta-metrics” to assess sports metrics, 
emphasizing the need to discern between relevant and irrelevant metric 
variations, refining decision-making in sports analytics. Barron et al. (2018)
demonstrated the potential of ML in enhancing traditional scouting methods 
by identifying key performance indicators from technical performance data.

Advancements in decision support systems, crucial in football 
management, utilize ML to optimize player positioning and team formation, 
enhancing team performance strategies. For instance, a thesis by Al-Asadi 
(2018)showcases a system that employs ML methods effectively in this realm.

Studies such as Liu et al. (2016)dissect the intricate dynamics of the 
player transfer market, revealing that substantial investments generally lead 
to enhanced team performance. Aydemir et al. (2022)combined various data 
sources to predict player transfer values, highlighting the complex nature of 
the transfer market.

In sum, the literature underscores how data-driven methods are 
revolutionizing football, providing new insights into player performance, 
recruitment strategies, and club management, fostering a new era of intelligent 
football management aligned with robust analytical evidence.

Data and Methodology

In the exploration of the complex relationship between football 
players’ performance metrics and their market values, the study leverages 
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an extensive dataset sourced from the Turkish Süper Lig for the 2018-2019 
season. This dataset, acquired from Sofascore, encompasses both general 
player information and detailed performance data across 115 distinct metrics, 
illustrating a comprehensive view of player capabilities and contributions on 
the field. The dataset includes every player from all 20 teams participating in 
the season, ensuring a broad and inclusive data foundation for robust analysis. 
The data spans multiple dimensions:

General Information: Player name, age, position, team, and contract 
details provide basic yet vital information.

Performance Metrics: Extensive in-game statistics such as goals scored, 
assists, defensive actions, passing accuracy, and more that quantitatively 
describe a player’s game influence.

Market Value: An estimation of the player’s worth in the transfer market, 
serving as a critical outcome variable for the analyses.

In the provided code snippet, effective metrics are computed from 
various performance indicators in football matches, encompassing defensive 
and offensive actions such as duels, crosses, dribbles, and passes. These 
metrics quantify the effectiveness of players in specific aspects of the game 
by considering both the frequency of their actions and their success rates. For 
instance, Effective Defensive Duels per 90 is determined by multiplying the 
number of defensive duels per 90 minutes by the percentage of defensive duels 
won, while Effective Passes per 90 is derived from the product of passes per 
90 and the accuracy of those passes. After calculating these metrics, irrelevant 
columns are removed from the dataset to streamline the data for further 
analysis and interpretation.

Analytical Techniques Applied

The study applied multiple sophisticated statistical and machine learning 
techniques to extract meaningful insights. 

Principal Component Analysis (PCA): Used to reduce the dimensionality 
of the dataset while capturing most of the variance in the data while retaining 
85% of the variance, aiming to create a more concise representation of the 
data. This approach helped in distilling the information into fewer, more 
potent indicators of performance and value.

Cluster Analysis: Leveraging K-means clustering facilitated the 
segmentation of players into distinct groups based on their performance 
traits, which helps in comparative analysis across different player profiles. The 
data is first scaled using Standard Scaling to standardize features, ensuring 
uniformity in feature scales, which is vital for effective clustering. Next, the 
Elbow Method is employed to identify the optimal number of clusters for the 
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K-means analysis. By plotting the SSE against different cluster numbers, the 
point where the rate of decrease slows down is identified, helping to determine 
the ideal number of clusters for the analysis. This process ensures that the 
clustering results are accurate and actionable.

Linear Regression Models: Employed to predict market values based 
on performance metrics, offering insights into the attributes most valued 
in the transfer market. The regression analysis is conducted for each cluster 
using linear regression models. For every distinct cluster, the data is filtered 
accordingly, separating the independent variables (Principal Components) 
from the dependent variable (Market Value). A constant is added to the model 
to account for the intercept, and the Ordinary Least Squares (OLS) method 
is applied to fit the regression model. The results are then summarized, 
providing insights into the relationship between the Principal Components 
and Market Value within each cluster. This analysis aids in understanding 
how different clusters contribute to variations in market values, facilitating 
targeted strategies for player valuation and management.

The integration of PCA and clustering revealed nuanced player segments, 
highlighting different aspects of football performance that correlate with 
market value. For instance, defensive skills, playmaking abilities, and scoring 
proficiency emerged as key drivers of market value. The linear regression 
models further quantified these relationships, providing a predictive 
foundation to estimate a player’s market value based on on-field performance 
metrics.

Results

Principal Component Analysis (PCA)

In this study, Principal Component Analysis (PCA) was utilized to 
reduce the dimensionality of a dataset comprising 82 detailed football player 
performance metrics. The PCA transformation distilled these metrics into 
15 principal components (PCs) that capture the most significant variance 
within the data, thus simplifying the complexity of the dataset while retaining 
essential information that characterizes player performance.

The PCA provides a framework to understand complex player data 
by reducing dimensions and highlighting the most impactful attributes 
contributing to a player’s overall performance and market value. These 
components help categorize players into distinct types based on their strongest 
attributes, facilitating more nuanced scouting, performance assessment, and 
market valuation in professional football.
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PC Description Key Metrics
PC1 Precision Passing and Defensive Skills Accurate crosses, successful attacking actions, minutes 

played

PC2 Offensive Dynamics and Scoring Potential Shots on target, xG per 90, successful attacking 
actions per 90

PC3 Goalkeeping and Defensive Metrics Save rate, exits per 90, defensive actions
PC4 Comprehensive Attacking Play Non-penalty goals per 90, shot assists per 90, shots 

on target
PC5 Speed and Agility Accelerations per 90, successful defensive actions per 90
PC6 Long-Range and Aerial Play Average long pass length, aerial duels won
PC7 Playmaking and Midfield Dynamics Successful attacking actions, passes per 90
PC8 Wide Play and Crossing Accuracy Crosses per 90, accurate crosses, %
PC9 Set Piece and Scoring Efficiency Free kicks per 90, shots on target, %
PC10 Defensive and Physical Engagement Sliding tackles per 90, interceptions
PC11 High-Impact Plays Key passes, dribbles per 90
PC12 Endurance and Experience Age, minutes played
PC13 Transitional and Versatile Play Received passes per 90, successful defensive actions
PC14 Specialized Roles in Offense and Defense Fouls suffered per 90, defensive duels
PC15 Targeted Offensive Contributions Shots per 90, non-penalty goals

Table1: Summary Of Principal Components Derived From PCA
Cluster Analysis

The cluster analysis in this study was conducted using the K-means 
clustering algorithm. This method was chosen for its efficiency and effectiveness 
in grouping data points (players) based on the similarity of their performance 
metrics derived from the PCA. The goal was to identify distinct groups of 
players with similar attributes to facilitate targeted analysis and decision-
making in player management and team composition. Before applying the 
K-means algorithm, the data underwent a standardization process using the 
StandardScaler method to ensure that all variables contributed equally to 
the analysis, eliminating bias due to the scale of the variables. The optimal 
number of clusters was determined using the Elbow Method, which involves 
plotting the sum of squared distances of samples to their closest cluster center 
and identifying the ‘elbow’ point where the rate of decrease sharply shifts. 
This method suggested that four clusters would provide the most meaningful 
segmentation.
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Fig1: Elbow Method

Based on the results from the K-means clustering, players were segmented 
into five distinct clusters, each representing unique playing styles and abilities. 
The following bar chart illustrates the distribution of players across five 
distinct clusters identified in the cluster analysis.

Fig 2: Distribution Of Players Across Clusters 
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Cluster 0: Precision Passing and Defensive Skills

Players in this cluster are primarily midfielders or defenders known for 
their defensive capabilities and precise passing. They excel in maintaining 
possession and effectively distributing the ball under pressure, evidenced by 
high scores in metrics like successful passes per 90 and pass completion rates. 
Defensively, their skills are underscored by metrics such as interceptions per 
90, tackles won, and clearances. In their teams, these players are foundational, 
ensuring stability in defensive situations and aiding in the transition from 
defense to offense through meticulous ball distribution.

Cluster 1: Offensive Dynamics and Scoring Potential

This cluster includes forwards and attacking midfielders who drive the 
offensive thrust of their teams. They demonstrate a potent offensive presence on 
the field, engaging in goal-scoring and creating significant play opportunities. 
The cluster is characterized by high values in goals per 90, xG, assists, and 
successful dribbles. These players are crucial in pivotal game moments, often 
becoming the focal points of their teams’ attacking strategies and marketing 
campaigns due to their ability to alter the course of matches with their skills.

Cluster 2: Comprehensive Attacking Play

Cluster 2 consists of versatile players who contribute widely across the 
attacking spectrum. These players blend playmaking with scoring, making 
them invaluable in dynamic offensive setups. They exhibit a balanced mix 
of assists, key passes, shots on target, and successful offensive duels, often 
demonstrating a high work rate that sees them actively participating across 
the entire pitch. Their adaptability allows them to fit into multiple tactical 
formations, making them essential connectors between the midfield and 
attack.

Cluster 3: Goalkeeping and Defensive Metrics

Specialized for goalkeepers and defensive players, this cluster focuses on 
metrics pivotal to defensive and goalkeeping roles. Noticeably smaller than 
the other clusters, Players here are integral to their teams’ defensive structures, 
highlighted by metrics such as save percentage, clean sheets, saves per game, 
and successful exits. They also excel in one-on-one defensive situations, 
including aerial duels. These players often assume leadership roles within the 
squad, organizing the defense and initiating play from the back, thus forming 
the core of the team’s defensive strategy.

Cluster 4: Specialized Roles in Offense and Defense

Cluster 4 includes players who perform specialized tasks critical to both 
offensive and defensive phases. These players, often occupying roles like 
wing-backs or defensive midfielders, are noted for their dual capabilities. 
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Defensively, they are reliable, as indicated by metrics like blocks per 90 and 
successful tackles. Offensively, they contribute through crosses per 90 and key 
passes from wide areas. Their ability to engage effectively in both attacking 
and defensive duels underscores their versatility, making them key tactical 
elements in matches requiring nuanced strategies. These players ensure the 
team’s balance, supporting offensive plays without compromising defensive 
solidity, and are pivotal in managing transitions and set-piece scenarios.

Fig 3: Cluster - Position Distribution
Understanding the clusters helps in tactical planning, such as identifying 

players who can fulfill specific roles within a team’s strategy or adjusting 
training programs to enhance underrepresented skills in certain clusters. 
Clusters assist in profiling potential signings to ensure they fit into the 
desired playing style or tactical setup. They also help in identifying players 
with similar attributes to those who are performing well. By analyzing the 
attributes of each cluster, coaching staff can tailor development programs to 
help players evolve attributes that may allow them to transition into clusters 
that align better with team needs or their career aspirations. 

In conclusion, cluster analysis provides a nuanced view of the player 
landscape, revealing patterns and groupings that are not immediately 
apparent through traditional analysis. This approach allows for a more 
strategic application of player data in team management and player evaluation, 
enhancing the ability to make data-driven decisions in the competitive 
environment of professional football.
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 Regression Findings 

PC Coefficient P-value
PC7 -3.026e+06 0.017
PC9 +3.267e+06 0.012

Table 2: Cluster 0 Regression Results

The regression analysis conducted for each cluster revealed nuanced 
insights into how performance metrics influence players’ market values, with 
significant predictors varying across different clusters. 

In Cluster 0, which focuses on precision passing and defensive skills, the 
model explained approximately 23.5% of the variance in market values. Among 
the significant predictors, PC7, which represents defensive engagements and 
physicality, showed a negative relationship with market value, suggesting 
that increased defensive actions might correlate with lower market values. In 
contrast, PC9, representing impactful playmaking, positively affected market 
values, highlighting the value placed on effective playmaking abilities.

PC Coefficient P-value
PC1 -6.648e+06 0.012
PC2 -2.669e+06 0.016
PC3 +2.23e+06 0.038
PC4 -9.403e+06 0.023
PC5 +2.99e+06 0.009
PC6 +8.415e+06 0.000
PC7 -4.033e+06 0.000
PC11 -3.786e+06 0.042

Table 3: Cluster 1 Regression Results
Cluster 1 demonstrated a strong model with an R-squared of nearly 

0.489, indicating it could explain almost half of the variance in market values. 
This cluster, characterized by long-range and aerial play, found significant 
predictors in PC1 and PC6—both positively impacting market value. These 
components, emphasizing long-range capabilities and aerial prowess, 
underscore the premium on players who excel in these areas, reflecting their 
critical role in influencing market values.

PC Coefficient P-value
PC2 -8.322e+07 0.043
PC6 +5.412e+06 0.036
PC7 -3.735e+06 0.016
PC9 +4.074e+06 0.027

Table 4: Cluster 2 Regression Results
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In Cluster 2, focused on offensive dynamics and scoring potential, the 
model’s R-squared was 0.286. This indicates a moderate relationship between 
the performance metrics and market values, capable of explaining about 28.6% 
of the variance. The most noteworthy predictor was PC6, which underscores 
the importance of scoring potential. This component positively correlates 
with market value, reinforcing the significance of offensive capabilities and 
goal-scoring skills in determining a player’s market worth.

Cluster 3, which includes precision passing and defensive skills along 
with goalkeeping metrics, presented a substantial model effectiveness with 
an R-squared of 0.484. This suggests a significant correlation between players’ 
metrics and their market values, indicative of effective predictability. The 
presence of goalkeeping metrics in this cluster suggests a specific market 
niche for players excelling in these roles, highlighting the specialized nature 
of these positions in football.

Cluster 4, however, demonstrated the lowest effectiveness in predicting 
market values based on the measured performance metrics, with an R-squared 
of only 0.209. This cluster’s results indicate limited predictive success, 
suggesting that the comprehensive attacking play metrics captured might not 
fully encompass the broad range of skills impacting market values, or possibly 
the influence of high-profile outliers.

Overall, the regression findings across clusters illustrate the diverse and 
complex factors influencing player valuations in professional football. While 
offensive capabilities, defensive actions, and specialized skills like long-range 
shooting and aerial abilities significantly drive market values in some clusters, 
other clusters show a more scattered or nuanced set of influential factors. This 
diversity highlights the tailored approaches needed in player evaluation and 
management, reflecting the specialized and varied nature of player roles and 
their respective market dynamics.

Discussion	

The analysis conducted presents a nuanced understanding of the 
relationship between player performance metrics across various clusters 
and their corresponding market values in professional football. Our results 
suggest that different clusters of players, as defined by their on-field roles and 
effectiveness in specific areas such as offense, defense, or specialized skills, 
influence their market value in distinct ways. For example, in Cluster 1, offensive 
dynamics and scoring potential were significantly related to higher market 
values, indicating that players who contribute directly to scoring and creating 
goal opportunities are highly valued. In contrast, Cluster 2 highlighted the 
importance of defensive contributions and versatile playmaking, reflecting a 
valuation approach that appreciates versatile players who contribute across 
multiple facets of the game.
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Despite these insights, the analysis has several limitations. The adjusted 
R-squared values for some clusters suggest that the models explain a relatively 
small portion of the variance in market values. This could be due to the 
complex nature of market value determination, which is influenced by factors 
beyond on-field performance, including marketability, contract situations, 
and external economic factors. Additionally, the presence of multicollinearity, 
particularly in Clusters 3 and 4, where no significant predictors were identified, 
suggests that the relationships between variables are complex and may require 
more sophisticated modeling techniques to disentangle.

The findings have significant implications for club management and 
scouting departments. By understanding which attributes translate into 
perceived financial value, clubs can better strategize their player development, 
scouting, and transfer activities. For instance, investing in players with high 
offensive metrics might yield better returns in transfer markets, as seen in 
Cluster 1. However, the importance of defensive skills and versatility should 
not be underestimated, as demonstrated by Clusters 2 and 4, indicating a 
balanced approach might be more sustainable.

Future research could address these limitations by incorporating 
additional data such as player popularity on social media, sponsorship deals, 
and fan base size to capture more aspects of ‘market value’. Advanced statistical 
techniques, such as machine learning models or neural networks, could be 
employed to handle the multicollinearity better and improve the predictive 
power of the models. Furthermore, longitudinal studies could explore how 
these relationships change over time, providing insights into the dynamics of 
the football market.

In conclusion, this study illuminates the complex interplay between player 
performance metrics and market value in professional football. By leveraging 
cluster analysis and regression models, we have identified specific performance 
metrics that significantly impact player valuation in different clusters. This 
research not only enhances our understanding of market dynamics in football 
but also offers practical guidance for stakeholders in making informed 
decisions related to player investments. Future work expanding on these 
methodologies and incorporating broader data sets promises to refine these 
insights further and drive the strategic development of football clubs globally.
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INTRODUCTION 

Conduritol

The conduritol compound, known by its chemical name as 1,2,3, 
4-cyclohexenetrol, is a compound that is seen as a derivative of cyclohexene, 
which carries 4 hydroxyl groups in terms of its formation. There are 6 different 
compounds in the group, they are separated according to their position in the 
mean plane of the ring. These are A, B, C, D, E, F. The synthesis of conduritol 
for the first time was made by K. Kübler in 1908. Many synthesis methods 
have been proposed for the chonduritol compound, which has six different 
formats in diastereomeric form. The A-F order of these isomers also refers to 
the synthesis/isolation order. Of these six isomers, the presence observed in 
nature is A and F. Although conduritol A is observed to be limited, conduritol 
F is observed in almost all green plants.

In this synthesis, Kübler used the plant Marsdenia cundurango, which 
is native to South America and Peru . It has been established that the plant 
encompasses cyclitol or cyclic polyol structures.

In addition, chondritols, cyclohexanedols (such as proto-quercitol) 
and cyclohexanhexols (such as myo-inositol) are important intermediate 
compounds in the formation of molecules that are not of synthetic origin and 
show biological activity.
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Figure 1.  Chonduritol derivatives

Marsdenia condurango is an alcohol isolated in 1908 using vine bark. 
This alcohol was recorded by Kübler as conduritol, but what Kübler found 
was not an optically active compound and had an unsaturated cycle.  In their 
studies, Dangschat and Fischer examined its structure and determined it 
as Conduritol A. Choduritols, which have six diastereomers, are named in 
a sequential manner as A-B-C-D-E-F due to the absence of confusion. In 
1962, as a result of Plouver’s work,  a new isomer of conduritol was discovered 
from the plant Crysanthemum Leucanthemum and named L-Leucanthemol, 
Conduritol F.
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 The Concept and Discovery of Conduritol

These compounds, which we call conduritol, are a group that has been 
popular with people working in the scientific world because they are synthetic 
and biologically active. It has been determined by studies that epoxides and 
amino chondritols of this group inhibit the HIV virus and the enzyme 
gicosidase, and some of its derivatives even control the release of insulin in the 
human body. Apart from these, it is known that some conduritol derivatives 
are used as intermediates in the synthesis of some antibiotics, these antibiotics 
are pancratistatine, licoridine and aminoglycoside antibiotics. It is known that 
some of the compounds we call conduritol are also used in chemotherapy, 
which is the treatment of cancerous cells, because they inhibit the enzyme 
activities involved in the formation of oligosaccharides. Chonduritols, which 
are used as inhibitors of glycoside enzymes, are involved in the treatment of 
diabetes, cancer and AIDS. (Kilbas and Balci, 2011).

Of the conduritol compounds, A and F are already present in nature. Due 
to the double bond present in the structures of these compounds, it participates 
in the addition reactions with low activity and can then be transformed into 
another functional group. Compounds A and F are useful intermediates of 
organic syntheses, but they are irreversible in some reactions. As we mentioned 
before, conduritols are the compound that attracts attention in the scientific 
world, as well as derivatives of this compound, called halochonduroles, have 
gained importance in recent years due to their α-glycosidase inhibitors. Of 
these, the use of bromine-chonduritols is included in AIDS studies. The 
reason why it has attracted attention so quickly in the scientific world is the 
biological missions they have undertaken in recent years. These missions are 
to be used as a model for insulin-regulating action and release. The double 
bonds in this structure are oxidized and are important compounds that form 
the structure of kersitol and inositol, which are their parent analogues. The 
importance of these compounds is that they act as inhibitors of pseudo-sugars 
and glycosidases, which contain queritol and inositol structures.

Figure 2. First known synthesis of the conduritol compound

The 1,4 benzoquinone contained in this part is formed as a result of six-
step reactions. The key reaction in this synthesis is the displacement of the 
monohalide by the anchymeric means. The functions of the Dibromo (I) 
compound here are important. (III) compound, and subsequent O-acetylation 
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to form the expected deoxy-chondoritol (Haines et al. 1998). The interest in 
these compounds is increasing day by day, and the reason for this interest is;

	The conversion of conduritol compounds into different functionalities 
by addition reactions can be easily realized and can be used as an 
important molecule in the formation of compounds such as natural 
and synthetic.

	 In addition, chonduritol compounds act as insulin regulators as 
biological activity and have an important place in the development 
of insulin drugs.

	The biological activity of bromochonduritol and chonduritol epoxide 
derivatives originating from or containing the conduritol skeleton is 
also observed as glycosidase inhibitors.

A large number of inositol derivatives are synthesized from chonduritols 
by functionalizing their double bonds. The transformation of benzene 
derivatives into 3-5, cyclohexadene-cis-1.2-diol 8 compounds in bacterial 
culture medium started in the 1980s and accelerated in the following 20-
year period. (Brown et al. 1993; Hudlicky et al.1999). In addition, an example 
is given in Figure 1.3 regarding the synthesis of inositol derivatives 12 and 
15 starting from ketal 9 prepared from diol 8, which was synthesized using 
the microbiological method, and following the conduritol derivatives 10, 14 
scheme (Hudlicky et al.1996).

Figure 3. Synthesis of inicitol derivatives
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The discovery of the anti-diabetes effect of our compound emerged with a 
mouse experiment in the 1930s. In  an experiment conducted in 1930, Indian 
syrup prepared from Gymena syvestre, which has been used for thousands 
of years for the treatment of diabetes, was  found to significantly change and 
reduce the sugar level at a dose of 4 grams applied to each patient. After this 
experiment, the Japanese research group discovered that Konduritol A was 
found in this preparation and had an important place,  and Konduritol A was 
isolated from its leaves using Gymena syvestre. Then, isolated Conduritol A 
was given to the running subject mice and sugar level measurements were 
examined, and after this study, it was determined that the effect of Choduritol 
A on sugar was very important.

A different research group, Billington and his colleagues, have carried 
out a strange experiment related to Conduritols in recent years. In this 
experiment, he tested the levels of onduritol analogues to affect insulin 
secretion (Billington et al. 1998). In this experiment, it was determined that 
the level of conduritol connection with insulin exchange rates was carried out 
under in vitro conditions.

Figure 4. Conduritol isomers and their changes in glucose

As seen in the changes in glucose levels, the effect of chonduritol A and 
chonduritol B increased the level of glucose at low levels but also decreased 
those at high levels. After examining these data, the research team suggested 
that these compounds could be used in the synthesis of drugs used in the 
treatment of diabetes based on the effect of conduritols on insulin secretion.

According to the data obtained in the total synthesis experiment of 
the new chonduritol, which can modulate insulin secretion, published by 
another research team, it was recorded that conduritol A and B altered insulin 
release from isolated pancreatic islets. Based on these records and the known 
hypoglycemic activity of conduritol A, a number of polycyclic analogues of 
chonduritol A have been synthesized, and the insulin release capabilities of 
these synthesized substances have been examined (Balcı 1997; Kindl 1964)
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Types of Conduritol

Conduritol A

It is known that Konduritol A, a natural product, was first isolated by 
Kübler. The first successful non-stereospecific synthesis of this compound was 
carried out by Nakajima et al. In these studies, trans-diacetate-10 was used for 
the synthesis of chonduritol isomers 3 for the first time. These compounds, 
which were formed as a result of the oxidation of diacetate 10 with perbenzoic 
acid, formed a mixture of 11 and 12. Without separation, this mixture was 
hydrolyzed and produced three isomeric chonduritols; A, B and E, 4, 5, 8 were 
obtained. Its molecular formula  is C6H10O4 .

OH
OH

OH

A
Figure 5. Conduritol A chemical structure

Konduritol A is a chonduritol in the 2nd, 3rd and 4th states of the hydroxy 
groups in the trans, trans, cis- relationship with the one in position 1. UIPAC 
Name (1S,2R,3S,4R)-cyclohexes-5-en-1,2,3,4-tetrol. Its function is metabolic. 
Conduritol A is a natural conduritol found in Marsdenia tomentosa, Gymnema 
sylvestre, and Wattakaka volubilis, whose information is found to be constant

Figure 6. Choduritol A synthesis

Pharmacological and Biochemical Properties: They are compounds that 
inhibit or block the activity of glycoside hydrolases such as Alpha-amylases 
and Alpha-glucosidases.
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Hypoglycemic Effect of Conduritol A Compound

In an experiment, weight changes in mice were observed as a result of 
a 14-day observation. In order to detect the excretion of glucose, the liver 
is taken and HE, the pancreas is taken to perform immune histochemical 
staining, then pancreatic islet beta cells are shown. The index of the thymus, 
pancreas, splenica is calculated.

As a result of the experiment, diabetic model mice were compared, 
and it was determined that fasting blood glucose was significantly reduced 
in rats exposed to high and moderate doses of conduritol A. Compared to 
the diabetic model group, the cell structure and form of chonduritol A were 
somewhat improved. Immunohistochemistry results showed that the number 
of beta cells of the pancreas in each group of chonduritol A was greater than 
in the model group.

As a result, the properties of Konduritol A may have an effect on the 
ability to level blood lipid metabolism, scavenge free radicals, increase 
antioxidant ability, and strengthen immune function.  It has been shown 
to promote hepatic synthesis to reduce fasting blood sugar (Kaplan 2015; 
Kayard, 2011). Stereoselective synthesis has been reported as a new method 
for the chonduritol-A compound, starting from P-benzoquinone and a 
different anthracene derivative (Kayardi 2011). Today, ring-closure olefin 
metathesis (RCM) has come to the fore as an innovative method related to 
asymmetric chonduritol synthesis. Using this method, conduritol-A, E and 
F were synthesized independently. Diene 26 was synthesized starting from 
galactitol, D-mannitol, and D-glusitol, respectively. These studies have led to 
the production of Conduritol-A (4) with 99% efficiency.

Figure 7. Synthesis of Conduritol-A (4)

Konduritol B

Conduritol B is a natural product found in Leptadenia arborea, Asclepias 
curassavica and Cynanhum bungei.Its molecular formula  is C6H10O4 .
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OH

OH

OH

OH

B
Figure 8. Chemical structure of Konduritol B

Many studies on the synthesis of conduritol and its derivatives, starting 
from cyclitols by substituting under appropriate conditions, have been 
published in the literature. To give an example, Müller synthesized conduritol-B 
from the pentaacetate of 6-bromoquercitol (28) by treating it with zinc in acetic 
acid. The results of this synthesis were once again examined by two scientists, 
McCasland and Horswill. They formed two different bromoquercitols 28 and 29 
by the reaction of myo-inositol (27) with acetyl bromide. With the destruction 
of the bromine atoms, hydrolysis yielded the tetraacetate of conduritol-B (30), 
and its acetyl group, Conduritol B, was successfully synthesized.

Figure 9. Chonduritol B synthesis

In the studies carried out, the stereospecific synthesis of chonduritol B 
starting from oxepine-benzene oxide has also been recorded. Epoxy diol was 
formed by the addition of oxygen functionality to molecule 40. Subsequently, 
epoxy diol42 was converted to epoxy diacetate structure and yielded 
Conduritol B tetraacetate by the opening reaction of the catalyzed ring (Balci 
2007).
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Chonduritol B Epoxide Formation and Biological Significance

Although conduritol compounds have a rich structure, there are two 
active synthetic chonduritols that act as glucose inhibitors that can be 
biologically active and used, these are Epoxide 18, which is a mixture of 16 
and 17 mentioned.

Figure 10. Chonduritol B derivatives

Conduritol B Epoxide compound, known as CBE, is a naturally 
occurring derivative of chonduritol B, as mentioned. The reason why 
CBE is important for scientists is  that it acts as a covalent inhibitor of 
the catalytic site of acid beta-glucosidase1 and alpha-glucosidase2. In 
addition, it is a compound that provides the formation of ceramide from 
beta-glucosidase and glucosylceramide compounds. The cause of lysosomal 
storage disease, known as Gaucher disease, is damaging mutations in acid 
betaglucosidase. CBE is an important compound used in Gaucher disease 
because it is a compound that accelerates the duration of the effects. CBE 
causes glucocerebrocyte accumulation in neurons in Gaucher patients 
during their treatment, and it has been noted that CBE has no effect on 
dendrite development (Grabowski et al. 1985; Yang et al. 1985; Premkumar 
et al. 2005; Grabowski et al. 1986)

Bromochonduritol Formation and Biological Activity

Conduritol B, known as bromochonduritol, is a diasteromeric mixed-
like structure formed by exposing B to hydrogen bromide. The first known 
synthesis of this structure was when conduritol B was exposed to 48% HBr, 
and then it was seen in chromatography in experimental activities after the 
waiting phase (Legler et al.1977).

In recent years, bromo-chonduritols have attracted the attention of 
people working in this field with their use as glycosidase inhibitors and the 
production of halogenochonduritols.

As a result of these researches, these reactions were recorded by visibly 
converting halogenobenzene derivatives into halogeno-cis-diol 1 compounds 
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in an antibacterial working environment. The compounds we are talking 
about have a wide range of activation areas with the obtaining of polyols.

Figure 11. Conduritol B derivatives

It has been recorded that this mixture obtained is then recrystallized and 
when they are kept in ethanol, it transforms and an isomer mixture is formed.

By using these methods, the use of which was determined correctly, the 
synthesis of halichondritol from halogenobenzene and pinitol by oxidation 
reaction of halogenochonduritol showed a common framework of action 
(Brown, 1993).

In addition to the fact that these compounds have a strong effect on research 
in the AIDS treatment process, they are also a powerful bioactive agent used 
in undesirable conditions caused by blood sugar levels known as diabetes. 150 
of the nearly 3000 enzymes known in nature consist of glycosidases. The task 
of these enzymes, known as glycosidase, has been recorded as an enzyme that 
provides hydrolysis in N-S glycoside bonds together with mono-oligo and 
polysaccharides depending on the substrate feature.

The stereospecificity of the enzymes used has been determined by the 
glycosidases we have mentioned, which break either the α-glycoside bond or 
the β-glycoside bond. Stereospecific is the direct effect of the strerochemistry 
structure of the reacting reagent on the structure of the product.

The most important of these are α-glycosidase (maltase), β-glucosidase, 
β-galactosidase (sucarase, invertase), β-glycofurinase and amylases. α –
Glycosidase actually cleaves the αglycoside bonds in maltose. β-glycosidase 
hydrolyzes β-methyl glycoside, amygdalin, and celllobiose β-glycosides. 
Β-galactosidase (lactase) specifically cleaves the β-glycoside bond of 
lactose, forming galactose and glucose. Β-fructosidase breaks down sucrose 
into glucose and fructose, as well as hydrolyzes furanoid β-fructosides. 
β-Glucuronidase breaks down glucuronides, including mucoids. Amylases 
break down starch and glycogen (Beyer 1996).
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Conduritol C

The first recorded synthesis of the compound known as conduritol 
C was carried out by McCasland and Reeves, starting with epi-inositol. 
6-bromoquercitol pentaacetate is formed by taking epi-inositol to a warm 
environment and exposing it to acetyl bromide and acetic anhydride. This 
formed compound is also treated with zinc-acetic acid, forming the tetraacetate 
of Conduritol C. Its molecular formula  is C6H10O4.

OH
OH

OH
OH

C
Figure 12. Conduritol C chemical structure

After the first synthesis, Nakajima and his group synthesized Choduritol 
C based on trans-benzene-diol (Nagabhushan 1970).

Biocatalysis is performed using monosubstituted benzenes as a useful and 
objective perspective on the synthesis of chonduritol C. Chemo enzymatic 
methods obtain the desired molecules Choduritol C, Bromo Chonduritol C 
and Methyl Chonduritol C (Balcı 1990; McCasland et al. 1955; Nakajima et al. 
1957; Yurey et al. 1961; Le Drian et al. 1989).

Figure 13. Reaction on the preparation of Conduritol C
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Conduritol D

OH
OH

OH
OH

D
 Figure 14. Conduritol D chemical structure

The first recorded synthesis of the compound we refer to as Konduritol 
D was carried out by Angyal and Gilham in the literature. This compound is 
derived from di-O-isopropyl derivatives. With this method, 67 were separated 
from neighboring groups and two groups of iodide ions were eliminated. 
After this process of isopropylene groups, Chonduritol D was obtained. Its 
molecular formula  is C6H10O4.

Conduritol E

OH
OH

OH
OH

E
Figure 15. Conduritol E chemical structure

The first recorded synthesis of our Konduritol E compound was carried 
out by Nakajima et al. This first synthesis was not useful because it was 
stereospecific and, as mentioned, it was shown by Angyal et al. as the starting 
material for the synthesis of conduritol d. They also used a method close to 
the aforementioned method for the synthesis of conduritol e. Its molecular 
formula is  C6H10O4 (Cantekin 2006).

Conduritol F 

OH

OH

OH

OH

F
Figure 16. Chemical structure of Konduritol F
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Conduritol F compound, which was first synthesized by Nakajima et al., 
was synthesized from diacetate tetrachlorocyclohexenden compound in 1959, 
when it was not yet discovered in nature. Its molecular formula  is C6H10O4  
(Balcı 1997).

Halochonduroles and Double Bond Substituted Conductors

As close to conduritol compounds, halochondurolites and double bond-
substituted chonduritols are also among the popular ones in research. For 
example, bromochondritols are effective molecules in AIDS studies because 
they are covalent α-glucosidase inhibitors for the active site. Hudlicky et al. 
and Carless introduced the synthesis of double bond-substituted conduritols 
based on halobenzenes (Cantekin 2006).

Biological Significance and Activity of Conduritols

The main reason why conduritol and its derivatives are of great interest 
among scientists is that they have many biological activities, from herbicidal 
and anti-microbial, on the other hand, to glycosidase inhibition and mediation 
of cellular communication. Glycosidase enzyme inhibitors, which have an 
important place in the diagnosis and treatment process of AIDS and similar 
diseases, are also important in diabetes and cancer types. The importance 
of this disease in the research, diagnosis and treatment process of metabolic 
disorder known as Gaucher has been proven by various researches. It has been 
shown that the activity of our cyclohexenetrol compound, which we refer 
to as conduritol, is inhibitory for glycosidases and prevents feeding. Apart 
from these, they have antibiotic, anti-leukemic and various activities on the 
development of cells. To give an example, our konduritol-A compound  can 
be obtained pure from the leaves of the Gymnema sylvestre  plant, which is 
used in the treatment of diabetes today. Chonduritols also form the building 
blocks of various biologically important compounds. Of these, Amarillidasen 
is a favorite member of this alkaloid group, while pancratistatin is an 
aminochonduritol skeleton. The pankratistatin in question  is obtained from 
the roots of the Pancratium littorale  plant, a Hawaiian plant, and it is known 
that it was used in the treatment of diseases by the leading medical people of 
the city in a period dating back to ancient Greece, which is a distant history. 
The pankratistatin compound is mentioned as important in known sources, 
and the reason is that its biological activity, inhibition of protein synthesis and 
ovarian sarcoma, and lymphotic leukemia, which was later discovered, have 
an antineoplastic effect (Cantekin, 2006).
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Figure 17. Chemical structure of pancratistatin

In figure 2.15, which is shown as lycoricidine, our compound completed its 
synthesis after nine steps using conduramine-A. The fact that this compound 
has an inhibitory effect on enzymes that process oligosaccharides to a high 
degree and that it is involved in various branches of cancer treatment known 
as chemotherapy and that it is compatible with this treatment makes this 
compound important from a biological point of view. These two compounds, 
which we refer to as lycoricidin and pankratistatin, are also used as inhibitors 
on the glycosidase enzyme, so they have an important place in the diagnosis 
and treatment of various types of cancer and the treatment of various disorders 
and diseases such as AIDS.

Figure 18. Chemical structure of Konduramin-A

These compounds, which we refer to as oligosaccharides, have faced 
high interest in the scientific world in terms of their physiological roles and 
therefore their therapeutic potential. Some of their synthetic derivatives have 
enzyme inhibitor activity in glycolysis (Balcı 1997).



 . 43International Academic Studies in Science and Mathematics

RESULTS AND DISCUSSION

The conduritol compound is a compound that can be obtained both 
naturally and synthetically, which has been met with increasing attention 
in recent years. Although there are some of its effects that have not yet 
been discovered, it is expected to gain greater importance in the future in 
the light of the researches. In particular, the discovery of its hypoglycemic 
effect has accelerated scientists’ research and development on chonduritols. 
Furthermore, the anticancer effect of conduritol shows that it is also effective 
in studies conducted in many European countries.

In general, these compounds, called natural or synthetic, are of great 
importance in the world of health and will increase in importance in the 
future. Therefore, research and development work on chonduritols is expected 
to continue, which will allow for the emergence of potential new treatments 
and products in the healthcare field.

This study was examined in depth to emphasize the synthetic and biological 
importance of conduritol compounds. Conduritols have played a leading role in 
synthetic chemistry and have been proven to have many biological activities. In 
particular, it is noted for its hypoglycemic effect, its potential for use in Gaucher 
disease, and its effects in the diagnosis and treatment of AIDS disease. However, 
conduritols can also be used as intermediate compounds in biological enzyme 
mechanisms, making them a versatile and valuable area of research.

Kübler’s first synthesis in 1908 and subsequent studies have established 
conduritols in the scientific world. With the discovery of these compounds, 
new possibilities have emerged in the diagnosis and treatment of many 
diseases. Conduritols’ properties, such as their antibiotic and anticancer 
effects, will continue to be the focus of future research.

In conclusion, it is clear that conduritols are of great importance from a 
synthetic and biological point of view. It is hoped that these studies can have 
positive effects on future drug development and disease treatments.

Konduritol compound is a natural and synthetically obtainable compound that 
has gained importance in recent years. Although some of the effects of conduritols 
have been discovered, they will gain greater importance in the future in line with 
the studies conducted. Thanks to the discovery of its hypoglycemic effect, scientists 
have accelerated the study and development of conduritols. Thanks to its anticancer 
effect, conduritol is also effective in studies in most European countries. As a result, 
these compounds, which we call natural or synthetic, are of great importance in the 
health world and it is seen that they will increase in the future.
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Introduction 

Astronomy is a branch of science that has existed since the beginning of 
human history and has accelerated as humanity progresses. It has been a mirror 
of mankind’s view of the universe and life, undergoing significant changes 
for thousands of years from ancient times to the present. Compared to other 
natural sciences, astronomy is the first natural science to have developed and 
predicted. In ancient times, humanity directed its curiosity to the sky because 
it was intriguing and enchanting with its countless shining dots. Since the Sun, 
Moon, planets and stars move regularly in their orbits, humanity, which started 
to observe the sky at night, began to find an order in chaos as time passed. 

The other reason astronomy was more developed than other natural 
sciences at the beginning of human history was that astronomy was 
intertwined with mathematics. In ancient Greece, astronomy was seen as a 
branch of mathematics. Although mathematics is considered a complex 
science, the rapid development of astronomy in Ancient Babylon and Ancient 
Greece is that the movements of the planets can be expressed mathematically.  
Astronomy has duration and continuity. Each civilisation has contributed 
to its development until today by preserving and adding to the contribution 
of the previous civilisation to astronomy. As with all sciences, astronomy 
is a cumulative science, but beyond that, the astronomical tradition has an 
impressive duration. Even when the closest star to us, the Sun, is 150 million 
kilometres away, a significant amount of time and continuity is needed to obtain 
information about the movements, positions, structural features and similar 
information of other celestial bodies. Astronomy has developed since the first 
day humanity turned its face to the sky. And all humanity has contributed to 
this development. The continuation of the study includes part of the history of 
astronomy from the very beginning to the present.

Prehistory and antiquity  

Prehistory[1] 

Since the early 
ages, humanity has 
painted and sculpted 
all kinds of objects, 
living things, or events 
that concern it. There 
are thousands of 
petroglyphs from the 
Bronze Age. Apart 
from pictures of 
horned animals and 
tools used for hunting, 
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the Sun also has a clear image. They portrayed the rays of the sun in the form 
of a circle. According to the views of some scientists, they also painted two 
images of the star group known as the Pleiades. A circular bronze plate with 
seven small gold dots representing the crescent-shaped Moon, possibly the 

Sun (perhaps the Full Moon) and the Pleiades constellation, dating from 
1600 BC, have been found in Germany. Links to astronomy in prehistoric 
times are also evident in monuments and tombs. Structures designed as burial 
chambers in the Stone Age culture (called Stonehenge) usually face east. 
Stonehenge’s central axis is aligned to coincide with the direction of sunrise 
at the summer solstice. Many archaeoastronomers accept some astronomical 
alignments at Stonehenge.

We know that prehistoric humans noticed and followed the Sun and the 
Moon. However, we will not be able to learn how he attributed meanings to the 
astronomical events he experienced before the article.

Mesopotamia[2]

The most complex relationship with astronomy emerged in Central 
Mesopotamia. There are three different reasons why Mesopotamia has a 
complex relationship with astronomy. The first reason is that astronomy 
had a crucial social position in Mesopotamia. According to their beliefs, the 
Gods sent signs from the sky to warn of calamities, epidemics or impending 
wars that would become their kings. To receive these warnings, a mechanism 
was established to receive the signs in the sky at the beginning of the 2nd 
millennium BC. The kingdom used the sky, while the ordinary people tried 
to understand sure signs by inferring from the movements of animals. This 
brought astronomy to a socially important point. The second reason for the 
complex relationship with astronomy was that public service in Mesopotamia 
dealt with astronomical events. Priests, who served as temple clerks, watched 
the sky every night to remain closely informed on what was going on. They 
also recorded their conclusions as a result of his observations.  The third and 
last reason was that they had a regular system to record the data they obtained 
in Mesopotamia. They recorded their data on clay tablets and kept them in 
temples for safekeeping. Loss of information was prevented by re-copying 
damaged tablets. These three reasons made Mesopotamia the first civilisation 
to establish the closest connection with astronomy. In the 7th century 
BC, the results of observations made day and night by temple astronomers 
in Mesopotamia were recorded. A few generations later, Mesopotamian 
astronomers could predict the behaviour of the Moon and planets. Around 300 
BC, temple scribes furthered astronomers’ predictive ability to obtain a more 
sophisticated method for predicting planetary behaviour based on arithmetic 
theories.
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Ancient Greece[3]

Astronomy in Ancient Greece has existed since the beginning of Greek 
literature. Homer mentions stars and constellations in his Iliad and Odyssey, 
including Orion, the Ursa Major, and Sirius. Other literary works also contain 
detailed astronomical information. Hesiod, who produced important works in 
Ancient Greece, explained in his book Works and Days that it is necessary to 
look at the movements in the annual cycles of some important stars to have a 
safe journey, to do daily chores, or to determine the seasons. Much of Hesiod’s 
astronomical knowledge paralleled that of modern Mesopotamia.

Applying geometry[3]

When geometry was applied to astronomical problems in ancient Greece, 
a new era began in Greek astronomy. Aristotle, who claims that the world 
is spherical in his work On the Heavens, supports this claim with a solid 
argument. Aristotle also mentions that the Earth’s shadow on the Moon during 
a lunar eclipse is circular and the changes that occur in the stars in the sky as 
you go from north to south on Earth.

The oldest surviving measurement of the Earth’s size is that of Eratost-
henes, made in the 3rd century BC. Eratosthenes said the Sun was directly 
overhead at noon on the summer solstice at Syene, now a town above the Nile 
in Egypt. That same day, he noticed Alexandria’s sun was below 90 degrees. He 
made a rough estimate using the distance between these two different places.

Wi t h this rough 
measurement, he found a value close to the actual value of the world.

In the same century, Aristarchus of Samos used geometry to estimate the 
distances of the Sun and Moon in his book On the Sizes and Distances of the 
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Sun and Moon. For example, he assumed that the angle between the Sun and 
the Moon is 87° when viewed from the Earth on the fourth of the Moon.  From 
this, the distance from the Sun is about 19 times that of the Moon from us (The 
actual ratio is about 389). He found that the diameter of the Moon is between 
0.32 and 0.4 times the diameter of the Earth and that the Sun is between 6.3 
and 7.2 times the diameter of the Earth. At the time of Hipparchus of Bithynia 
(2nd century BC), the methods developed by Aristarchus allowed reaching 
essential values ​​for the size and distance of the Moon. However, although 
Aristarchus used the parallax method to calculate the distance between the 
Earth and the sun and the moon between the earth, its importance was not 
understood at that time. The 19 to 1 ratio that Aristarchus found was not 
seriously questioned until the 17th century.

The  motion of the planets[3]

Around 400 BC, thoughts about the movements of the planets begin 
to emerge. Eudoxus established the first known Greek theory of planetary 
motion, and in a book called On Velocities, he acknowledges that each celestial 
body is carried on a concentric sphere. Eudoxus suggested doing it with four 
spheres to account for the three different motions of the planets. He modelled 
these four spheres by assigning the motions of the planets. This theory is 
sometimes called the theory of concentric spheres. Greek astronomers during 
this period were more concerned with providing possible physical calculations 
of the universe and proving geometric theorems rather than finding planetary 
motions numerically. Eudoxus’ theory of concentric spheres was criticised for 
its inability to explain that the cycles of some planets, especially Mars and Venus, 
are brighter than other planets at some times, and this theory was abandoned 
after a while.  However, it exerted a powerful influence in cosmology, as the 
cosmos continued to be regarded as a series of concentric spheres until the 
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Renaissance. Alternative models based on external loops and eccentric circles 
were developed at the end of the 3rd century BC. 

In Eudoxus’ theory of concentric spheres, he ignored the fact that the 
Sun accelerates and decelerates throughout the year around the zodiac when 
assessing the Sun’s motion. It is assumed that the Sun still moves at a constant 
speed around a regular circle. However, the centre of the circle is slightly away 
from the Earth. Hipparchus was the first to calculate the amount and direction 
of decentralisation based on the measured lengths of the seasons. The eccentric 
circle theory was an essential model in explaining the observed motion of the 
Sun and was accepted until the 17th century. Hipparchus played a crucial role 
in introducing numerical parameters from Mesopotamia to Greek astronomy. 
It changed the Greeks’ view of astronomy quite a bit.

Ptolemy[4]

Ptolemy brought Greek 
astronomy to its zenith with his 
Almagest.  His work based on the 
work of Hipparchus made significant 
progress and made the old work of 
planets superfluous.

His first new theorem in the Almagest 
is the equant point. In planetary 
theories of Hipparchus’ time, a 
planet moves uniformly around its 
outer orbit with a constant velocity, 
while the center of the outer orbit 
moves in an off-center orbit around 
the Earth. However, in Ptolemy’s 
theory, the movement of the center 
of the outer orbit speeds up and 
slows down. This theory caused a 
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radical break with Aristotle’s physics. 
Ptolemy’s theory actually predicted the 
behavior of the planets and dominated 
the practice of astronomy for 1400 
years. It was thanks to Ptolemy that the 
Greek geometrical planetary theory 
was confirmed using numerical data. 

In Almagest, Ptolemy described 
the mathematical calculation of his 
observations and the procedures he 
used to derive the parameters of his 
theories. It has also created tables for 
users to calculate the planet’s position 
on any given date theoretically. 
He calculated all trigonometric 
calculations in these tables himself. 
The Almagest contains trigonometric 
tables and a catalogue of about 1,000 
stars based on an earlier catalogue by 

Hipparchus but modified by Ptolemy.

Ptolemy also wrote down his cosmological work, The Planetary 
Hypothesis. Ptolemy hypothesised that Mercury’s mechanism should be just 
above the Moon’s mechanism. Then he studied Venus, Saturn, and finally, the 
mechanism of the sphere of fixed 
stars. The known distance of the 
Moon provided his calculations. 
And it turned out that the 
distance to the fixed stars is about 
20,000 Earth radii.

India, the Islamic world, 
medieval Europe, and China[5]

India

The works of Ptolemy, the 
last significant figure in the 
history of Greek astronomy, 
were interpreted and discussed 
by Pappus of Alexandria in the 
3rd century CE and Theon of 
Alexandria and his daughter 
Hypatia in the 4th century 
CE, but no new studies were 
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conducted. Mesopotamian astronomy was adopted in Persia and India using 
original and native Indian methods. Greek geometrical planetary theories 
developed between the Ptolemy and Hipparchus periods were also the subject 
of study in India. Indian astronomy came to life as a combination of Greek and 
Mesopotamian astronomy.

The Islamic World

Arab Muslim astronomers have reached a complex level of knowledge of 
astronomy and have begun to work on it. He contributed to developing al-
Khwārizmī’s hand table containing astronomical tables and instructions for 
using them. The ancient prototype of this hand table is the hand table containing 
paintings by Ptolemy. The Almagest has been translated into Arabic at least 
four times. Arab astronomers tried to master and develop the Greek planetary 
theory. Al-Battani’s hand table advanced on Ptolemy’s planetary theory and 
made necessary calculations for some parameters, such as the magnitude and 
direction of the Sun’s eccentricity. Hundreds of Arabic astronomical hand 
tables have been preserved from the 9th to the 15th centuries. Most of these 
tables are based on Ptolemy’s Almagest and hand tables. A very influential 
hand table in the development of European astronomy is the Toledan Tables, 
edited by a group of Muslim and Jewish astronomers in Spain, finalised by Ibn 
al-Zarkallu, and later translated into Latin.

Over time, astronomers could conduct new studies, including slow 
changes in the sky. In the 9th century, Baghdad astronomers observed that the 
value of the ecliptic curvature given in Ptolemy’s Almagest decreased. Between 
Ptolemy’s time and the present, the degree of ecliptic curvature is about 25 per 
cent less. Arab astronomers also observed that the length of the seasons varied 
slightly from the values recorded by Ptolemy. With this new information, he 
revealed that the solar apogee was slowly moving eastward.

Ibn al-Haytham expressed his doubts about Ptolemy’s planetary theory. 
Thanks to this, he became a source of inspiration for the Marāgheh observatory, 



 . 55International Academic Studies in Science and Mathematics

now in Azerbaijan, in the 
13th century. Astronomers 
of that time created creative 
mathematical models.

Nasir al-Din al-Tusi 
identified that standard 
mechanisms, including 
Ptolemy’s theories of 
Mercury and the Moon, 
appear to oscillate. He used 
a mechanism called the Tusi 
couple to produce a physical 
model suitable for this. 

Nasîrüddin al-Tusi could explain planetary motion in Ptolemy’s 
geocentric theory of the universe without shifting the centre of the universe, 
that is, without using eccentric modelling, which is against Aristotle’s physics. 
His student al-Shīrāzī took this modelling further by using a small outer loop 
to eliminate the need for the equant point.

China 

Although there are bones of oracles in China that give information about 
the emergence of a new star and about solar and lunar eclipses dating back to 
two thousand BC, astronomy reports were concentrated around 200 BC.

While astronomy had a social function in ancient Greece, it had an 
imperial function in China. The 
son of the emperor is considered 
as the son of heaven. Therefore, 
developments in astronomy are 
reflected in the emperor, for 
better or worse. Astronomical 
summaries are often written 
with the rise of a new emperor. 
These astronomical summaries 
generally drew attention to the 
lunar-solar calendar. However, 
later on, he began to include 
tables such as Ptolemy’s hand 
table to predict the planets’ 
movements and eclipses. 
Chinese astronomy is more 
similar to Mesopotamian 
astronomy than Greek 
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astronomy. Since the Chinese were less 
attached to cosmological theories and 
natural laws, they were more interested 
in singular events such as comets, nova, 
meteor showers and solar eclipses.

Renaissance[6]

Astronomy in Europe was thanks to 
Georg von Peuerbach, a mathematician 
and astronomer, and his student 
Johannes Müller von Königsberg. His 
comments on Ptolemy’s works enabled 
a later generation to learn about 
Ptolemy. Known and criticised in Arabic astronomy, Ptolemy’s theory of the 
Moon was mentioned for the first time in the West.

Copernicus[6][7]

Copernicus De Revolutionibus 
Orbium Coelestium Libri VI explained 
the motion of the Earth. While putting 
forward this theory, he did not rely 
on his observations, but on Ptolemy’s 
Almagest. Because Ptolemy explained 
the essential tips in the Almagest. The 
Commentariolus, an early draft of the 
Copernicus heliocentric theory of the 
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universe, was circulated in manuscripts in small astronomical societies from 
1510 onwards but was not published until the 19th century.

 With his foresight and mathematical calculations, Copernicus was envied 
and strangled by the astronomers of my time.

Tycho[6][7]

One of the astronomers who admired 
Copernicus was Tycho Brahe. Tycho, 
who admires Copernicus’s connection 
of all the movements of the planets 
with the Sun, is one of those who 
cannot accept the movement of the 
Earth. So, he developed an alternative 
cosmology called the Tychonic 
system. According to this system, the 
Moon and the Sun revolve around the 
Earth, but all other planets revolve 
around the Sun. By changing the 
theory that the Earth revolves around 
the Sun in Copernicus’s heliocentric 
universe theory, he modelled that the 
Earth is still in the centre.

Like other astronomers, Tycho was 
impressed by the bright star in Cassiopeia 
in 1572. He made extensive observations 
to determine whether its position relative 
to neighbouring stars had changed. It 
became even more critical for Tycho to 
research the bright comet in 1577. In 
ancient and medieval times, comets were 
considered atmospheric phenomena. 
That’s why Aristotle considered them in 
meteorology, not in the sky. He thought it 
would pass with time anyway. But Tycho 
could model the comet by putting it in 
an orbit around the Sun. He pointed out 
that the comet is sometimes closer to the 
Earth and sometimes further away.
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Galileo[6][7]

Galileo Galilei designed his telescope, 
inspired by an invention made in the 
Netherlands in 1609. He studied the 
Moon with this telescope. He found that 
the Moon was not smooth, contrary to 
rumours, but had mountains and craters. 
Galileo even measured the heights of the 
Moon’s mountains using the lengths of 
their shadows. Galileo’s most exciting 
discovery was the discovery of Jupiter’s 
four moons. He announced these 
discoveries in his book Sidereus Nuncius 
(1610). Although it did not directly 
support Copernicus’ heliocentric theory, 
Jupiter’s moons indicated that there was 
another centre of revolution outside of 
Earth. It also showed that a moving planet 
can carry its moons with it.

 In 1616, the Roman Catholic Church put Copernicus’ De Revolutionibus among 
the banned works. He also published a list of books that dealt with the movement 
of the Earth and that had chapters that 
should be deleted. He also warned 
Galileo that Copernicus was not 
teaching his theories correctly. On the 
other hand, when Copernicus and his 
theories were excluded, astronomers 
had to stick to the Tychonic system.

Despite warnings, Galileo decided 
to take advantage of this when a more 
liberal pap took office. Accordingly, 
he wrote Dialogue Concerning the 
Two Chief World Systems—Ptolemaic 
and Copernican. He was prosecuted 
for what he wrote in this work and 
was asked to take back what he 
wrote. Despite all these pressures, the 
trial of Galileo did not stop him. He 
continued to move forward and do 
work to support his theories.
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Kepler[6][7]

Kepler accepted Copernicus’s 
theories. He took an interest 
in cosmology while trying to 
understand the solar system. He used 
the geometry of regular solids and 
musical harmonies to explain various 
aspects of the universe. 

While looking for a logical 
answer to the question of why there 
are six planets in the universe, he 
thought that God created six planets 
because there are only five regular 
solids for the objects created between 
the planetary spheres while designing 
the architecture of the universe. 
He wrote the work Mysterium 

Cosmographicum about this. As a result of this book, he received an invitation 
to work from Tycho Brahe.

Kepler goes to Prague in hopes of getting better planetary parameters 
than Tycho. Arriving in Prague, Tycho and his assistants learned that he was 
joining the watchdogs of Mars, which was approaching Earth at the time. This 
observation was an excellent opportunity for him because only the Maars 
and Mercury orbits had eccentricities large enough to detect the deviations 
from circularity. Since Mercury was so close to the Sun, observing Mars was 
pretty challenging, but observing Mars was also quite important in its own 
right. Collaboration was short-lived as Tycho died in 1601, but after Tycho’s 
death, he gained access to his observational records. It had to analyse many 
observations to make it usable. He put the sun at the centre of his system, as he 
joined Copernicus’s heliocentric theory of the universe. But he used Ptolemy’s 
works for technical details. Against his will, he was forced to re-examine the 
foundations of planetary motion. This strain led to the first two of Kepler’s 
laws published in Astronomia Nova(1609). According to the first law, the 
paths of the planets are ellipses with a focus on the Sun. The second law of the 
line drawn from the Sun to any planet is sweeping equal areas at equal times. 
His last published law is that the square of a planet’s orbital period is directly 
proportional to the cube of the major axis length of the ellipse it orbits.
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Enlightenment

Newton[8]

Kepler’s laws were 
physically explained 
by the publication of 
the English physicist 
and mathematician 
Newton’s Philosophiae 
Naturalis Principia 
M a t h e m a t i c a ( 1 6 8 7 ) . 
Newton laid down his laws 
of motion and explained 
the law of universal 
gravitation. He used Newton’s laws to reproduce Kepler’s laws. Thanks to 
Newton, planetary theory became a branch of physics for the first time. He 
then used the laws to explain other astronomical phenomena.

Testing Newton’s theory[8]

In the first half of the 18th century, 
Newton’s inverse square law was put to 
severe tests. Newton argued that the Earth’s 
rapid rotation on its axis causes it to move 
away from perfect sphericity. He said it 
should be a flat sphere instead of a perfect 
sphere. As proof of what Newton said, the 
example of Jupiter, which saw a visible 
flattening when viewed through a telescope, 
was used. Another piece of evidence is that 
in 1672, Jean Richer measured the speed of 
a pendulum clock near the Earth’s equator 
and showed that this clock was slower than 
the one in Paris. Later, more extensive 
research proved that Newton was right.
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Newton could not calculate the point in the orbit of the Moon at which it 
was closest to the Earth. A prominent mathematician in the 18th century tried 
to solve the problem but failed. In 1747, the French mathematician Clairaunt 
proposed changing Newton’s law of gravity. Instead of a pure inverse square 
law, he argued that to accurately represent the motion of the Moon when it was 
closest to Earth, adding a small term proportional to the inverse fourth power 
of the distance was necessary. Later, in another study, he showed that Newton’s 
inverse square law was utterly sufficient.

Laplace[9]

Every planet is subject to gravitational 
force by both the Sun and all other planets. 
Therefore, Newton, who thought that 
the orbit of the planets could not be a 
simple ellipse, as Kepler said, adopted the 
idea that the planetary system had to be 
recalibrated. Lagrange and Laplace, who 
invented mathematical methods to correct 
some distortions in the 18th century, 
showed that the solar system is inherently 
relatively stable in oil. Each planet is 
subject to influences from other planets, 
but in the end, they continue to move in 
the same orbits, and there is no escape 
from this movement.



62  . E. Nihal Ercan

Laplace wrote the Traité de mécanique 
céleste, which contained an intensely 
mathematical totality, and his popularization 
work, the Exposition du système du monde. It 
appeared in different editions between 1796 
and 1824. Laplace explained the solar system 
in simple language so ordinary readers could 
understand it. He did this by explaining the 
history of astronomy from antiquity to his 
own time.

The nebula hypothesis, in which Laplace 
imagines planets condensed from a primitive 
stellar atmosphere that extends far beyond 
the solar system boundaries, is seen in the 

natural sciences as an early example of evolutionary theory. It is also notable 
that evolution entered astronomy long before it became important in the social 
sciences.

The Age of Observation 

Herschel and the New Planet [10]

William Herschel was the most important observational astronomer of his 
time. He devoted all his free time to amateur astronomy, which he developed. 
By making his telescopes, he soon had better equipment than his competitors. 
In 1781, he was scanning the sky for double stars. He saw an object in the sky 
that he thought was a comet or cloudless star and thought he had discovered 
a comet. 

But it was later discovered that the object he thought was a comet was a 
planet. Continental astronomers disagreed with Herschel’s proposed name for 
the planet.

In 1783, German astronomer Johann Bode proposed the name Uranus.

Herschel and the Milky Way [10] 

In the mid to late 18th century, 
Herschel realised that the Milky Way 
was a flattened disk. In addition, he tried 
to decipher the structure of the vast star 
system of the Milky Way. Herschel was 
the leading astronomer of his day and a 
highly creative scientist who devised the 
assumptions that supported his theories.

In 1785, he drew the first quantitative 
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picture of the structure of the Milky Way galaxy. However, when he realised that 
his telescopes were not practical enough to observe the Milky Way correctly, 
he gave up this picture. However, Herschel’s drawing of the Milky Way galaxy 
was used frequently throughout the 19th century.

 Herschel and her sister, Caroline Herschel, have put much effort into 
cataloguing nebulae. Ancient Greek and Arabic astronomers observed several 
nebulae, or clusters of nebulae, with the naked eye. In 1755, the philosopher 
Kant suggested that these nebulae could be compared to the Milky Way galaxy. 
In 1771, Charles Messier published a list of 45 nebulae. This list of 45 nebulae 
was increased to 103 in 1784. He used one of Herschel Messier’s lists. Caroline 
Herschel used the telescope her brother built to scan for comets and found 
nebulae that were not on Messier’s list.

The Herschel brothers increased the known nebulae to about 2,500 in 20 
years.

Conclusions 

From prehistoric times 
to the present, thousands of 
people from many different 
civilisations have contributed 
to astronomy thanks to 
their curiosity about the sky. 
The only thing that has not 
changed is the unstoppable 
development of astronomy;. 
In contrast, on the right path, 

astronomy is curious to understand the world and the universe we live in, 
from when astronomy was interested in mythological reasons. Astronomy 
shows much better how the natural sciences relate to each other. Astronomy’s 
adventure, which started in Mesopotamia, made significant progress, 
especially with Ptolemy. In the future, many civilisations will read books and 
try to understand their theories. All the other scientists that followed built the 
foundations of astronomy by superimposing the knowledge they obtained.

I want to thank Kübra Şen for her assistance in preparing this search.
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       −𝑥𝑥1𝑦𝑦2𝑧𝑧3 + 𝑥𝑥1𝑦𝑦3𝑧𝑧2 + 𝑥𝑥2𝑦𝑦1𝑧𝑧3 − 𝑥𝑥2𝑦𝑦3𝑧𝑧1 − 𝑥𝑥3𝑦𝑦1𝑧𝑧2 + 𝑥𝑥3𝑦𝑦2𝑧𝑧1)    (4)

𝑀𝑀 𝑀̃𝑀
𝑓𝑓:𝑀𝑀 → 𝑀̃𝑀

𝑑𝑑𝑓𝑓𝑝𝑝:𝑇𝑇𝑝𝑝(𝑀𝑀) → 𝑇𝑇𝑓𝑓(𝑝𝑝)(𝑀̃𝑀) 𝑝𝑝 ∈ 𝑀𝑀
𝑓𝑓:𝑀𝑀 → 𝑓𝑓(𝑀𝑀)

𝑀𝑀𝑚𝑚 ⊆ 𝑀̃𝑀𝑚𝑚+𝑑𝑑 𝑓𝑓:𝑀𝑀 → 𝑀̃𝑀
𝑀̃𝑀 𝑓𝑓 𝑓𝑓

〈𝑑𝑑𝑓𝑓𝑝𝑝(𝑋𝑋1),𝑑𝑑𝑓𝑓𝑝𝑝(𝑌𝑌1)〉𝑓𝑓(𝑝𝑝) = 〈𝑋𝑋1,𝑌𝑌1〉𝑝𝑝                                                               (5)

𝑋𝑋1,𝑌𝑌1 ∈ 𝑇𝑇𝑝𝑝(𝑀𝑀)     
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𝐾𝐾(𝑥𝑥) = 𝑎𝑎1.𝑑𝑑𝑛𝑛+2(𝑥𝑥)                                                                                          (1)

𝐾𝐾(𝑥𝑥)

𝑎𝑎1 𝑑𝑑(𝑥𝑥)

𝑑𝑑 =< 𝜁𝜁,𝑋𝑋 >                                                                                                        (2)

𝜁𝜁 𝑋𝑋

𝔼𝔼3
𝔼𝔼4

𝔼𝔼4

𝑥⃗𝑥 = (𝑥𝑥1, 𝑥𝑥2, 𝑥𝑥3, 𝑥𝑥4) 𝑦⃗𝑦 = (𝑦𝑦1,𝑦𝑦2,𝑦𝑦3,𝑦𝑦4) 𝑧𝑧 = (𝑧𝑧1, 𝑧𝑧2, 𝑧𝑧3, 𝑧𝑧4)
𝔼𝔼4

〈𝑥⃗𝑥, 𝑦⃗𝑦〉 = 𝑥𝑥1𝑦𝑦1 + 𝑥𝑥2𝑦𝑦2 + 𝑥𝑥3𝑦𝑦3 + 𝑥𝑥4𝑦𝑦4                                                          (3)

𝑥⃗𝑥 × 𝑦⃗𝑦 × 𝑧𝑧 = 𝑑𝑑𝑑𝑑𝑑𝑑 (
𝑒𝑒1 𝑒𝑒2
𝑥𝑥1 𝑥𝑥2

𝑒𝑒3 𝑒𝑒4
𝑥𝑥3 𝑥𝑥4

𝑦𝑦1 𝑦𝑦2
𝑧𝑧1 𝑧𝑧2

𝑦𝑦3 𝑦𝑦4
𝑧𝑧3 𝑧𝑧4

)

         = (𝑥𝑥2𝑦𝑦3𝑧𝑧4 − 𝑥𝑥2𝑦𝑦4𝑧𝑧3 − 𝑥𝑥3𝑦𝑦2𝑧𝑧4 + 𝑥𝑥3𝑦𝑦4𝑧𝑧2 + 𝑥𝑥4𝑦𝑦2𝑧𝑧3 − 𝑥𝑥4𝑦𝑦3𝑧𝑧2,

               −𝑥𝑥1𝑦𝑦3𝑧𝑧4 + 𝑥𝑥1𝑦𝑦4𝑧𝑧3 + 𝑥𝑥3𝑦𝑦1𝑧𝑧4 − 𝑥𝑥3𝑧𝑧1𝑦𝑦4 − 𝑦𝑦1𝑥𝑥4𝑧𝑧3 + 𝑥𝑥4𝑦𝑦3𝑧𝑧1,

                𝑥𝑥1𝑦𝑦2𝑧𝑧4 − 𝑥𝑥1𝑦𝑦4𝑧𝑧2 − 𝑥𝑥2𝑦𝑦1𝑧𝑧4 + 𝑥𝑥2𝑧𝑧1𝑦𝑦4 + 𝑦𝑦1𝑥𝑥4𝑧𝑧2 − 𝑥𝑥4𝑦𝑦2𝑧𝑧1,

       −𝑥𝑥1𝑦𝑦2𝑧𝑧3 + 𝑥𝑥1𝑦𝑦3𝑧𝑧2 + 𝑥𝑥2𝑦𝑦1𝑧𝑧3 − 𝑥𝑥2𝑦𝑦3𝑧𝑧1 − 𝑥𝑥3𝑦𝑦1𝑧𝑧2 + 𝑥𝑥3𝑦𝑦2𝑧𝑧1)    (4)

𝑀𝑀 𝑀̃𝑀
𝑓𝑓:𝑀𝑀 → 𝑀̃𝑀

𝑑𝑑𝑓𝑓𝑝𝑝:𝑇𝑇𝑝𝑝(𝑀𝑀) → 𝑇𝑇𝑓𝑓(𝑝𝑝)(𝑀̃𝑀) 𝑝𝑝 ∈ 𝑀𝑀
𝑓𝑓:𝑀𝑀 → 𝑓𝑓(𝑀𝑀)

𝑀𝑀𝑚𝑚 ⊆ 𝑀̃𝑀𝑚𝑚+𝑑𝑑 𝑓𝑓:𝑀𝑀 → 𝑀̃𝑀
𝑀̃𝑀 𝑓𝑓 𝑓𝑓

〈𝑑𝑑𝑓𝑓𝑝𝑝(𝑋𝑋1),𝑑𝑑𝑓𝑓𝑝𝑝(𝑌𝑌1)〉𝑓𝑓(𝑝𝑝) = 〈𝑋𝑋1,𝑌𝑌1〉𝑝𝑝                                                               (5)

𝑋𝑋1,𝑌𝑌1 ∈ 𝑇𝑇𝑝𝑝(𝑀𝑀)     
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𝑋𝑋 = 𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) 𝑀𝑀3 𝔼𝔼4

𝜁𝜁 = 𝑋𝑋𝑢𝑢 × 𝑋𝑋𝑣𝑣 × 𝑋𝑋𝑤𝑤
‖𝑋𝑋𝑢𝑢 × 𝑋𝑋𝑣𝑣 × 𝑋𝑋𝑤𝑤‖

.                                                                                       (6)

𝐸𝐸 =< 𝑋𝑋𝑢𝑢,𝑋𝑋𝑢𝑢 >       𝐹𝐹 =< 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 >        𝐺𝐺 =< 𝑋𝑋𝑣𝑣,𝑋𝑋𝑣𝑣 > 

𝐴𝐴 =< 𝑋𝑋𝑢𝑢,𝑋𝑋𝑤𝑤 >      𝐵𝐵 =< 𝑋𝑋𝑣𝑣,𝑋𝑋𝑤𝑤 >        𝐶𝐶 =< 𝑋𝑋𝑤𝑤,𝑋𝑋𝑤𝑤 >                        (7)

𝐿𝐿 =< 𝑋𝑋𝑢𝑢𝑢𝑢 , 𝜁𝜁 >        𝑀𝑀 =< 𝑋𝑋𝑢𝑢𝑢𝑢 , 𝜁𝜁 >         𝑁𝑁 =< 𝑋𝑋𝑣𝑣𝑣𝑣 , 𝜁𝜁 >

𝑃𝑃 =< 𝑋𝑋𝑢𝑢𝑢𝑢 , 𝜁𝜁 >        𝑇𝑇 =< 𝑋𝑋𝑣𝑣𝑣𝑣, 𝜁𝜁 >         𝑉𝑉 =< 𝑋𝑋𝑤𝑤𝑤𝑤 , 𝜁𝜁 > .                      (8)

𝐾𝐾 =
(𝐿𝐿𝐿𝐿 −𝑀𝑀2)𝑉𝑉 + 2𝑀𝑀𝑀𝑀𝑀𝑀 − 𝑃𝑃2𝑁𝑁 − 𝑇𝑇2𝐿𝐿
(𝐸𝐸𝐸𝐸 − 𝐹𝐹2)𝐶𝐶 + 2𝐴𝐴𝐴𝐴𝐴𝐴 − 𝐴𝐴2𝐺𝐺 − 𝐵𝐵2𝐸𝐸 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑                                  (9)

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑𝑑𝑑 (
𝐸𝐸 𝐹𝐹 𝐴𝐴
𝐹𝐹 𝐺𝐺 𝐵𝐵
𝐴𝐴 𝐵𝐵 𝐶𝐶

) = (𝐸𝐸𝐸𝐸 − 𝐹𝐹2)𝐶𝐶 + 2𝐴𝐴𝐴𝐴𝐴𝐴 − 𝐴𝐴2𝐺𝐺 − 𝐵𝐵2𝐸𝐸,

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑𝑑𝑑 (
𝐿𝐿 𝑀𝑀 𝑃𝑃
𝑀𝑀 𝑁𝑁 𝑇𝑇
𝑃𝑃 𝑇𝑇 𝑉𝑉

) = (𝐿𝐿𝐿𝐿 −𝑀𝑀2)𝑉𝑉 + 2𝑀𝑀𝑀𝑀𝑀𝑀 − 𝑃𝑃2𝑁𝑁 − 𝑇𝑇2𝐿𝐿  [9].

𝑓𝑓:𝑀𝑀𝑚𝑚 → 𝔼𝔼𝑚𝑚+𝑑𝑑 𝑓𝑓(𝑢𝑢) =
(𝑓𝑓1(𝑢𝑢), 𝑓𝑓2(𝑢𝑢), … , 𝑓𝑓𝑚𝑚+𝑑𝑑(𝑢𝑢)) 𝑢𝑢 = (𝑢𝑢1,𝑢𝑢2, … ,𝑢𝑢𝑚𝑚)𝜖𝜖𝑀𝑀𝑚𝑚

𝑔𝑔: 𝑆𝑆𝑛𝑛(1) → 𝔼𝔼𝑛𝑛+1

𝑔𝑔(𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑛𝑛)

= (∏𝑐𝑐𝑐𝑐𝑐𝑐 𝑣𝑣𝑖𝑖
𝑛𝑛

𝑖𝑖=1
,∏𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣1𝑐𝑐𝑐𝑐𝑐𝑐 𝑣𝑣𝑗𝑗

𝑛𝑛

𝑗𝑗=2
,∏𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣2𝑐𝑐𝑐𝑐𝑐𝑐 𝑣𝑣𝑘𝑘

𝑛𝑛

𝑘𝑘=3
, … , 𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣𝑛𝑛−1𝑐𝑐𝑐𝑐𝑐𝑐 𝑣𝑣𝑛𝑛 , 𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣𝑛𝑛)
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𝑋𝑋 = 𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) 𝑀𝑀3 𝔼𝔼4

𝜁𝜁 = 𝑋𝑋𝑢𝑢 × 𝑋𝑋𝑣𝑣 × 𝑋𝑋𝑤𝑤
‖𝑋𝑋𝑢𝑢 × 𝑋𝑋𝑣𝑣 × 𝑋𝑋𝑤𝑤‖

.                                                                                       (6)

𝐸𝐸 =< 𝑋𝑋𝑢𝑢,𝑋𝑋𝑢𝑢 >       𝐹𝐹 =< 𝑋𝑋𝑢𝑢,𝑋𝑋𝑣𝑣 >        𝐺𝐺 =< 𝑋𝑋𝑣𝑣,𝑋𝑋𝑣𝑣 > 

𝐴𝐴 =< 𝑋𝑋𝑢𝑢,𝑋𝑋𝑤𝑤 >      𝐵𝐵 =< 𝑋𝑋𝑣𝑣,𝑋𝑋𝑤𝑤 >        𝐶𝐶 =< 𝑋𝑋𝑤𝑤,𝑋𝑋𝑤𝑤 >                        (7)

𝐿𝐿 =< 𝑋𝑋𝑢𝑢𝑢𝑢 , 𝜁𝜁 >        𝑀𝑀 =< 𝑋𝑋𝑢𝑢𝑢𝑢 , 𝜁𝜁 >         𝑁𝑁 =< 𝑋𝑋𝑣𝑣𝑣𝑣 , 𝜁𝜁 >

𝑃𝑃 =< 𝑋𝑋𝑢𝑢𝑢𝑢 , 𝜁𝜁 >        𝑇𝑇 =< 𝑋𝑋𝑣𝑣𝑣𝑣, 𝜁𝜁 >         𝑉𝑉 =< 𝑋𝑋𝑤𝑤𝑤𝑤 , 𝜁𝜁 > .                      (8)

𝐾𝐾 =
(𝐿𝐿𝐿𝐿 −𝑀𝑀2)𝑉𝑉 + 2𝑀𝑀𝑀𝑀𝑀𝑀 − 𝑃𝑃2𝑁𝑁 − 𝑇𝑇2𝐿𝐿
(𝐸𝐸𝐸𝐸 − 𝐹𝐹2)𝐶𝐶 + 2𝐴𝐴𝐴𝐴𝐴𝐴 − 𝐴𝐴2𝐺𝐺 − 𝐵𝐵2𝐸𝐸 = 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑                                  (9)

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑𝑑𝑑 (
𝐸𝐸 𝐹𝐹 𝐴𝐴
𝐹𝐹 𝐺𝐺 𝐵𝐵
𝐴𝐴 𝐵𝐵 𝐶𝐶

) = (𝐸𝐸𝐸𝐸 − 𝐹𝐹2)𝐶𝐶 + 2𝐴𝐴𝐴𝐴𝐴𝐴 − 𝐴𝐴2𝐺𝐺 − 𝐵𝐵2𝐸𝐸,

𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑑𝑑𝑑𝑑𝑑𝑑 (
𝐿𝐿 𝑀𝑀 𝑃𝑃
𝑀𝑀 𝑁𝑁 𝑇𝑇
𝑃𝑃 𝑇𝑇 𝑉𝑉

) = (𝐿𝐿𝐿𝐿 −𝑀𝑀2)𝑉𝑉 + 2𝑀𝑀𝑀𝑀𝑀𝑀 − 𝑃𝑃2𝑁𝑁 − 𝑇𝑇2𝐿𝐿  [9].

𝑓𝑓:𝑀𝑀𝑚𝑚 → 𝔼𝔼𝑚𝑚+𝑑𝑑 𝑓𝑓(𝑢𝑢) =
(𝑓𝑓1(𝑢𝑢), 𝑓𝑓2(𝑢𝑢), … , 𝑓𝑓𝑚𝑚+𝑑𝑑(𝑢𝑢)) 𝑢𝑢 = (𝑢𝑢1,𝑢𝑢2, … ,𝑢𝑢𝑚𝑚)𝜖𝜖𝑀𝑀𝑚𝑚

𝑔𝑔: 𝑆𝑆𝑛𝑛(1) → 𝔼𝔼𝑛𝑛+1

𝑔𝑔(𝑣𝑣1, 𝑣𝑣2, … , 𝑣𝑣𝑛𝑛)

= (∏𝑐𝑐𝑐𝑐𝑐𝑐 𝑣𝑣𝑖𝑖
𝑛𝑛

𝑖𝑖=1
,∏𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣1𝑐𝑐𝑐𝑐𝑐𝑐 𝑣𝑣𝑗𝑗

𝑛𝑛

𝑗𝑗=2
,∏𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣2𝑐𝑐𝑐𝑐𝑐𝑐 𝑣𝑣𝑘𝑘

𝑛𝑛

𝑘𝑘=3
, … , 𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣𝑛𝑛−1𝑐𝑐𝑐𝑐𝑐𝑐 𝑣𝑣𝑛𝑛 , 𝑠𝑠𝑠𝑠𝑠𝑠𝑣𝑣𝑛𝑛)

𝑢𝑢𝑢𝑢𝑀𝑀𝑚𝑚;  𝑓𝑓1(𝑢𝑢) ≠ 0 𝑣𝑣𝑣𝑣𝑆𝑆𝑛𝑛

𝑋𝑋:𝑀𝑀𝑚𝑚 × 𝑆𝑆𝑛𝑛(1) → 𝔼𝔼𝑚𝑚+𝑛𝑛+𝑑𝑑

 (𝑢𝑢, 𝑣𝑣) → 𝑋𝑋(𝑢𝑢, 𝑣𝑣) = (𝑓𝑓1(𝑢𝑢), 𝑓𝑓2(𝑢𝑢), … , 𝑓𝑓𝑚𝑚+𝑑𝑑−1(𝑢𝑢), 𝑓𝑓𝑚𝑚+𝑑𝑑(𝑢𝑢).𝑔𝑔(𝑣𝑣))    (10)

𝛾𝛾: 𝐼𝐼 ⊂ ℝ → Π ⊂ 𝔼𝔼2 Π 𝔼𝔼4
𝔼𝔼4 𝛾𝛾

(0,0,0,1) 𝑍𝑍(𝑣𝑣,𝑤𝑤)

𝑍𝑍 = (
cos 𝑣𝑣 cos𝑤𝑤 − sin 𝑣𝑣
sin 𝑣𝑣 cos𝑤𝑤  cos 𝑣𝑣

− cos 𝑣𝑣 sin𝑤𝑤 0
− sin 𝑣𝑣 sin𝑤𝑤 0

sin𝑤𝑤             0
0             0

        cos𝑤𝑤       0
         0       1

)                                    (11)

𝑣𝑣,𝑤𝑤 ∈ ℝ. 𝑍𝑍. ℓ = ℓ ,   Z.𝑍𝑍𝑡𝑡 = 𝑍𝑍𝑡𝑡 .𝑍𝑍 = 𝐼𝐼4 ,   𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 =
1.

𝛾𝛾(𝑢𝑢) = (𝑢𝑢, 0,0,𝜑𝜑(𝑢𝑢))
𝜑𝜑(𝑢𝑢): 𝐼𝐼 ⊂ ℝ → ℝ 𝑢𝑢 ∈ 𝐼𝐼,

(0,0,0,1)

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = 𝑍𝑍(𝑣𝑣,𝑤𝑤). 𝛾𝛾(𝑢𝑢) .                                                                        (12)

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = (𝑢𝑢 cos 𝑣𝑣 cos𝑤𝑤 ,𝑢𝑢 sin 𝑣𝑣 cos𝑤𝑤 ,𝑢𝑢 sin𝑤𝑤 ,𝜑𝜑(𝑢𝑢))                 (13)

𝑢𝑢 ∈ ℝ − {0} 𝑣𝑣,𝑤𝑤 ∈ [0,2𝜋𝜋)

𝑋𝑋:𝔼𝔼3 → 𝔼𝔼4 𝔼𝔼4

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = (𝑢𝑢, 𝑣𝑣,𝑤𝑤, 𝑓𝑓(𝑢𝑢, 𝑣𝑣,𝑤𝑤))                                                              (14)
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𝑓𝑓 = 𝑓𝑓(𝑢𝑢, 𝑣𝑣,𝑤𝑤) 𝑓𝑓(𝑢𝑢, 𝑣𝑣,𝑤𝑤) =
𝑓𝑓1(𝑢𝑢). 𝑓𝑓2(𝑣𝑣). 𝑓𝑓3(𝑤𝑤)

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = (𝑢𝑢, 𝑣𝑣,𝑤𝑤, 𝑓𝑓1(𝑢𝑢). 𝑓𝑓2(𝑣𝑣). 𝑓𝑓3(𝑤𝑤)).                                             (15)

𝔼𝔼𝟒𝟒

𝑋𝑋:𝑀𝑀3 → 𝔼𝔼4 𝔼𝔼4 𝑀𝑀3

𝑎𝑎1 = 𝐾𝐾(𝑥𝑥)
𝑑𝑑5(𝑥𝑥)                                                                                                      (16)

𝔼𝔼4

𝑋𝑋:𝑀𝑀3 → 𝔼𝔼4 𝔼𝔼4

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = (𝑓𝑓(𝑢𝑢, 𝑣𝑣,𝑤𝑤),𝑔𝑔(𝑢𝑢, 𝑣𝑣,𝑤𝑤), ℎ(𝑢𝑢, 𝑣𝑣,𝑤𝑤), 𝑧𝑧(𝑢𝑢, 𝑣𝑣,𝑤𝑤))

|
𝐿𝐿 𝑀𝑀 𝑃𝑃
𝑀𝑀 𝑁𝑁 𝑇𝑇
𝑃𝑃 𝑇𝑇 𝑉𝑉

|

|
𝐸𝐸 𝐹𝐹 𝐴𝐴
𝐹𝐹 𝐺𝐺 𝐵𝐵
𝐴𝐴 𝐵𝐵 𝐶𝐶

|
= 𝑎𝑎1. 1

𝑊𝑊5 . |
𝑓𝑓 𝑔𝑔
𝑓𝑓𝑢𝑢  𝑔𝑔𝑢𝑢

ℎ 𝑧𝑧
ℎ𝑢𝑢  𝑧𝑧𝑢𝑢

𝑓𝑓𝑣𝑣 𝑔𝑔𝑣𝑣
𝑓𝑓𝑤𝑤 𝑔𝑔𝑤𝑤

ℎ𝑣𝑣 𝑧𝑧𝑣𝑣
ℎ𝑤𝑤 𝑧𝑧𝑤𝑤

|

5

                                         (17)

𝑎𝑎1 𝑊𝑊 = ‖𝑋𝑋𝑢𝑢 × 𝑋𝑋𝑣𝑣 × 𝑋𝑋𝑤𝑤‖

𝜁𝜁

𝑑𝑑 = 1
𝑊𝑊 {𝑓𝑓(𝑔𝑔𝑢𝑢ℎ𝑣𝑣𝑧𝑧𝑤𝑤 − 𝑔𝑔𝑢𝑢𝑧𝑧𝑣𝑣ℎ𝑤𝑤 − ℎ𝑢𝑢𝑔𝑔𝑣𝑣𝑧𝑧𝑤𝑤 + ℎ𝑢𝑢𝑧𝑧𝑣𝑣𝑔𝑔𝑤𝑤 + 𝑧𝑧𝑢𝑢𝑔𝑔𝑣𝑣ℎ𝑤𝑤

− 𝑧𝑧𝑢𝑢ℎ𝑣𝑣𝑔𝑔𝑤𝑤)
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𝑓𝑓 = 𝑓𝑓(𝑢𝑢, 𝑣𝑣,𝑤𝑤) 𝑓𝑓(𝑢𝑢, 𝑣𝑣,𝑤𝑤) =
𝑓𝑓1(𝑢𝑢). 𝑓𝑓2(𝑣𝑣). 𝑓𝑓3(𝑤𝑤)

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = (𝑢𝑢, 𝑣𝑣,𝑤𝑤, 𝑓𝑓1(𝑢𝑢). 𝑓𝑓2(𝑣𝑣). 𝑓𝑓3(𝑤𝑤)).                                             (15)

𝔼𝔼𝟒𝟒

𝑋𝑋:𝑀𝑀3 → 𝔼𝔼4 𝔼𝔼4 𝑀𝑀3

𝑎𝑎1 = 𝐾𝐾(𝑥𝑥)
𝑑𝑑5(𝑥𝑥)                                                                                                      (16)

𝔼𝔼4

𝑋𝑋:𝑀𝑀3 → 𝔼𝔼4 𝔼𝔼4

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = (𝑓𝑓(𝑢𝑢, 𝑣𝑣,𝑤𝑤),𝑔𝑔(𝑢𝑢, 𝑣𝑣,𝑤𝑤), ℎ(𝑢𝑢, 𝑣𝑣,𝑤𝑤), 𝑧𝑧(𝑢𝑢, 𝑣𝑣,𝑤𝑤))

|
𝐿𝐿 𝑀𝑀 𝑃𝑃
𝑀𝑀 𝑁𝑁 𝑇𝑇
𝑃𝑃 𝑇𝑇 𝑉𝑉

|

|
𝐸𝐸 𝐹𝐹 𝐴𝐴
𝐹𝐹 𝐺𝐺 𝐵𝐵
𝐴𝐴 𝐵𝐵 𝐶𝐶

|
= 𝑎𝑎1. 1

𝑊𝑊5 . |
𝑓𝑓 𝑔𝑔
𝑓𝑓𝑢𝑢  𝑔𝑔𝑢𝑢

ℎ 𝑧𝑧
ℎ𝑢𝑢  𝑧𝑧𝑢𝑢

𝑓𝑓𝑣𝑣 𝑔𝑔𝑣𝑣
𝑓𝑓𝑤𝑤 𝑔𝑔𝑤𝑤

ℎ𝑣𝑣 𝑧𝑧𝑣𝑣
ℎ𝑤𝑤 𝑧𝑧𝑤𝑤

|

5

                                         (17)

𝑎𝑎1 𝑊𝑊 = ‖𝑋𝑋𝑢𝑢 × 𝑋𝑋𝑣𝑣 × 𝑋𝑋𝑤𝑤‖

𝜁𝜁

𝑑𝑑 = 1
𝑊𝑊 {𝑓𝑓(𝑔𝑔𝑢𝑢ℎ𝑣𝑣𝑧𝑧𝑤𝑤 − 𝑔𝑔𝑢𝑢𝑧𝑧𝑣𝑣ℎ𝑤𝑤 − ℎ𝑢𝑢𝑔𝑔𝑣𝑣𝑧𝑧𝑤𝑤 + ℎ𝑢𝑢𝑧𝑧𝑣𝑣𝑔𝑔𝑤𝑤 + 𝑧𝑧𝑢𝑢𝑔𝑔𝑣𝑣ℎ𝑤𝑤

− 𝑧𝑧𝑢𝑢ℎ𝑣𝑣𝑔𝑔𝑤𝑤)

               +𝑔𝑔(−𝑓𝑓𝑢𝑢ℎ𝑣𝑣𝑧𝑧𝑤𝑤 + 𝑓𝑓𝑢𝑢𝑧𝑧𝑣𝑣ℎ𝑤𝑤 + ℎ𝑢𝑢𝑓𝑓𝑣𝑣𝑧𝑧𝑤𝑤 − ℎ𝑢𝑢𝑓𝑓𝑤𝑤𝑧𝑧𝑣𝑣 − 𝑓𝑓𝑣𝑣𝑧𝑧𝑢𝑢ℎ𝑤𝑤
+ 𝑧𝑧𝑢𝑢ℎ𝑣𝑣𝑓𝑓𝑤𝑤)

               +ℎ(𝑓𝑓𝑢𝑢𝑔𝑔𝑣𝑣𝑧𝑧𝑤𝑤 − 𝑓𝑓𝑢𝑢𝑧𝑧𝑣𝑣𝑔𝑔𝑤𝑤 − 𝑔𝑔𝑢𝑢𝑓𝑓𝑣𝑣𝑧𝑧𝑤𝑤 + 𝑔𝑔𝑢𝑢𝑓𝑓𝑤𝑤𝑧𝑧𝑣𝑣 + 𝑓𝑓𝑣𝑣𝑧𝑧𝑢𝑢𝑔𝑔𝑤𝑤
− 𝑧𝑧𝑢𝑢𝑔𝑔𝑣𝑣𝑓𝑓𝑤𝑤)

               +𝑧𝑧(−𝑓𝑓𝑢𝑢𝑔𝑔𝑣𝑣ℎ𝑤𝑤 + 𝑓𝑓𝑢𝑢ℎ𝑣𝑣𝑔𝑔𝑤𝑤 + 𝑔𝑔𝑢𝑢𝑓𝑓𝑣𝑣ℎ𝑤𝑤 − 𝑔𝑔𝑢𝑢ℎ𝑣𝑣𝑓𝑓𝑤𝑤 − ℎ𝑢𝑢𝑓𝑓𝑣𝑣𝑔𝑔𝑤𝑤
+ ℎ𝑢𝑢𝑔𝑔𝑣𝑣𝑓𝑓𝑤𝑤)}

   = 1
𝑊𝑊 . |

𝑓𝑓 𝑔𝑔
𝑓𝑓𝑢𝑢  𝑔𝑔𝑢𝑢

ℎ 𝑧𝑧
ℎ𝑢𝑢  𝑧𝑧𝑢𝑢

𝑓𝑓𝑣𝑣 𝑔𝑔𝑣𝑣
𝑓𝑓𝑤𝑤 𝑔𝑔𝑤𝑤

ℎ𝑣𝑣 𝑧𝑧𝑣𝑣
ℎ𝑤𝑤 𝑧𝑧𝑤𝑤

|  ,                                                                       (18)

𝑊𝑊 = ‖𝑋𝑋𝑢𝑢 × 𝑋𝑋𝑣𝑣 × 𝑋𝑋𝑤𝑤‖

𝑓𝑓:𝑀𝑀2 → 𝔼𝔼3, 𝑓𝑓(𝑢𝑢, 𝑣𝑣) = (𝑓𝑓1(𝑢𝑢, 𝑣𝑣), 𝑓𝑓2(𝑢𝑢, 𝑣𝑣), 𝑓𝑓3(𝑢𝑢, 𝑣𝑣))
𝑔𝑔: 𝑆𝑆1(1) → 𝔼𝔼2, 𝑔𝑔(𝜃𝜃) = (𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠)
(𝑢𝑢, 𝑣𝑣)𝜖𝜖𝑀𝑀2;  𝑓𝑓1(𝑢𝑢, 𝑣𝑣) ≠ 0 𝜃𝜃 𝜖𝜖 𝑆𝑆1(1)

𝑋𝑋:𝑀𝑀2 × 𝑆𝑆1(1) → 𝔼𝔼4

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝜃𝜃) = (𝑓𝑓1(𝑢𝑢, 𝑣𝑣), 𝑓𝑓2(𝑢𝑢, 𝑣𝑣), 𝑓𝑓3(𝑢𝑢, 𝑣𝑣). 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝑓𝑓3(𝑢𝑢, 𝑣𝑣). 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠).           (19)

𝑀𝑀3

𝑀𝑀3

𝑎𝑎1 =
(𝐿𝐿𝐿𝐿 −𝑀𝑀2)
(𝐸𝐸𝐸𝐸 − 𝐹𝐹2) . −𝑐𝑐

(𝑎𝑎2 + 𝑏𝑏2 + 𝑐𝑐2)2
𝑓𝑓3(𝑎𝑎𝑓𝑓1 + 𝑏𝑏𝑓𝑓2 + 𝑐𝑐𝑓𝑓3)5                                                    (20)

𝑎𝑎(𝑢𝑢, 𝑣𝑣) = 𝑓𝑓2𝑢𝑢𝑓𝑓3𝑣𝑣 − 𝑓𝑓3𝑢𝑢𝑓𝑓2𝑣𝑣

𝑏𝑏(𝑢𝑢, 𝑣𝑣) = 𝑓𝑓3𝑢𝑢𝑓𝑓1𝑣𝑣 − 𝑓𝑓1𝑢𝑢𝑓𝑓3𝑣𝑣

𝑐𝑐(𝑢𝑢, 𝑣𝑣) = 𝑓𝑓1𝑢𝑢𝑓𝑓2𝑣𝑣 − 𝑓𝑓2𝑢𝑢𝑓𝑓1𝑣𝑣                                                                             (21)
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𝑀𝑀3

𝜃𝜃
𝑀𝑀3

𝜁𝜁 =
(𝑎𝑎, 𝑏𝑏, 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
√𝑎𝑎2 + 𝑏𝑏2 + 𝑐𝑐2

.                                                                            (22)

𝑑𝑑 = 1
√𝑎𝑎2 + 𝑏𝑏2 + 𝑐𝑐2

(𝑎𝑎𝑓𝑓1 + 𝑏𝑏𝑓𝑓2 + 𝑐𝑐𝑓𝑓3).

𝑀𝑀3

𝐾𝐾 = −𝑐𝑐(𝐿𝐿𝐿𝐿 −𝑀𝑀2)
𝑓𝑓3√𝑎𝑎2 + 𝑏𝑏2 + 𝑐𝑐2(𝐸𝐸𝐸𝐸 − 𝐹𝐹2)

𝑎𝑎(𝑢𝑢, 𝑣𝑣) = 𝑓𝑓2𝑢𝑢𝑓𝑓3𝑣𝑣 − 𝑓𝑓3𝑢𝑢𝑓𝑓2𝑣𝑣

𝑏𝑏(𝑢𝑢, 𝑣𝑣) = 𝑓𝑓3𝑢𝑢𝑓𝑓1𝑣𝑣 − 𝑓𝑓1𝑢𝑢𝑓𝑓3𝑣𝑣

𝑐𝑐(𝑢𝑢, 𝑣𝑣) = 𝑓𝑓1𝑢𝑢𝑓𝑓2𝑣𝑣 − 𝑓𝑓2𝑢𝑢𝑓𝑓1𝑣𝑣

𝑆𝑆2(𝑟𝑟) 𝑀𝑀2

𝑓𝑓(𝑢𝑢, 𝑣𝑣) = (𝑟𝑟 cos𝑢𝑢 cos 𝑣𝑣 , 𝑟𝑟 cos𝑢𝑢 sin 𝑣𝑣 , 𝑟𝑟 sin 𝑢𝑢)

𝑋𝑋: 𝑆𝑆2(𝑟𝑟) × 𝑆𝑆1(1) → 𝔼𝔼4

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝜃𝜃) = (𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟)            (23)

𝑎𝑎1 = −1
𝑟𝑟8 .
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𝑀𝑀3

𝜃𝜃
𝑀𝑀3

𝜁𝜁 =
(𝑎𝑎, 𝑏𝑏, 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐, 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐)
√𝑎𝑎2 + 𝑏𝑏2 + 𝑐𝑐2

.                                                                            (22)

𝑑𝑑 = 1
√𝑎𝑎2 + 𝑏𝑏2 + 𝑐𝑐2

(𝑎𝑎𝑓𝑓1 + 𝑏𝑏𝑓𝑓2 + 𝑐𝑐𝑓𝑓3).

𝑀𝑀3

𝐾𝐾 = −𝑐𝑐(𝐿𝐿𝐿𝐿 −𝑀𝑀2)
𝑓𝑓3√𝑎𝑎2 + 𝑏𝑏2 + 𝑐𝑐2(𝐸𝐸𝐸𝐸 − 𝐹𝐹2)

𝑎𝑎(𝑢𝑢, 𝑣𝑣) = 𝑓𝑓2𝑢𝑢𝑓𝑓3𝑣𝑣 − 𝑓𝑓3𝑢𝑢𝑓𝑓2𝑣𝑣

𝑏𝑏(𝑢𝑢, 𝑣𝑣) = 𝑓𝑓3𝑢𝑢𝑓𝑓1𝑣𝑣 − 𝑓𝑓1𝑢𝑢𝑓𝑓3𝑣𝑣

𝑐𝑐(𝑢𝑢, 𝑣𝑣) = 𝑓𝑓1𝑢𝑢𝑓𝑓2𝑣𝑣 − 𝑓𝑓2𝑢𝑢𝑓𝑓1𝑣𝑣

𝑆𝑆2(𝑟𝑟) 𝑀𝑀2

𝑓𝑓(𝑢𝑢, 𝑣𝑣) = (𝑟𝑟 cos𝑢𝑢 cos 𝑣𝑣 , 𝑟𝑟 cos𝑢𝑢 sin 𝑣𝑣 , 𝑟𝑟 sin 𝑢𝑢)

𝑋𝑋: 𝑆𝑆2(𝑟𝑟) × 𝑆𝑆1(1) → 𝔼𝔼4

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝜃𝜃) = (𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟, 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟)            (23)

𝑎𝑎1 = −1
𝑟𝑟8 .

𝜃𝜃

𝑎𝑎(𝑢𝑢, 𝑣𝑣) = −𝑟𝑟2cos2𝑢𝑢 cos 𝑣𝑣

𝑏𝑏(𝑢𝑢, 𝑣𝑣) = −𝑟𝑟2cos2𝑢𝑢 sin 𝑣𝑣

𝑐𝑐(𝑢𝑢, 𝑣𝑣) = −𝑟𝑟2 sin𝑢𝑢 cos𝑢𝑢.

𝑀𝑀3

𝐸𝐸 = 𝑟𝑟2,   𝐹𝐹 = 0,   𝐺𝐺 = 𝑟𝑟2cos2𝑢𝑢,   𝐴𝐴 = 0,   𝐵𝐵 = 0,   𝐶𝐶 = 𝑟𝑟2sin2𝑢𝑢

𝐿𝐿 = 𝑟𝑟,   𝑀𝑀 = 0,   𝑁𝑁 = 𝑟𝑟cos2𝑢𝑢,   𝑃𝑃 = 0,   𝑇𝑇 = 0,   𝑉𝑉 = 𝑟𝑟sin2𝑢𝑢

𝑎𝑎1 = −1
𝑟𝑟8

𝑓𝑓:𝑀𝑀1 → 𝔼𝔼2, 𝑓𝑓(𝜃𝜃) = (𝑓𝑓1(𝜃𝜃), 𝑓𝑓2(𝜃𝜃))
𝑔𝑔: 𝑆𝑆2(1) → 𝔼𝔼3, 𝑔𝑔(𝑢𝑢, 𝑣𝑣) =

(cos 𝑢𝑢 cos 𝑣𝑣 , cos𝑢𝑢 sin 𝑣𝑣 , sin𝑢𝑢)
𝜃𝜃𝜃𝜃𝜃𝜃;  𝑔𝑔1(𝑢𝑢, 𝑣𝑣) = cos𝑢𝑢 cos 𝑣𝑣 ≠ 0 (𝑢𝑢, 𝑣𝑣)𝜖𝜖𝑆𝑆2(1)

𝑋𝑋:𝑀𝑀1 × 𝑆𝑆2(1) → 𝔼𝔼4,

𝑋𝑋(𝜃𝜃,𝑢𝑢, 𝑣𝑣) = (𝑓𝑓1(𝜃𝜃),𝑓𝑓2(𝜃𝜃) cos𝑢𝑢 cos𝑣𝑣 , 𝑓𝑓2(𝜃𝜃) cos𝑢𝑢 sin𝑣𝑣 ,𝑓𝑓2(𝜃𝜃) sin𝑢𝑢).           (24)

𝑀𝑀3

𝑀𝑀3

𝑎𝑎1 = 𝑓𝑓1′2(𝑓𝑓1′𝑓𝑓2′′ − 𝑓𝑓1′′𝑓𝑓2′)
𝑓𝑓22(𝑓𝑓1′𝑓𝑓2 − 𝑓𝑓1𝑓𝑓2′)5

                                                                                (25)
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𝑀𝑀3

𝜃𝜃

𝜁𝜁 = 1

√𝑓𝑓1′
2+𝑓𝑓2′

2
(−𝑓𝑓2′, 𝑓𝑓1′ cos𝑢𝑢 cos 𝑣𝑣 , 𝑓𝑓1′ cos𝑢𝑢 sin 𝑣𝑣 , 𝑓𝑓1′ sin𝑢𝑢)

𝑑𝑑 = 𝑓𝑓1′𝑓𝑓2 − 𝑓𝑓1𝑓𝑓2′

√𝑓𝑓1′
2 + 𝑓𝑓2′

2
.

𝐾𝐾 = 𝑓𝑓1′2(𝑓𝑓1′𝑓𝑓2′′ − 𝑓𝑓1′′𝑓𝑓2′)

𝑓𝑓22 (√𝑓𝑓1′
2 + 𝑓𝑓2′

2)
5 .

𝑆𝑆1(𝑟𝑟) 𝑀𝑀1

𝑓𝑓(𝜃𝜃) = (𝑟𝑟 cos𝜃𝜃 , 𝑟𝑟 sin 𝜃𝜃)

𝑋𝑋: 𝑆𝑆1(𝑟𝑟) × 𝑆𝑆2(1) → 𝔼𝔼4

𝑋𝑋(𝜃𝜃,𝑢𝑢, 𝑣𝑣) = (𝑟𝑟 cos𝜃𝜃 , 𝑟𝑟 sin𝜃𝜃 cos𝑢𝑢 cos𝑣𝑣 , 𝑟𝑟 sin𝜃𝜃 cos𝑢𝑢 sin 𝑣𝑣 , 𝑟𝑟 sin𝜃𝜃 sin𝑢𝑢).  (26)

𝑎𝑎1 = −1
𝑟𝑟8 .

𝑓𝑓(𝜃𝜃) = (cosh𝜃𝜃 , sinh 𝜃𝜃) 𝑀𝑀1

𝑋𝑋:𝑀𝑀1 × 𝑆𝑆2(1) → 𝔼𝔼4,

𝑋𝑋(𝜃𝜃,𝑢𝑢, 𝑣𝑣) = (cosh𝜃𝜃 , sinh𝜃𝜃 cos𝑢𝑢 cos𝑣𝑣 , sinh𝜃𝜃 cos𝑢𝑢 sin𝑣𝑣 , sinh𝜃𝜃 sin𝑢𝑢)
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𝑀𝑀3

𝜃𝜃

𝜁𝜁 = 1

√𝑓𝑓1′
2+𝑓𝑓2′

2
(−𝑓𝑓2′, 𝑓𝑓1′ cos𝑢𝑢 cos 𝑣𝑣 , 𝑓𝑓1′ cos𝑢𝑢 sin 𝑣𝑣 , 𝑓𝑓1′ sin𝑢𝑢)

𝑑𝑑 = 𝑓𝑓1′𝑓𝑓2 − 𝑓𝑓1𝑓𝑓2′

√𝑓𝑓1′
2 + 𝑓𝑓2′

2
.

𝐾𝐾 = 𝑓𝑓1′2(𝑓𝑓1′𝑓𝑓2′′ − 𝑓𝑓1′′𝑓𝑓2′)

𝑓𝑓22 (√𝑓𝑓1′
2 + 𝑓𝑓2′

2)
5 .

𝑆𝑆1(𝑟𝑟) 𝑀𝑀1

𝑓𝑓(𝜃𝜃) = (𝑟𝑟 cos𝜃𝜃 , 𝑟𝑟 sin 𝜃𝜃)

𝑋𝑋: 𝑆𝑆1(𝑟𝑟) × 𝑆𝑆2(1) → 𝔼𝔼4

𝑋𝑋(𝜃𝜃,𝑢𝑢, 𝑣𝑣) = (𝑟𝑟 cos𝜃𝜃 , 𝑟𝑟 sin𝜃𝜃 cos𝑢𝑢 cos𝑣𝑣 , 𝑟𝑟 sin𝜃𝜃 cos𝑢𝑢 sin 𝑣𝑣 , 𝑟𝑟 sin𝜃𝜃 sin𝑢𝑢).  (26)

𝑎𝑎1 = −1
𝑟𝑟8 .

𝑓𝑓(𝜃𝜃) = (cosh𝜃𝜃 , sinh 𝜃𝜃) 𝑀𝑀1

𝑋𝑋:𝑀𝑀1 × 𝑆𝑆2(1) → 𝔼𝔼4,

𝑋𝑋(𝜃𝜃,𝑢𝑢, 𝑣𝑣) = (cosh𝜃𝜃 , sinh𝜃𝜃 cos𝑢𝑢 cos𝑣𝑣 , sinh𝜃𝜃 cos𝑢𝑢 sin𝑣𝑣 , sinh𝜃𝜃 sin𝑢𝑢)

𝑎𝑎1 = 1.

𝑀𝑀3

𝑀𝑀3 𝜑𝜑(𝑢𝑢) =
𝑐𝑐
𝑢𝑢3

𝜁𝜁 = 1

√1+𝜑𝜑′2
(𝜑𝜑′ cos 𝑣𝑣 cos𝑤𝑤 ,𝜑𝜑′ sin 𝑣𝑣 cos𝑤𝑤 ,𝜑𝜑′ sin𝑤𝑤 ,−1)

𝑑𝑑 = 𝑢𝑢𝜑𝜑′ − 𝜑𝜑

√1 + 𝜑𝜑′2
  .

𝐾𝐾 = −𝜑𝜑′2𝜑𝜑′′

𝑢𝑢2(1 + 𝜑𝜑′2)
5
2

𝑎𝑎1 = −𝜑𝜑′2𝜑𝜑′′

𝑢𝑢2(𝑢𝑢𝜑𝜑′ − 𝜑𝜑)5                                                                                         (27)

𝑎𝑎1

( −𝜑𝜑′2𝜑𝜑′′

𝑢𝑢2(𝑢𝑢𝜑𝜑′ − 𝜑𝜑)5)
′

= 0.                                                                                   (28)
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𝑢𝑢𝜑𝜑′(𝑢𝑢𝜑𝜑′ − 𝜑𝜑)4(−2𝑢𝑢2𝜑𝜑′𝜑𝜑′′2 − 𝑢𝑢2𝜑𝜑′2𝜑𝜑′′′ + 2𝑢𝑢𝑢𝑢𝜑𝜑′′2 + 𝑢𝑢𝑢𝑢𝜑𝜑′𝜑𝜑′′′

+ 2𝑢𝑢𝜑𝜑′2𝜑𝜑′′ − 2𝜑𝜑𝜑𝜑′𝜑𝜑′′ + 5𝑢𝑢2𝜑𝜑′𝜑𝜑′′2) = 0.               (29)

(𝑢𝑢𝜑𝜑′ − 𝜑𝜑)
𝑎𝑎1 ≠ 0 𝜑𝜑′

−2𝑢𝑢2𝜑𝜑′𝜑𝜑′′2 − 𝑢𝑢2𝜑𝜑′2𝜑𝜑′′′ + 2𝑢𝑢𝑢𝑢𝜑𝜑′′2 + 𝑢𝑢𝑢𝑢𝜑𝜑′𝜑𝜑′′′ + 2𝑢𝑢𝜑𝜑′2𝜑𝜑′′

− 2𝜑𝜑𝜑𝜑′𝜑𝜑′′ + 5𝑢𝑢2𝜑𝜑′𝜑𝜑′′2

3𝑢𝑢2𝜑𝜑′𝜑𝜑′′ + 2𝑢𝑢𝑢𝑢𝜑𝜑′′ + 2𝑢𝑢𝜑𝜑′2 − 2𝜑𝜑𝜑𝜑′ = 0 ∧  𝜑𝜑′′′ = 0                         (30)

𝜑𝜑′′′ = 0
4𝜑𝜑′ + 𝑢𝑢𝜑𝜑′′ = 0
𝜑𝜑(𝑢𝑢) = 𝑐𝑐

𝑢𝑢3

𝑀𝑀
𝜑𝜑(𝑢𝑢) = 𝑐𝑐

𝑢𝑢3.
𝑎𝑎1 = 27

256𝑐𝑐2.

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = (𝑢𝑢, 𝑣𝑣,𝑤𝑤, 𝑓𝑓1(𝑢𝑢). 𝑓𝑓2(𝑣𝑣). 𝑓𝑓3(𝑤𝑤))

𝑎𝑎1 = 𝑓𝑓1𝑓𝑓2𝑓𝑓3(𝑓𝑓1𝑓𝑓1′′𝑓𝑓2′
2𝑓𝑓3′

2+𝑓𝑓1′
2𝑓𝑓2𝑓𝑓2′′𝑓𝑓3′

2+𝑓𝑓1′
2𝑓𝑓2′

2𝑓𝑓3𝑓𝑓3′′−2(𝑓𝑓1′𝑓𝑓2′𝑓𝑓3′)
2−𝑓𝑓1𝑓𝑓1′′𝑓𝑓2𝑓𝑓2′′𝑓𝑓3𝑓𝑓3′′)

(𝑢𝑢𝑓𝑓1′𝑓𝑓2𝑓𝑓3+𝑣𝑣𝑓𝑓1𝑓𝑓2′𝑓𝑓3+𝑤𝑤𝑓𝑓1𝑓𝑓2𝑓𝑓3
′−𝑓𝑓1𝑓𝑓2𝑓𝑓3)

5
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𝑢𝑢𝜑𝜑′(𝑢𝑢𝜑𝜑′ − 𝜑𝜑)4(−2𝑢𝑢2𝜑𝜑′𝜑𝜑′′2 − 𝑢𝑢2𝜑𝜑′2𝜑𝜑′′′ + 2𝑢𝑢𝑢𝑢𝜑𝜑′′2 + 𝑢𝑢𝑢𝑢𝜑𝜑′𝜑𝜑′′′

+ 2𝑢𝑢𝜑𝜑′2𝜑𝜑′′ − 2𝜑𝜑𝜑𝜑′𝜑𝜑′′ + 5𝑢𝑢2𝜑𝜑′𝜑𝜑′′2) = 0.               (29)

(𝑢𝑢𝜑𝜑′ − 𝜑𝜑)
𝑎𝑎1 ≠ 0 𝜑𝜑′

−2𝑢𝑢2𝜑𝜑′𝜑𝜑′′2 − 𝑢𝑢2𝜑𝜑′2𝜑𝜑′′′ + 2𝑢𝑢𝑢𝑢𝜑𝜑′′2 + 𝑢𝑢𝑢𝑢𝜑𝜑′𝜑𝜑′′′ + 2𝑢𝑢𝜑𝜑′2𝜑𝜑′′

− 2𝜑𝜑𝜑𝜑′𝜑𝜑′′ + 5𝑢𝑢2𝜑𝜑′𝜑𝜑′′2

3𝑢𝑢2𝜑𝜑′𝜑𝜑′′ + 2𝑢𝑢𝑢𝑢𝜑𝜑′′ + 2𝑢𝑢𝜑𝜑′2 − 2𝜑𝜑𝜑𝜑′ = 0 ∧  𝜑𝜑′′′ = 0                         (30)

𝜑𝜑′′′ = 0
4𝜑𝜑′ + 𝑢𝑢𝜑𝜑′′ = 0
𝜑𝜑(𝑢𝑢) = 𝑐𝑐

𝑢𝑢3

𝑀𝑀
𝜑𝜑(𝑢𝑢) = 𝑐𝑐

𝑢𝑢3.
𝑎𝑎1 = 27

256𝑐𝑐2.

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = (𝑢𝑢, 𝑣𝑣,𝑤𝑤, 𝑓𝑓1(𝑢𝑢). 𝑓𝑓2(𝑣𝑣). 𝑓𝑓3(𝑤𝑤))

𝑎𝑎1 = 𝑓𝑓1𝑓𝑓2𝑓𝑓3(𝑓𝑓1𝑓𝑓1′′𝑓𝑓2′
2𝑓𝑓3′

2+𝑓𝑓1′
2𝑓𝑓2𝑓𝑓2′′𝑓𝑓3′

2+𝑓𝑓1′
2𝑓𝑓2′

2𝑓𝑓3𝑓𝑓3′′−2(𝑓𝑓1′𝑓𝑓2′𝑓𝑓3′)
2−𝑓𝑓1𝑓𝑓1′′𝑓𝑓2𝑓𝑓2′′𝑓𝑓3𝑓𝑓3′′)

(𝑢𝑢𝑓𝑓1′𝑓𝑓2𝑓𝑓3+𝑣𝑣𝑓𝑓1𝑓𝑓2′𝑓𝑓3+𝑤𝑤𝑓𝑓1𝑓𝑓2𝑓𝑓3
′−𝑓𝑓1𝑓𝑓2𝑓𝑓3)

5

𝜁𝜁 = 1
√1 + (𝑓𝑓1′𝑓𝑓2𝑓𝑓3)2 + (𝑓𝑓1𝑓𝑓2′𝑓𝑓3)2 + (𝑓𝑓1𝑓𝑓2𝑓𝑓3′)2

(𝑓𝑓1′𝑓𝑓2𝑓𝑓3,𝑓𝑓1𝑓𝑓2′𝑓𝑓3,𝑓𝑓1𝑓𝑓2𝑓𝑓3′,−1).

𝑑𝑑 = 𝑢𝑢𝑓𝑓1′𝑓𝑓2𝑓𝑓3 + 𝑣𝑣𝑓𝑓1𝑓𝑓2′𝑓𝑓3 + 𝑤𝑤𝑓𝑓1𝑓𝑓2𝑓𝑓3′ − 𝑓𝑓1𝑓𝑓2𝑓𝑓3
√1 + (𝑓𝑓1′𝑓𝑓2𝑓𝑓3)

2 + (𝑓𝑓1𝑓𝑓2′𝑓𝑓3)
2 + (𝑓𝑓1𝑓𝑓2𝑓𝑓3′)

2
 .

𝐾𝐾 =
𝑓𝑓1𝑓𝑓2𝑓𝑓3 (𝑓𝑓1𝑓𝑓1′′𝑓𝑓2′

2𝑓𝑓3′
2 + 𝑓𝑓1′

2𝑓𝑓2𝑓𝑓2′′𝑓𝑓3′
2 + 𝑓𝑓1′

2𝑓𝑓2′
2𝑓𝑓3𝑓𝑓3′′ − 2(𝑓𝑓1′𝑓𝑓2′𝑓𝑓3′)2 − 𝑓𝑓1𝑓𝑓1′′𝑓𝑓2𝑓𝑓2′′𝑓𝑓3𝑓𝑓3′′)

(1 + (𝑓𝑓1′𝑓𝑓2𝑓𝑓3)2 + (𝑓𝑓1𝑓𝑓2′𝑓𝑓3)2 + (𝑓𝑓1𝑓𝑓2𝑓𝑓3′)2)5 2⁄

𝑋𝑋(𝑢𝑢, 𝑣𝑣,𝑤𝑤) = (𝑢𝑢, 𝑣𝑣,𝑤𝑤, 1
𝑢𝑢.𝑣𝑣.𝑤𝑤) 𝔼𝔼4

𝑎𝑎1 = 1
256.
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Chapter 6
ON QUATERNIONS AND THEIR MATRICE 

REPRESENTATIONS WITH COMPLEX MATRICES* 

Ali Atasoy 1

* Note: This study is derived from a section of the doctoral thesis titled “Quaternions and Some 
Applications of Quaternionic Functions” by the author Ali ATASOY (YÖK thesis no: 337862; Dum-
lupınar University-2013, https://acikbilim.yok.gov.tr/handle/20.500.12812/609977, Supervisor: Doç. 
Dr. Erhan Ata).
1 Dr. Asst. Prof., Kırıkkale University, Keskin Vocational School, Kırıkkale, Türkiye, https://orcid.
org/0000-0002-1894-7695
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𝐼𝐼𝐼𝐼
𝐼𝐼𝐼𝐼 𝐼𝐼𝐼𝐼 𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑 ∈ 𝐼𝐼𝐼𝐼

𝐼𝐼𝐼𝐼

𝑞𝑞 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑 ∈ 𝐼𝐼𝐼𝐼

𝑖𝑖2 = 𝑗𝑗2 = 𝑘𝑘2 = −1 , 𝑖𝑖𝑖𝑖𝑖𝑖 = −1

𝑞𝑞

𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑎𝑎



 . 85International Academic Studies in Science and Mathematics

𝐼𝐼𝐼𝐼
𝐼𝐼𝐼𝐼 𝐼𝐼𝐼𝐼 𝑎𝑎, 𝑏𝑏, 𝑐𝑐, 𝑑𝑑 ∈ 𝐼𝐼𝐼𝐼

𝐼𝐼𝐼𝐼

𝑞𝑞 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑 ∈ 𝐼𝐼𝐼𝐼

𝑖𝑖2 = 𝑗𝑗2 = 𝑘𝑘2 = −1 , 𝑖𝑖𝑖𝑖𝑖𝑖 = −1

𝑞𝑞

𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑎𝑎

𝐼𝐼𝐼𝐼𝐼𝐼 = 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑

𝑞𝑞

𝑞̅𝑞 = 𝑞𝑞∗ = 𝑎𝑎 − 𝑏𝑏𝑏𝑏 − 𝑐𝑐𝑐𝑐 − 𝑑𝑑𝑑𝑑

|𝑞𝑞| = √𝑞𝑞∗𝑞𝑞 = √𝑎𝑎2 + 𝑏𝑏2 + 𝑐𝑐2 + 𝑑𝑑2

|𝑞𝑞| = 1 𝑞𝑞

4𝑥𝑥4

𝑞𝑞 = 𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐 + 𝑑𝑑𝑑𝑑

𝑞𝑞 = (
𝑎𝑎 −𝑏𝑏 −𝑐𝑐 −𝑑𝑑
𝑏𝑏 𝑎𝑎 −𝑑𝑑 𝑐𝑐
𝑐𝑐 𝑑𝑑 𝑎𝑎 −𝑏𝑏
𝑑𝑑 −𝑐𝑐 𝑏𝑏 𝑎𝑎

)

𝑥𝑥, 𝑦𝑦, 𝑧𝑧 ∈ 𝐼𝐼𝐼𝐼

𝑥𝑥∗𝑥𝑥 = 𝑥𝑥𝑥𝑥∗ |𝑥𝑥| = |𝑥𝑥∗|

|𝑥𝑥| = 0 ⟺ 𝑥𝑥 = 0

|𝑥𝑥 + 𝑦𝑦| ≤ |𝑥𝑥| + |𝑦𝑦|

|𝑥𝑥𝑥𝑥| = |𝑦𝑦𝑦𝑦| = |𝑥𝑥||𝑦𝑦|
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|𝑥𝑥|2 + |𝑦𝑦|2 = 1
2 (|𝑥𝑥 + 𝑦𝑦|2 + |𝑥𝑥 − 𝑦𝑦|2)

𝑢𝑢 = 𝑥𝑥
|𝑥𝑥|

𝑐𝑐 𝑗𝑗𝑗𝑗 = 𝑐𝑐̅𝑗𝑗 𝑗𝑗𝑗𝑗𝑗𝑗∗ = 𝑐𝑐̅

(𝑥𝑥𝑥𝑥)∗ = 𝑦𝑦∗𝑥𝑥∗

(𝑥𝑥𝑥𝑥)𝑧𝑧 = 𝑥𝑥(𝑦𝑦𝑦𝑦)
𝑥𝑥∗ = 𝑥𝑥 ⟺ 𝑥𝑥 ∈ 𝐼𝐼𝐼𝐼

 𝑥𝑥 ∈ 𝐼𝐼𝐼𝐼

𝑎𝑎𝑎𝑎 = 𝑥𝑥𝑥𝑥 ⟺ 𝑥𝑥 ∈ 𝐼𝐼𝐼𝐼

𝑥𝑥−1 = 𝑥𝑥∗

|𝑥𝑥|2  𝑥𝑥 ≠ 0 |𝑥𝑥−1| = 1
|𝑥𝑥|

𝑞𝑞 𝑞𝑞 = 𝑐𝑐1 + 𝑐𝑐2𝑗𝑗 𝑐𝑐1, 𝑐𝑐2 ∈ ℂ

𝑐𝑐 = 𝑥𝑥 + 𝑖𝑖𝑖𝑖 ∈ ℂ  𝑥𝑥, 𝑦𝑦 ∈ 𝐼𝐼𝐼𝐼

𝑗𝑗𝑗𝑗 = 𝑗𝑗(𝑥𝑥 + 𝑖𝑖𝑖𝑖) = 𝑗𝑗𝑗𝑗 − 𝑘𝑘𝑘𝑘
𝑐𝑐̅𝑗𝑗 = (𝑥𝑥 − 𝑖𝑖𝑖𝑖)𝑗𝑗 = 𝑥𝑥𝑥𝑥 − 𝑘𝑘𝑘𝑘}

𝑗𝑗𝑗𝑗𝑗𝑗∗ = 𝑗𝑗(𝑥𝑥 + 𝑖𝑖𝑖𝑖)(−𝑗𝑗) = (𝑗𝑗𝑗𝑗 − 𝑘𝑘𝑘𝑘)(−𝑗𝑗) = 𝑥𝑥 − 𝑖𝑖𝑖𝑖 = 𝑐𝑐̅.

𝑥𝑥 = 𝑥𝑥0 + 𝑥𝑥1𝑖𝑖 + 𝑥𝑥2𝑗𝑗 + 𝑥𝑥3𝑘𝑘 𝑦𝑦 = 𝑦𝑦0 + 𝑦𝑦1𝑖𝑖 + 𝑦𝑦2𝑗𝑗 + 𝑦𝑦3𝑘𝑘

𝑥𝑥∗ = 𝑥𝑥0 − 𝑥𝑥1𝑖𝑖 − 𝑥𝑥2𝑗𝑗 − 𝑥𝑥3𝑘𝑘
𝑦𝑦∗ = 𝑦𝑦0 − 𝑦𝑦1𝑖𝑖 − 𝑦𝑦2𝑗𝑗 − 𝑦𝑦3𝑘𝑘}

𝑥𝑥. 𝑦𝑦 = (𝑥𝑥0𝑦𝑦0 − 𝑥𝑥1𝑦𝑦1 − 𝑥𝑥2𝑦𝑦2 − 𝑥𝑥3𝑦𝑦3) + (𝑥𝑥0𝑦𝑦1 + 𝑥𝑥1𝑦𝑦0 + 𝑥𝑥2𝑦𝑦3 − 𝑥𝑥3𝑦𝑦2)𝑖𝑖
+ (𝑥𝑥0𝑦𝑦2 − 𝑥𝑥1𝑦𝑦3 + 𝑥𝑥2𝑦𝑦0 + 𝑥𝑥3𝑦𝑦1)𝑗𝑗
+ (𝑥𝑥0𝑦𝑦3 + 𝑥𝑥1𝑦𝑦2 − 𝑥𝑥2𝑦𝑦1 + 𝑥𝑥3𝑦𝑦0)𝑘𝑘
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𝑦𝑦∗. 𝑥𝑥∗ = (𝑥𝑥0𝑦𝑦0 − 𝑥𝑥1𝑦𝑦1 − 𝑥𝑥2𝑦𝑦2 − 𝑥𝑥3𝑦𝑦3)
− (𝑥𝑥0𝑦𝑦1 + 𝑥𝑥1𝑦𝑦0 + 𝑥𝑥2𝑦𝑦3 − 𝑥𝑥3𝑦𝑦2)𝑖𝑖
− (𝑥𝑥0𝑦𝑦2 − 𝑥𝑥1𝑦𝑦3 + 𝑥𝑥2𝑦𝑦0 + 𝑥𝑥3𝑦𝑦1)𝑗𝑗
− (𝑥𝑥0𝑦𝑦3 + 𝑥𝑥1𝑦𝑦2 − 𝑥𝑥2𝑦𝑦1 + 𝑥𝑥3𝑦𝑦0)𝑘𝑘

(𝑥𝑥. 𝑦𝑦)∗ = 𝑦𝑦∗. 𝑥𝑥∗.

𝑥𝑥∗𝑥𝑥 = |𝑥𝑥|2

𝑥𝑥∗ 𝑥𝑥𝑥𝑥−1⏟  
𝐼𝐼

= |𝑥𝑥|2𝑥𝑥−1

𝑥𝑥∗ = |𝑥𝑥|2𝑥𝑥−1 ⇒ 𝑥𝑥−1 = 𝑥𝑥∗
|𝑥𝑥|2

|𝑥𝑥−1| = |𝑥𝑥∗|
||𝑥𝑥|2| =

1
|𝑥𝑥|

𝑞𝑞

𝑞𝑞 = 𝑞𝑞1 + 𝑞𝑞2𝑖𝑖 + 𝑞𝑞3𝑗𝑗 + 𝑞𝑞4𝑘𝑘 = (𝑞𝑞1 + 𝑞𝑞2𝑖𝑖)⏟      
𝑐𝑐1

+ (𝑞𝑞3 + 𝑞𝑞4𝑖𝑖)⏟      
𝑐𝑐2

𝑗𝑗

= 𝑐𝑐1 + 𝑐𝑐2𝑗𝑗 ; (𝑐𝑐1, 𝑐𝑐2 ∈ ℂ)

𝑥𝑥, 𝑦𝑦, 𝑢𝑢 ∈ 𝐼𝐼𝐼𝐼

𝑢𝑢−1𝑥𝑥𝑥𝑥 = 𝑦𝑦

𝑥𝑥 𝑦𝑦 𝑥𝑥~𝑦𝑦
𝑥𝑥 𝑦𝑦

𝑥𝑥~𝑦𝑦 ⟹ 𝑢𝑢−1𝑥𝑥𝑥𝑥 = 𝑦𝑦 ⟹ |𝑢𝑢−1||𝑥𝑥||𝑢𝑢| = |𝑦𝑦| ⟹ |𝑥𝑥| = |𝑦𝑦|

[𝑥𝑥] 𝑥𝑥
𝑦𝑦 ∈ [𝑥𝑥] 𝑥𝑥 𝑦𝑦 𝑥𝑥 ∈ 𝐼𝐼𝐼𝐼
[𝑥𝑥] 𝑥𝑥 𝑥𝑥~𝑥𝑥∗
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𝑞𝑞 = 𝑞𝑞0 + 𝑞𝑞1𝑖𝑖 + 𝑞𝑞2𝑗𝑗 + 𝑞𝑞3𝑘𝑘 ∈ 𝐼𝐼𝐼𝐼

𝑞𝑞~(𝑞𝑞0 + √𝑞𝑞12 + 𝑞𝑞22 + 𝑞𝑞32𝑖𝑖) 

𝑥𝑥, 𝑦𝑦 ∈ 𝐼𝐼𝐼𝐼

𝑥𝑥~𝑦𝑦 ⟺ 𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑅𝑅𝑅𝑅𝑅𝑅 |𝐼𝐼𝐼𝐼𝐼𝐼| = |𝐼𝐼𝐼𝐼𝐼𝐼|

𝑀𝑀2(ℂ) 2 × 2 
𝐻𝐻′ ⊂ 𝑀𝑀2(ℂ)

𝐻𝐻′ = {(     𝑎𝑎1 𝑎𝑎2
−𝑎𝑎2̅̅ ̅ 𝑎𝑎1̅̅ ̅) : 𝑎𝑎1, 𝑎𝑎2 ∈ ℂ}

𝐼𝐼𝐼𝐼 {1, 𝑗𝑗} 𝐼𝐼𝐼𝐼

𝜇𝜇: 𝐼𝐼𝐼𝐼 → 𝐼𝐼𝐻𝐻′ ;  𝜇𝜇(𝑞𝑞) = 𝜇𝜇(𝑎𝑎1 + 𝑎𝑎2𝑗𝑗) = (
    𝑎𝑎1 𝑎𝑎2
−𝑎𝑎2̅̅ ̅ 𝑎𝑎1̅̅ ̅) = 𝑞𝑞

′

𝐼𝐼𝐼𝐼 ≈ 𝐼𝐼𝐻𝐻′ |𝑞𝑞|2 =
𝑑𝑑𝑑𝑑𝑑𝑑𝑞𝑞′ 𝑞𝑞′ 𝑅𝑅𝑅𝑅𝑅𝑅 ± |𝐼𝐼𝐼𝐼𝐼𝐼|𝑖𝑖 𝑞𝑞′

𝑞𝑞′𝑣𝑣 = 𝜆𝜆𝜆𝜆 ⟹ (𝑞𝑞′ − 𝜆𝜆𝜆𝜆)𝑣𝑣 = 0 ⟹ |𝑞𝑞′ − 𝜆𝜆𝜆𝜆| = 0 ⟹ |𝑎𝑎1 − 𝜆𝜆 𝑎𝑎2
−𝑎𝑎2̅̅ ̅ 𝑎𝑎1̅̅ ̅ − 𝜆𝜆

|

= 0 ⟹ 𝜆𝜆2 − (𝑎𝑎1 + 𝑎𝑎1̅̅ ̅⏟    
𝑡𝑡𝑡𝑡𝑞𝑞′

) 𝜆𝜆 + |𝑎𝑎1|2 + |𝑎𝑎2|2⏟        
𝑑𝑑𝑑𝑑𝑑𝑑𝑞𝑞′

= 0

𝜆𝜆 =
𝑅𝑅𝑅𝑅𝑅𝑅 ± |𝐼𝐼𝐼𝐼𝐼𝐼|𝑖𝑖

𝑄𝑄 𝑞𝑞 = 𝑑𝑑 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑑𝑑𝑑𝑑 ∈
𝑄𝑄 {1, 𝑖𝑖, 𝑗𝑗, 𝑘𝑘} 𝑖𝑖2 = −1, 𝑗𝑗2 =
𝑘𝑘2 = 1, 𝑖𝑖𝑖𝑖 = 𝑘𝑘, 𝑗𝑗𝑗𝑗 = −𝑖𝑖 𝑘𝑘𝑘𝑘 = 𝑗𝑗 𝑝𝑝, 𝑞𝑞 ∈ 𝑄𝑄
𝑇𝑇𝑞𝑞 𝑄𝑄 𝑇𝑇𝑞𝑞(𝑝𝑝) = 𝑞𝑞𝑞𝑞 𝑇𝑇𝑞𝑞
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𝑇𝑇𝑞𝑞(1) = 𝑞𝑞. 1 = 𝑑𝑑 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑑𝑑𝑑𝑑
𝑇𝑇𝑞𝑞(𝑖𝑖) = 𝑞𝑞. 𝑖𝑖 = 𝑑𝑑𝑑𝑑 − 𝑎𝑎 − 𝑏𝑏𝑏𝑏 + 𝑐𝑐𝑐𝑐 
𝑇𝑇𝑞𝑞(𝑗𝑗) = 𝑞𝑞. 𝑗𝑗 = 𝑑𝑑𝑑𝑑 + 𝑎𝑎𝑎𝑎 + 𝑏𝑏 + 𝑐𝑐𝑐𝑐
𝑇𝑇𝑞𝑞(𝑘𝑘) = 𝑞𝑞. 𝑘𝑘 = 𝑑𝑑𝑑𝑑 − 𝑎𝑎𝑎𝑎 − 𝑏𝑏𝑏𝑏 − 𝑐𝑐𝑐𝑐

𝑇𝑇𝑞𝑞 

𝑇𝑇𝑞𝑞 ≡ [
𝑑𝑑 𝑎𝑎 𝑏𝑏 𝑐𝑐
−𝑎𝑎 𝑑𝑑 𝑐𝑐 −𝑏𝑏
𝑏𝑏 𝑐𝑐 𝑑𝑑 𝑎𝑎
𝑐𝑐 −𝑏𝑏 −𝑎𝑎 𝑑𝑑

]

{1, 𝑗𝑗} 𝑞𝑞 = 𝑑𝑑 +
𝑎𝑎𝑎𝑎 + 𝑏𝑏𝑏𝑏 + 𝑑𝑑𝑑𝑑

𝑞𝑞 = (𝑑𝑑 + 𝑎𝑎𝑎𝑎⏟  
𝑤𝑤
) + 𝑗𝑗(𝑏𝑏 − 𝑖𝑖𝑖𝑖⏟  

𝑣𝑣
)

{
𝑇𝑇𝑞𝑞(1) = 𝑞𝑞. 1 = 𝑤𝑤 + 𝑣𝑣𝑣𝑣
𝑇𝑇𝑞𝑞(𝑗𝑗) = 𝑞𝑞. 𝑗𝑗 = 𝑣𝑣 + 𝑤𝑤𝑤𝑤

𝑤𝑤 = 𝑑𝑑 + 𝑎𝑎𝑎𝑎 𝑣𝑣 = 𝑏𝑏 − 𝑖𝑖𝑖𝑖 𝑇𝑇𝑞𝑞 

𝑇𝑇𝑞𝑞 ≡ [
𝑤𝑤 𝑣𝑣
𝑣𝑣 𝑤𝑤]

𝑚𝑚 × 𝑛𝑛
𝑀𝑀𝑚𝑚×𝑛𝑛(𝐼𝐼𝐼𝐼) 𝑚𝑚 = 𝑛𝑛 𝑀𝑀𝑛𝑛(𝐼𝐼𝐼𝐼)

𝐴𝐴 = (𝑎𝑎𝑠𝑠𝑠𝑠) ∈ 𝑀𝑀𝑚𝑚×𝑛𝑛(𝐼𝐼𝐼𝐼) 𝑞𝑞 ∈ 𝐼𝐼𝐼𝐼
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𝑞𝑞𝑞𝑞 = (𝑞𝑞𝑎𝑎𝑠𝑠𝑠𝑠)  𝐴𝐴𝐴𝐴 = (𝑎𝑎𝑠𝑠𝑠𝑠𝑞𝑞)

𝐴𝐴 ∈ 𝑀𝑀𝑚𝑚×𝑛𝑛(𝐼𝐼𝐼𝐼) 𝐵𝐵 ∈ 𝑀𝑀𝑛𝑛×𝑡𝑡(𝐼𝐼𝐼𝐼) 𝑝𝑝, 𝑞𝑞 ∈ 𝐼𝐼𝐼𝐼

(𝑞𝑞𝑞𝑞)𝐵𝐵 = 𝑞𝑞(𝐴𝐴𝐴𝐴)

(𝐴𝐴𝐴𝐴)𝐵𝐵 = 𝐴𝐴(𝑞𝑞𝑞𝑞)

(𝑝𝑝𝑝𝑝)𝐴𝐴 = 𝑝𝑝(𝑞𝑞𝑞𝑞).

𝑀𝑀𝑚𝑚×𝑛𝑛(𝐼𝐼𝐼𝐼) 
𝐼𝐼𝐼𝐼

𝐴𝐴 𝐴̅𝐴 𝐴̅𝐴 = (𝑎𝑎𝑠𝑠𝑠𝑠)̅̅ ̅̅ ̅̅ ̅ =
(𝑎𝑎𝑠𝑠𝑠𝑠

∗) 𝐴𝐴 𝐴𝐴𝑇𝑇 𝐴𝐴𝑇𝑇 = (𝑎𝑎𝑡𝑡𝑡𝑡) ∈
𝑀𝑀𝑛𝑛×𝑚𝑚(𝐼𝐼𝐼𝐼) 𝐴𝐴 𝐴𝐴∗ 𝐴𝐴∗ =
(𝐴̅𝐴)𝑇𝑇 ∈ 𝑀𝑀𝑛𝑛×𝑚𝑚(𝐼𝐼𝐼𝐼)

𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(𝐼𝐼𝐼𝐼) 𝐴𝐴𝐴𝐴∗ = 𝐴𝐴∗𝐴𝐴
𝐴𝐴 𝐴𝐴∗ = 𝐴𝐴 𝐴𝐴 𝐴𝐴∗𝐴𝐴 = 𝐼𝐼

𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(𝐼𝐼𝐼𝐼) 𝐵𝐵 ∈
𝑀𝑀𝑛𝑛(𝐼𝐼𝐼𝐼) 𝐴𝐴𝐴𝐴 = 𝐵𝐵𝐵𝐵 = 𝐼𝐼

𝐴𝐴 ∈ 𝑀𝑀𝑚𝑚×𝑛𝑛(𝐼𝐼𝐼𝐼) 𝐵𝐵 ∈ 𝑀𝑀𝑛𝑛×𝑡𝑡(𝐼𝐼𝐼𝐼)
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(𝐴̅𝐴)𝑇𝑇 = (𝐴𝐴𝑇𝑇̅̅̅̅ )

(𝐴𝐴𝐴𝐴)∗ = 𝐵𝐵∗𝐴𝐴∗

(𝐴𝐴𝐴𝐴)𝑇𝑇 ≠ 𝐵𝐵𝑇𝑇𝐴𝐴𝑇𝑇

(𝐴𝐴𝐴𝐴)−1 = 𝐵𝐵−1𝐴𝐴−1

(𝐴𝐴𝐴𝐴̅̅ ̅̅ ) ≠ 𝐴̅𝐴𝐵̅𝐵

(𝐴𝐴∗)−1 = (𝐴𝐴−1)∗

(𝐴̅𝐴)−1 ≠ (𝐴𝐴−1̅̅ ̅̅ ̅̅ )

(𝐴𝐴𝑇𝑇)−1 ≠ (𝐴𝐴−1)𝑇𝑇

𝐴𝐴 = (𝑖𝑖 𝑘𝑘
0 𝑗𝑗 ). 𝐴𝐴. 𝐴𝐴−1 = 𝐼𝐼

(𝑖𝑖 𝑘𝑘
0 𝑗𝑗 ) . (𝑎𝑎 𝑏𝑏

𝑐𝑐 𝑑𝑑) = (1 0
0 1)

𝐴𝐴−1 = (−𝑖𝑖 −1
0 −𝑗𝑗)

(𝐴𝐴−1̅̅ ̅̅ ̅̅ ) = (𝑖𝑖 −1
0 𝑗𝑗 )

(𝐴𝐴−1̅̅ ̅̅ ̅̅ ) = (−𝑖𝑖 −𝑘𝑘
0 −𝑗𝑗 )

−1
= (𝑖𝑖 1

0 𝑗𝑗)

(𝐴̅𝐴)−1 ≠ (𝐴𝐴−1̅̅ ̅̅ ̅̅ )

𝐴𝐴 = (𝑖𝑖 𝑘𝑘
0 𝑗𝑗 )

(𝐴𝐴−1)𝑇𝑇 = (−𝑖𝑖 0
−1 −𝑗𝑗)
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(𝐴𝐴𝑇𝑇)−1 = ( 𝑖𝑖 0
𝑘𝑘 𝑗𝑗 )

−1
= (−𝑖𝑖 0

1 −𝑗𝑗)

(𝐴𝐴𝑇𝑇)−1 ≠ (𝐴𝐴−1)𝑇𝑇

𝐴𝐴, 𝐵𝐵 ∈ 𝑀𝑀𝑛𝑛(𝐼𝐼𝐼𝐼) 𝐴𝐴𝐴𝐴 = 𝐼𝐼 𝐵𝐵𝐵𝐵 = 𝐼𝐼

𝐴𝐴 = 𝐴𝐴1 +
𝐴𝐴2𝑗𝑗  𝐵𝐵 = 𝐵𝐵1 + 𝐵𝐵2𝑗𝑗 𝐴𝐴1, 𝐴𝐴2, 𝐵𝐵1 𝐵𝐵2 

𝐴𝐴𝐴𝐴 = 𝐼𝐼 ⟹ (𝐴𝐴1 + 𝐴𝐴2𝑗𝑗  )(𝐵𝐵1 + 𝐵𝐵2𝑗𝑗) = 𝐼𝐼
⟹ (𝐴𝐴1𝐵𝐵1 − 𝐴𝐴2𝐵𝐵2̅̅ ̅) + (𝐴𝐴1𝐵𝐵2 + 𝐴𝐴2𝐵𝐵1̅̅ ̅)𝑗𝑗 = 𝐼𝐼 + 0. 𝑗𝑗

( 𝐴𝐴1 𝐴𝐴2
−𝐴𝐴2̅̅ ̅ 𝐴𝐴1̅̅ ̅) ( 𝐵𝐵1 𝐵𝐵2

−𝐵𝐵2̅̅ ̅ 𝐵𝐵1̅̅ ̅) = (𝐼𝐼 0
0 𝐼𝐼 ̅) = (𝐼𝐼 0

0 𝐼𝐼).

( 𝐵𝐵1 𝐵𝐵2
−𝐵𝐵2̅̅ ̅ 𝐵𝐵1̅̅ ̅) ( 𝐴𝐴1 𝐴𝐴2

−𝐴𝐴2̅̅ ̅ 𝐴𝐴1̅̅ ̅) = (𝐼𝐼 0
0 𝐼𝐼).

𝐵𝐵1𝐴𝐴1 − 𝐵𝐵2𝐴𝐴2̅̅ ̅ = 𝐼𝐼  𝐵𝐵1𝐴𝐴2 +
𝐵𝐵2𝐴𝐴1̅̅ ̅ = 0

(𝐵𝐵1𝐴𝐴1 − 𝐵𝐵2𝐴𝐴2̅̅ ̅) + (𝐵𝐵1𝐴𝐴2 + 𝐵𝐵2𝐴𝐴1̅̅ ̅)𝑗𝑗 = 𝐼𝐼 ⟹ 𝐵𝐵𝐵𝐵 = 𝐼𝐼

𝐴𝐴 = 𝐴𝐴1 + 𝐴𝐴2𝑗𝑗 ∈ 𝑀𝑀𝑛𝑛(𝐼𝐼𝐼𝐼) 2𝑛𝑛 × 2𝑛𝑛
𝐴𝐴 𝜒𝜒𝐴𝐴

𝜒𝜒𝐴𝐴 = ( 𝐴𝐴1 𝐴𝐴2
−𝐴𝐴2̅̅ ̅ 𝐴𝐴1̅̅ ̅).

𝐴𝐴 𝐴𝐴 = 𝐴𝐴 + 0. 𝑗𝑗
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𝜒𝜒𝐴𝐴 = (𝐴𝐴 0
0 𝐴̅𝐴).

𝑞𝑞 = 𝑞𝑞0 + 𝑞𝑞1𝑖𝑖 + 𝑞𝑞2𝑗𝑗 + 𝑞𝑞3𝑘𝑘 = (𝑞𝑞0 +
𝑞𝑞1𝑖𝑖) + (𝑞𝑞2 + 𝑞𝑞3𝑖𝑖)𝑗𝑗 2 × 2 

𝑃𝑃 = (1 𝑞𝑞
0 1)

|𝑃𝑃| = 1

𝑃𝑃 = (1 𝑞𝑞0 + 𝑞𝑞1𝑖𝑖 + 𝑞𝑞2𝑗𝑗 + 𝑞𝑞3𝑘𝑘
0 1 ) = (1 𝑞𝑞0 + 𝑞𝑞1𝑖𝑖

0 1 )⏟        
𝐴𝐴1

+ (1 𝑞𝑞2 + 𝑞𝑞3𝑖𝑖
0 1 )⏟        

𝐴𝐴2

𝑗𝑗.

𝑃𝑃

𝜒𝜒𝑃𝑃 = (
𝐴𝐴1 𝐴𝐴2
−𝐴𝐴2̅̅ ̅ 𝐴𝐴1̅̅ ̅

) = (
1 𝑞𝑞0 + 𝑞𝑞1𝑖𝑖 0 𝑞𝑞2 + 𝑞𝑞3𝑖𝑖
0 1 0 0
0 −𝑞𝑞2 + 𝑞𝑞3𝑖𝑖 1 𝑞𝑞0 − 𝑞𝑞1𝑖𝑖
0 0 0 1

).

det(𝜒𝜒𝑃𝑃) = |𝜒𝜒𝑃𝑃| = 1

∝∈ 𝐼𝐼𝐼𝐼 𝐴𝐴 = (1 ∝
0 𝐵𝐵) |𝜒𝜒𝐴𝐴| =

|𝜒𝜒𝐵𝐵| 𝐵𝐵 = 𝐵𝐵1 + 𝐵𝐵2𝑗𝑗

𝐴𝐴 = (1 ∝
0 𝐵𝐵1 + 𝐵𝐵2𝑗𝑗) = (

1 ∝
0 𝐵𝐵1) + (

0 0
0 𝐵𝐵2) 𝑗𝑗 ⟹

|𝜒𝜒𝐴𝐴| = (
𝐴𝐴1 𝐴𝐴2
−𝐴𝐴2̅̅ ̅ 𝐴𝐴1̅̅ ̅

)

= (
1 ∝ 0 0
0 𝐵𝐵1 0 𝐵𝐵2
0 0 1 ∝
0 −𝐵𝐵2̅̅ ̅ 0 𝐵𝐵1̅̅ ̅

).

|𝜒𝜒𝐴𝐴| = |
𝐵𝐵1 0 𝐵𝐵2
0 1 ∝
−𝐵𝐵2̅̅ ̅ 0 𝐵𝐵1̅̅ ̅

| = 𝐵𝐵1𝐵𝐵1̅̅ ̅ + 𝐵𝐵2𝐵𝐵2̅̅ ̅.

𝜒𝜒𝐵𝐵 = (
𝐵𝐵1 𝐵𝐵2
−𝐵𝐵2̅̅ ̅ 𝐵𝐵1̅̅ ̅

)

|𝜒𝜒𝐵𝐵| = 𝐵𝐵1𝐵𝐵1̅̅ ̅ + 𝐵𝐵2𝐵𝐵2̅̅ ̅

|𝜒𝜒𝐴𝐴| = |𝜒𝜒𝐵𝐵|
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𝐴𝐴, 𝐵𝐵 ∈ 𝑀𝑀𝑛𝑛(𝐼𝐼𝐼𝐼)

𝜒𝜒𝐼𝐼𝑛𝑛 = 𝐼𝐼2𝑛𝑛

𝜒𝜒𝐴𝐴𝐴𝐴 = 𝜒𝜒𝐴𝐴𝜒𝜒𝐵𝐵
𝜒𝜒𝐴𝐴+𝐵𝐵 = 𝜒𝜒𝐴𝐴 + 𝜒𝜒𝐵𝐵
𝜒𝜒𝐴𝐴∗ = (𝜒𝜒𝐴𝐴)∗

𝜒𝜒𝐴𝐴−1 = (𝜒𝜒𝐴𝐴)−1

𝜒𝜒𝐴𝐴 
𝐴𝐴

𝐼𝐼𝑛𝑛

𝐼𝐼𝑛𝑛 = (
1 0 ⋯ 0
0 1 ⋯ 0
⋮ ⋮ ⬚ ⋮
0 0 ⋯ 1

)

𝑛𝑛×𝑛𝑛

= (
1 0 ⋯ 0
0 1 ⋯ 0
⋮ ⋮ ⋮ ⋮
0 0 ⋯ 1

)

𝑛𝑛×𝑛𝑛⏟            
𝐴𝐴1

+ (
0 0 ⋯ 0
0 0 ⋯ 0
⋮ ⋮ ⋮ ⋮
0 0 ⋯ 0

)

𝑛𝑛×𝑛𝑛⏟            
𝐴𝐴2

𝑗𝑗.

𝜒𝜒𝐼𝐼𝑛𝑛 = (
𝐴𝐴1 𝐴𝐴2
−𝐴𝐴2̅̅ ̅ 𝐴𝐴1̅̅ ̅

) =

(

 
 
 
 
 
1 0 ⋯ 0 0 0 ⋯ 0
0 1 ⋯ 0 0 0 ⋯ 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 ⋯ 1 0 0 ⋯ 0
0 0 ⋯ 0 1 0 ⋯ 0
0 0 ⋯ 0 0 1 ⋯ 0
⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮
0 0 ⋯ 0 0 0 ⋯ 1)

 
 
 
 
 

2𝑛𝑛×2𝑛𝑛

= 𝐼𝐼2𝑛𝑛.

𝐴𝐴. 𝐵𝐵

𝐴𝐴. 𝐵𝐵 = (𝐴𝐴1 + 𝐴𝐴2𝑗𝑗)(𝐵𝐵1 + 𝐵𝐵2𝑗𝑗) = 𝐴𝐴1𝐵𝐵1 + 𝐴𝐴1𝐵𝐵2𝑗𝑗 + 𝐴𝐴2𝑗𝑗𝐵𝐵1 + 𝐴𝐴2𝑗𝑗𝐵𝐵2𝑗𝑗
= 𝐴𝐴1𝐵𝐵1 + 𝐴𝐴1𝐵𝐵2𝑗𝑗 + 𝐴𝐴2𝐵𝐵1̅̅ ̅𝑗𝑗 − 𝐴𝐴2𝐵𝐵2̅̅ ̅

= (𝐴𝐴1𝐵𝐵1 − 𝐴𝐴2𝐵𝐵2̅̅ ̅)⏟          
𝑄𝑄1

+ (𝐴𝐴1𝐵𝐵2 + 𝐴𝐴2𝐵𝐵1̅̅ ̅)⏟          
𝑄𝑄2

𝑗𝑗.
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𝜒𝜒𝐴𝐴𝐴𝐴 = (
𝑄𝑄1 𝑄𝑄2
−𝑄𝑄2̅̅̅̅ 𝑄𝑄1̅̅ ̅

) = ( 𝐴𝐴1𝐵𝐵1 − 𝐴𝐴2𝐵𝐵2̅̅ ̅ 𝐴𝐴1𝐵𝐵2 + 𝐴𝐴2𝐵𝐵1̅̅ ̅
− (𝐴𝐴1𝐵𝐵2 + 𝐴𝐴2𝐵𝐵1̅̅ ̅)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ 𝐴𝐴1𝐵𝐵1 − 𝐴𝐴2𝐵𝐵2̅̅ ̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅)

= ( 𝐴𝐴1𝐵𝐵1 − 𝐴𝐴2𝐵𝐵2
̅̅ ̅ 𝐴𝐴1𝐵𝐵2 + 𝐴𝐴2𝐵𝐵1̅̅ ̅

−𝐴𝐴1̅̅ ̅𝐵𝐵2̅̅ ̅ − 𝐴𝐴2̅̅ ̅𝐵𝐵1 𝐴𝐴1̅̅ ̅𝐵𝐵1̅̅ ̅ − 𝐴𝐴2̅̅ ̅𝐵𝐵2
). 

𝜒𝜒𝐴𝐴 = (
𝐴𝐴1 𝐴𝐴2
−𝐴𝐴2̅̅ ̅ 𝐴𝐴1̅̅ ̅

)

𝜒𝜒𝐵𝐵 = (
𝐵𝐵1 𝐵𝐵2
−𝐵𝐵2̅̅ ̅ 𝐵𝐵1̅̅ ̅

)}
 

 
⟹ 𝜒𝜒𝐴𝐴𝜒𝜒𝐵𝐵 = (

𝐴𝐴1𝐵𝐵1 − 𝐴𝐴2𝐵𝐵2̅̅ ̅ 𝐴𝐴1𝐵𝐵2 + 𝐴𝐴2𝐵𝐵1̅̅ ̅
−𝐴𝐴1̅̅ ̅𝐵𝐵2̅̅ ̅ − 𝐴𝐴2̅̅ ̅𝐵𝐵1 𝐴𝐴1̅̅ ̅𝐵𝐵1̅̅ ̅ − 𝐴𝐴2̅̅ ̅𝐵𝐵2

)

𝜒𝜒𝐴𝐴𝐴𝐴 = 𝜒𝜒𝐴𝐴𝜒𝜒𝐵𝐵 

𝜒𝜒

𝐴𝐴 = 𝐴𝐴1 + 𝐴𝐴2𝑗𝑗 𝐴𝐴
𝐴̅𝐴 = 𝐴̅𝐴1 + 𝐴̅𝐴2𝑗𝑗̅ = 𝐴̅𝐴1 − 𝐴̅𝐴2𝑗𝑗

𝐴𝐴∗ 

𝐴𝐴∗ = (𝐴̅𝐴)𝑇𝑇 = (𝐴𝐴𝑇𝑇̅̅̅̅ ) = (𝐴𝐴1𝑇𝑇 + 𝐴𝐴2𝑇𝑇𝑗𝑗)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ = (𝐴̅𝐴1)𝑇𝑇 + (𝐴̅𝐴2)𝑇𝑇𝑗𝑗

𝐴𝐴1  𝐴𝐴2 

𝜒𝜒𝐴𝐴∗ = (
 (𝐴̅𝐴1)𝑇𝑇 (𝐴̅𝐴2)𝑇𝑇
−(𝐴𝐴2)𝑇𝑇 (𝐴𝐴1)𝑇𝑇

) = (  𝐴̅𝐴1 𝐴̅𝐴2
−𝐴𝐴2 𝐴𝐴1

)
𝑇𝑇
= (𝐴̅𝐴1 −𝐴𝐴2

𝐴̅𝐴2 𝐴𝐴1
).

𝜒𝜒𝐴𝐴

𝜒𝜒𝐴𝐴 = (
𝐴𝐴1 𝐴𝐴2
−𝐴𝐴2̅̅ ̅ 𝐴𝐴1̅̅ ̅

) ⟹ 𝜒𝜒𝐴𝐴̅̅ ̅ = (  𝐴̅𝐴1 𝐴̅𝐴2
−𝐴𝐴2 𝐴𝐴1

)

𝜒𝜒𝐴𝐴̅̅ ̅ = (  𝐴̅𝐴1 𝐴̅𝐴2
−𝐴𝐴2 𝐴𝐴1

)
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(𝜒𝜒𝐴𝐴̅̅ ̅)𝑇𝑇 = (𝜒𝜒𝐴𝐴)∗ = (𝐴̅𝐴1 −𝐴𝐴2
𝐴̅𝐴2 𝐴𝐴1

)

𝜒𝜒𝐴𝐴∗ = (𝜒𝜒𝐴𝐴)∗

𝐴𝐴 𝐵𝐵 𝑛𝑛 × 𝑛𝑛

| 𝐴𝐴 𝐵𝐵
−𝐵̅𝐵 𝐴̅𝐴| ≥ 0.

𝐶𝐶 ∈ 𝑀𝑀𝑛𝑛(𝐼𝐼𝐼𝐼) |𝜒𝜒𝐶𝐶| ≥ 0

|𝐼𝐼 + 𝐴𝐴𝐴̅𝐴| ≥ 0

|𝐴𝐴𝐴̅𝐴 + 𝐵𝐵𝐵̅𝐵| ≥ 0 𝐴𝐴 𝐵𝐵

𝐶𝐶 ∈ 𝑀𝑀𝑛𝑛(𝐼𝐼𝐼𝐼) 𝜒𝜒𝐶𝐶 |𝜒𝜒𝐶𝐶| ≥
0

| 𝐼𝐼 𝐴𝐴
−𝐴̅𝐴 𝐼𝐼 | = |𝐼𝐼 + 𝐴𝐴𝐴̅𝐴| ≥ 0

(𝐴𝐴−1 + 0. 𝑗𝑗)(𝐴𝐴 + 𝐵𝐵𝐵𝐵)

(𝐴𝐴−1 0
0 (𝐴̅𝐴)−1) ( 𝐴𝐴 𝐵𝐵

−𝐵̅𝐵 𝐴̅𝐴) = ( 𝐼𝐼 𝐴𝐴−1𝐵𝐵
−𝐴𝐴−1𝐵𝐵̅̅ ̅̅ ̅̅ ̅ 𝐼𝐼 )

| 𝐴𝐴 𝐵𝐵
−𝐵̅𝐵 𝐴̅𝐴| ≥ 0, 𝐴𝐴 𝐵𝐵

| 𝐴𝐴 𝐵̅𝐵
−𝐵𝐵 𝐴̅𝐴| = |𝐴𝐴𝐴̅𝐴 + 𝐵𝐵𝐵̅𝐵| ≥ 0.
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𝐴𝐴 ∈ 𝑀𝑀𝑛𝑛(𝐼𝐼𝐼𝐼)

𝐴𝐴

𝐴𝐴𝐴𝐴 = 0 

𝜒𝜒𝐴𝐴 |𝜒𝜒𝐴𝐴| ≠ 0

𝐴𝐴 𝐴𝐴𝐴𝐴 = 𝜆𝜆𝜆𝜆 𝜆𝜆 ≠ 0 𝜆𝜆 
𝑥𝑥

𝐴𝐴

⟹ 𝐴𝐴 𝐴𝐴−1 𝐴𝐴𝐴𝐴 = 0 ⟹
𝐴𝐴−1 𝐴𝐴𝐴𝐴 = 𝐴𝐴−1 .0 ⟹ 𝑥𝑥 = 0

𝑥𝑥 = 0

⟹ 𝐴𝐴 = 𝐴𝐴1 + 𝐴𝐴2𝑗𝑗 𝑥𝑥 = 𝑥𝑥1 + 𝑥𝑥2𝑗𝑗 𝐴𝐴1 𝐴𝐴2
𝑥𝑥1 𝑥𝑥2

𝑥𝑥 = (𝐴𝐴1 + 𝐴𝐴2𝑗𝑗)( 𝑥𝑥1 + 𝑥𝑥2𝑗𝑗) = 𝐴𝐴1𝑥𝑥1 + 𝐴𝐴1𝑥𝑥2𝑗𝑗 + 𝐴𝐴2𝑗𝑗𝑥𝑥1 + 𝐴𝐴2𝑗𝑗𝑥𝑥2𝑗𝑗

= (𝐴𝐴1𝑥𝑥1 − 𝐴𝐴2𝑥̅𝑥2) + (𝐴𝐴1𝑥𝑥2 + 𝐴𝐴2𝑥̅𝑥1)𝑗𝑗

𝐴𝐴𝐴𝐴 = 0

𝐴𝐴1𝑥𝑥1 − 𝐴𝐴2𝑥̅𝑥2 = 0

𝐴𝐴1𝑥𝑥2 + 𝐴𝐴2𝑥̅𝑥1 = 0

𝐴𝐴1𝑥𝑥1 + 𝐴𝐴2(−𝑥̅𝑥2) = 0

(−𝐴̅𝐴2)𝑥𝑥1 + 𝐴̅𝐴1(−𝑥̅𝑥2) = 0

( 𝐴𝐴1 𝐴𝐴2
−𝐴̅𝐴2 𝐴̅𝐴1

) ( 𝑥𝑥1
−𝑥̅𝑥2

) = (0
0) ⇒ 𝜒𝜒𝐴𝐴(𝑥𝑥1, −𝑥̅𝑥2)𝑇𝑇 = 0

𝐴𝐴𝐴𝐴 = 0 
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|𝜒𝜒𝐴𝐴| ≠ 0 𝜒𝜒𝐴𝐴

⟹ 𝜒𝜒𝐴𝐴 𝐵𝐵 = (𝐵𝐵1 𝐵𝐵2
𝐵𝐵3 𝐵𝐵4)

(𝐵𝐵1 𝐵𝐵2
𝐵𝐵3 𝐵𝐵4) (

𝐴𝐴1 𝐴𝐴2
−𝐴̅𝐴2 𝐴̅𝐴1

) = (𝐼𝐼 0
0 𝐼𝐼)

𝐵𝐵 = 𝐵𝐵1 + 𝐵𝐵2𝑗𝑗 𝐵𝐵𝐵𝐵 = 𝐼𝐼 𝐴𝐴

⟹ 𝐴𝐴
𝐴𝐴

𝐴𝐴

𝑝𝑝 = 𝑝𝑝1 + 𝑝𝑝2𝑖𝑖+𝑝𝑝3𝑗𝑗 + 𝑝𝑝4𝑘𝑘 𝑞𝑞 = 𝑞𝑞1 +
𝑞𝑞2𝑖𝑖+𝑞𝑞3𝑗𝑗 + 𝑞𝑞4𝑘𝑘

𝑝𝑝 = (𝑝𝑝1 + 𝑝𝑝2𝑖𝑖)⏟      
𝑎𝑎

+ (𝑝𝑝3 + 𝑝𝑝4𝑖𝑖)⏟      
𝑏𝑏

𝑗𝑗

𝑞𝑞 = (𝑞𝑞1 + 𝑞𝑞2𝑖𝑖)⏟      
𝑐𝑐

+ (𝑞𝑞3 + 𝑞𝑞4𝑖𝑖)⏟      
𝑑𝑑

𝑗𝑗

"𝑝𝑝. 𝑞𝑞"

𝑝𝑝. 𝑞𝑞 = (𝑎𝑎, 𝑏𝑏)(𝑐𝑐, 𝑑𝑑) = (𝑎𝑎𝑎𝑎 − 𝛾𝛾𝛾𝛾𝑑𝑑∗, 𝑑𝑑𝑑𝑑 + 𝑏𝑏𝑐𝑐∗)

(𝑎𝑎, 𝑏𝑏)

(𝑎𝑎, 𝑏𝑏)̅̅ ̅̅ ̅̅ ̅ = (𝑎̅𝑎, −𝑏𝑏).
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𝛾𝛾
𝛾𝛾 = 1

𝛾𝛾 = −1 𝛾𝛾 = 0

𝑝𝑝, 𝑞𝑞 ∈ 𝑄𝑄 𝑝𝑝 = 1 + 𝑖𝑖 𝑞𝑞 = 1 + 𝑘𝑘
𝑝𝑝. 𝑞𝑞

𝑝𝑝. 𝑞𝑞 = (1 + 𝑖𝑖 )(1 + 𝑘𝑘) = (1 + 0𝑖𝑖 + 1𝑗𝑗 + 0𝑘𝑘)(1 + 0𝑖𝑖 + 0𝑗𝑗 + 1𝑘𝑘)

𝑝𝑝 𝑞𝑞 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝑑𝑑

𝑝𝑝 = (1 + 0𝑖𝑖)⏟    
𝑎𝑎

+ (1 + 0𝑖𝑖)⏟    
𝑏𝑏

𝑗𝑗

 
𝑞𝑞 = (1 + 0𝑖𝑖)⏟    

𝑐𝑐
+ (0 + 1𝑖𝑖)⏟    

𝑑𝑑
𝑗𝑗

(𝛾𝛾 = −1

𝑝𝑝. 𝑞𝑞 = (𝑎𝑎𝑎𝑎 − (−1)𝑏𝑏𝑑𝑑∗, 𝑑𝑑𝑑𝑑 + 𝑏𝑏𝑐𝑐∗)

𝑝𝑝. 𝑞𝑞 == (1.1 + 1(−𝑖𝑖), 𝑖𝑖. 1 + 1.1) = (1 − 𝑖𝑖) + (1 + 𝑖𝑖)𝑗𝑗 = 1 − 𝑖𝑖 + 𝑗𝑗 + 𝑘𝑘

𝑝𝑝, 𝑞𝑞 ∈ 𝐼𝐼𝐼𝐼 𝑝𝑝 = 1 + 𝑖𝑖 𝑞𝑞 = 1 + 𝑘𝑘
𝑝𝑝. 𝑞𝑞

𝑝𝑝. 𝑞𝑞 = (1 + 𝑖𝑖 )(1 + 𝑘𝑘) = (1 + 0𝑖𝑖 + 1𝑗𝑗 + 0𝑘𝑘)(1 + 0𝑖𝑖 + 0𝑗𝑗 + 1𝑘𝑘).

𝑝𝑝 𝑞𝑞 𝑎𝑎, 𝑏𝑏, 𝑐𝑐 𝑑𝑑

𝑝𝑝 = (1 + 0𝑖𝑖)⏟    
𝑎𝑎

+ (1 + 0𝑖𝑖)⏟    
𝑏𝑏

𝑗𝑗

 
𝑞𝑞 = (1 + 0𝑖𝑖)⏟    

𝑐𝑐
+ (0 + 1𝑖𝑖)⏟    

𝑑𝑑
𝑗𝑗.

𝛾𝛾 = 1

𝑝𝑝. 𝑞𝑞 = (𝑎𝑎𝑎𝑎 − 1. 𝑏𝑏𝑑𝑑∗, 𝑑𝑑𝑑𝑑 + 𝑏𝑏𝑐𝑐∗)
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𝑝𝑝. 𝑞𝑞 = (1 − (−𝑖𝑖), 𝑖𝑖 + 1) = (1 + 𝑖𝑖) + (1 + 𝑖𝑖)𝑗𝑗 = 1 + 𝑖𝑖 + 𝑗𝑗 + 𝑘𝑘

𝛾𝛾
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𝐻𝐻 ‖∙‖
(∙,∙) 𝐵𝐵(𝐻𝐻) 𝐻𝐻

‖∙‖ 𝐵𝐵(𝐻𝐻).

𝑟𝑟(Ω) = 𝑠𝑠𝑠𝑠𝑠𝑠{‖𝜇𝜇‖: 𝜇𝜇 ∈ 𝜎𝜎(Ω)}

𝑟𝑟(Ω) = lim
𝑛𝑛→∞

‖Ω𝑛𝑛‖1/𝑛𝑛 (1) 

𝑟𝑟(Ω) = ‖Ω‖
Ω  𝐻𝐻.

Ω Γ 

𝑟𝑟(Ω + Γ) ≤ 𝑟𝑟(Ω) + 𝑟𝑟(Γ) (2) 

Ω ∈ 𝐵𝐵(𝐻𝐻)

𝑤𝑤(Ω) = sup
‖𝜈𝜈‖=1

‖(Ω𝜈𝜈, 𝜈𝜈)‖ (3) 

𝑤𝑤(Ω) = sup
𝜈𝜈∈ℝ

‖𝑅𝑅𝑅𝑅(𝑒𝑒𝑖𝑖𝑖𝑖Ω)‖ = sup
𝜈𝜈∈ℝ

‖𝐼𝐼𝐼𝐼(𝑒𝑒𝑖𝑖𝑖𝑖Ω)‖ (4) 

‖ ∙ ‖
𝑤𝑤(∙) 𝐵𝐵(𝐻𝐻). Ω, Γ ∈ 𝐵𝐵(𝐻𝐻), 

‖Ω‖
2 ≤ 𝑤𝑤(Ω) ≤ ‖Ω‖ (5) 

𝑟𝑟(Ω) = 𝑤𝑤(Ω) = ‖Ω‖ 
Ω ∈ 𝐵𝐵(𝐻𝐻). Ω, Γ ∈ 𝐵𝐵(𝐻𝐻)

𝑤𝑤(Ω + Γ) ≤ 𝑤𝑤(Ω) + 𝑤𝑤(Γ) (6) 

Ω ∈ 𝐵𝐵(𝐻𝐻)
𝜎𝜎(Ω) ⊂ 𝑊𝑊(Ω)̅̅ ̅̅ ̅̅ ̅̅  𝜎𝜎(Ω)

 𝑊𝑊(Ω) 

Ω ∈ 𝐵𝐵(𝐻𝐻) Ω

𝑐𝑐(Ω) = 𝑖𝑖𝑖𝑖𝑖𝑖{|𝜇𝜇|: 𝜇𝜇 ∈ 𝑊𝑊(Ω)} (7) 

𝜏𝜏(Ω) = 𝑖𝑖𝑖𝑖𝑖𝑖{|𝜇𝜇|: 𝜇𝜇 ∈ 𝜎𝜎(Ω)} (8) 

(. , . ) ‖∙‖
𝐻𝐻

Ω ∈ 𝐵𝐵(𝐻𝐻

0 ≤ 𝑐𝑐(Ω) ≤ 𝜏𝜏(Ω) ≤ 𝑟𝑟(Ω) ≤ 𝑤𝑤(Ω) ≤ ‖Ω‖. (9) 
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‖Ω‖
2 ≤ 𝑤𝑤(Ω) ≤ ‖Ω‖ (5) 

𝑟𝑟(Ω) = 𝑤𝑤(Ω) = ‖Ω‖ 
Ω ∈ 𝐵𝐵(𝐻𝐻). Ω, Γ ∈ 𝐵𝐵(𝐻𝐻)

𝑤𝑤(Ω + Γ) ≤ 𝑤𝑤(Ω) + 𝑤𝑤(Γ) (6) 

Ω ∈ 𝐵𝐵(𝐻𝐻)
𝜎𝜎(Ω) ⊂ 𝑊𝑊(Ω)̅̅ ̅̅ ̅̅ ̅̅  𝜎𝜎(Ω)

 𝑊𝑊(Ω) 

Ω ∈ 𝐵𝐵(𝐻𝐻) Ω

𝑐𝑐(Ω) = 𝑖𝑖𝑖𝑖𝑖𝑖{|𝜇𝜇|: 𝜇𝜇 ∈ 𝑊𝑊(Ω)} (7) 

𝜏𝜏(Ω) = 𝑖𝑖𝑖𝑖𝑖𝑖{|𝜇𝜇|: 𝜇𝜇 ∈ 𝜎𝜎(Ω)} (8) 

(. , . ) ‖∙‖
𝐻𝐻

Ω ∈ 𝐵𝐵(𝐻𝐻

0 ≤ 𝑐𝑐(Ω) ≤ 𝜏𝜏(Ω) ≤ 𝑟𝑟(Ω) ≤ 𝑤𝑤(Ω) ≤ ‖Ω‖. (9) 
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Ω, Γ ∈ 𝐵𝐵(𝐻𝐻), Γ ≠ 0 𝑊𝑊(Ω/Γ)

𝑊𝑊(Ω/Γ) = {
(Ω𝜈𝜈, 𝜈𝜈)
(Γ𝜈𝜈, 𝜈𝜈) : 𝜈𝜈 ∈ 𝐻𝐻, (Γ𝑣𝑣, 𝜈𝜈) ≠ 0}

                   = {
(Ω𝑣𝑣, 𝜈𝜈)
(Γ𝜈𝜈, 𝜈𝜈) : 𝜈𝜈 ∈ 𝑆𝑆, (Γ𝜈𝜈, 𝜈𝜈) ≠ 0} ,

(10) 

𝑆𝑆 𝐻𝐻 Γ ≠ 0
𝑊𝑊(Ω/Γ) ≠ ∅ 𝑊𝑊(Ω) = 𝑊𝑊(Ω/𝐼𝐼)

Ω
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𝐻𝐻 (Ω𝑛𝑛)
𝐵𝐵(𝐻𝐻). (Ω𝑛𝑛)

Ω ∈ 𝐵𝐵(𝐻𝐻), 𝜀𝜀 > 0 𝑛𝑛0 =
𝑛𝑛0(𝜀𝜀) ∈ ℕ, 𝑛𝑛 > 𝑛𝑛0 ‖Ω𝑛𝑛 − Ω‖ < 𝜀𝜀

Ω, Γ, 𝑇𝑇 ∈ 𝐵𝐵(𝐻𝐻), Γ ≠ 0, 𝑇𝑇 ≠ 0

 |𝑤𝑤(Ω/Γ) − 𝑤𝑤(Ω/𝑇𝑇)| ≤ 𝑤𝑤(Ω/Γ)𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇)
 𝜈𝜈 ∈ 𝐻𝐻 ‖𝜈𝜈‖ = 1, |(Γ𝑣𝑣, 𝑣𝑣)| ≥ 1 |(𝑇𝑇𝜈𝜈, 𝜈𝜈)| ≥

1

|𝑤𝑤(Ω/Γ) − 𝑤𝑤(Ω/𝑇𝑇)| ≤ 𝑤𝑤(Ω)𝑤𝑤((Γ − 𝑇𝑇)

 𝜈𝜈 ∈ 𝐻𝐻, ‖𝜈𝜈‖ = 1 (Γ𝜈𝜈, 𝜈𝜈) ≠ 0 (𝑇𝑇𝜈𝜈, 𝜈𝜈) ≠ 0

|
(Ω𝜈𝜈, 𝜈𝜈)
(Γ𝜈𝜈, 𝑣𝑣)| ≤ |

(Ω𝜈𝜈, 𝑣𝑣)
(Γ𝜈𝜈, 𝜈𝜈) −

(Ω𝜈𝜈, 𝑣𝑣)
(𝑇𝑇𝜈𝜈, 𝜈𝜈)| + |

(Ω𝜈𝜈, 𝜈𝜈)
(𝑇𝑇𝜈𝜈, 𝜈𝜈)|

                            =
|(Ω𝜈𝜈, 𝜈𝜈)||((𝑇𝑇 − Γ)𝜈𝜈, 𝜈𝜈)|

|(Γ𝜈𝜈, 𝜈𝜈)||(𝑇𝑇𝜈𝜈, 𝜈𝜈)| + |
(Ω𝜈𝜈, 𝜈𝜈)
(𝑇𝑇𝜈𝜈, 𝜈𝜈)|.

𝑤𝑤(Ω/Γ) ≤ 𝑤𝑤(Ω/𝑇𝑇) + 𝑠𝑠𝑠𝑠𝑠𝑠
|(Ω𝜈𝜈, 𝜈𝜈)||((𝑇𝑇 − Γ)𝜈𝜈, 𝜈𝜈)|

|(Γ𝜈𝜈, 𝜈𝜈)||(𝑇𝑇𝜈𝜈, 𝜈𝜈)|

=  𝑤𝑤(Ω/Γ)𝑤𝑤((𝑇𝑇 − Γ)/𝑇𝑇)

𝜈𝜈 ∈ 𝐻𝐻, ‖𝜈𝜈‖ = 1 (Γ𝜈𝜈, 𝜈𝜈) ≠ 0 (𝑇𝑇𝜈𝜈, 𝜈𝜈) ≠ 0
 

(11) 
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|
(Ω𝜈𝜈, 𝜈𝜈)
(𝑇𝑇𝜈𝜈, 𝜈𝜈)| ≤ |

(Ω𝜈𝜈, 𝜈𝜈)
(Γ𝜈𝜈, 𝜈𝜈)| |(

(𝑇𝑇 − Γ)𝜈𝜈, 𝜈𝜈)
(𝑇𝑇𝜈𝜈, 𝜈𝜈) | + |

(Ω𝜈𝜈, 𝜈𝜈)
(Γ𝜈𝜈, 𝜈𝜈)|

                       
𝑤𝑤(Ω/𝑇𝑇) ≤ 𝑤𝑤(Ω/Γ) + 𝑤𝑤(Ω/Γ)𝑤𝑤((𝑇𝑇 − Γ)/𝑇𝑇). (12) 

|𝑤𝑤(Ω/Γ) − 𝑤𝑤(Ω/𝑇𝑇)| ≤ 𝑤𝑤(Ω/Γ)𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇).

 𝜈𝜈 ∈ 𝐻𝐻 ‖𝜈𝜈‖ = 1, |(Γ𝜈𝜈, 𝜈𝜈)| ≥
1 |(𝑇𝑇𝜈𝜈, 𝜈𝜈)| ≥ 1

|
(Ω𝜈𝜈, 𝜈𝜈)
(Γ𝜈𝜈, 𝜈𝜈)| |(

(Γ − 𝑇𝑇)𝜈𝜈, 𝜈𝜈)
(𝑇𝑇𝜈𝜈, 𝜈𝜈) | ≤ |(Ω𝜈𝜈, 𝜈𝜈)||((Γ − 𝑇𝑇)𝜈𝜈, 𝜈𝜈)|

|𝑤𝑤(Ω/Γ) − 𝑤𝑤(Ω/𝑇𝑇)| ≤ 𝑤𝑤(Ω)𝑤𝑤((Γ − 𝑇𝑇).

Ω, Γ𝑛𝑛 ∈ 𝐵𝐵(𝐻𝐻), 𝑛𝑛 ≥ 1 𝜈𝜈 ∈ 𝐻𝐻, ‖𝜈𝜈‖ = 1
|(Γ𝑛𝑛𝜈𝜈, 𝜈𝜈)| ≥ 1, 𝑛𝑛 ≥ 1. Γ𝑛𝑛 ∈ 𝐵𝐵(𝐻𝐻), 𝑛𝑛 ≥ 1

Γ ∈ 𝐵𝐵(𝐻𝐻), 

𝑤𝑤(Ω/Γ) = lim
𝑛𝑛→∞

𝑤𝑤(Ω/Γ𝑛𝑛).

|𝑤𝑤(Ω/Γ𝑛𝑛) − 𝑤𝑤(Ω/Γ)| ≤ 𝑤𝑤(Ω)𝑤𝑤(Γ𝑛𝑛 − Γ) ≤ ‖Ω‖‖Γ𝑛𝑛 − Γ‖, 𝑛𝑛 ≥ 1.
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Ω, Γ, 𝑇𝑇 ∈ 𝐵𝐵(𝐻𝐻), Γ ≠ 0, 𝑇𝑇 ≠ 0

 |𝑐𝑐(Ω/Γ) − 𝑐𝑐(Ω/𝑇𝑇)| ≤ 𝑤𝑤(Ω/Γ)𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇)
 𝜈𝜈 ∈ 𝐻𝐻 ‖𝜈𝜈‖ = 1, |(Γ𝜈𝜈, 𝜈𝜈)| ≥ 1 |(𝑇𝑇𝜈𝜈, 𝜈𝜈)| ≥

1

|𝑐𝑐(Ω/Γ) − 𝑐𝑐(Ω/𝑇𝑇)| ≤ 𝑤𝑤(Ω)𝑤𝑤((Γ − 𝑇𝑇)

 𝜈𝜈 ∈ 𝐻𝐻, ‖𝜈𝜈‖ = 1 (Γ𝜈𝜈, 𝜈𝜈) ≠ 0 (𝑇𝑇𝜈𝜈, 𝜈𝜈) ≠ 0

|
(Ω𝜈𝜈, 𝜈𝜈)
(Γ𝜈𝜈, 𝜈𝜈)| = |

(Ω𝜈𝜈, 𝜈𝜈)
(𝑇𝑇𝜈𝜈, 𝜈𝜈) + ((Γ − 𝑇𝑇)𝜈𝜈, 𝜈𝜈)

(𝑇𝑇𝜈𝜈, 𝜈𝜈)(Γ𝜈𝜈, 𝜈𝜈)|

                                  ≥ |
(Ω𝜈𝜈, 𝜈𝜈)
(𝑇𝑇𝜈𝜈, 𝜈𝜈)| − |

(Ω𝜈𝜈, 𝜈𝜈)
(Γ𝜈𝜈, 𝜈𝜈)| |(

(Γ − 𝑇𝑇)𝜈𝜈, 𝜈𝜈)
(𝑇𝑇𝑇𝑇, 𝜈𝜈) |

                                ≥ 𝑐𝑐(Ω/𝑇𝑇) − 𝑤𝑤(Ω/Γ)𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇).

−𝑤𝑤(Ω/Γ)𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇) ≤ 𝑐𝑐(Ω/Γ) − 𝑐𝑐(Ω/𝑇𝑇. ) (13) 

𝜈𝜈 ∈ 𝐻𝐻, ‖𝜈𝜈‖ = 1 (Γ𝜈𝜈, 𝜈𝜈) ≠ 0 (𝑇𝑇𝜈𝜈, 𝜈𝜈) ≠ 0

|
(Ω𝜈𝜈, 𝜈𝜈)
(𝑇𝑇𝜈𝜈, 𝜈𝜈)| = |

(Ω𝜈𝜈, 𝜈𝜈)
(Γ𝜈𝜈, 𝜈𝜈) − ((Γ − 𝑇𝑇)𝜈𝜈, 𝜈𝜈)

(𝑇𝑇𝜈𝜈, 𝜈𝜈)(Γ𝜈𝜈, 𝜈𝜈)|

                                  ≥ |
(Ω𝜈𝜈, 𝜈𝜈)
(Γ𝜈𝜈, 𝜈𝜈)| − |

(Ω𝜈𝜈, 𝜈𝜈)
(Γ𝜈𝜈, 𝜈𝜈)| |(

(Γ − 𝑇𝑇)𝜈𝜈, 𝜈𝜈)
(𝑇𝑇𝜈𝜈, 𝜈𝜈) |

                                ≥ 𝑐𝑐(Ω/Γ) − 𝑤𝑤(Ω/Γ)𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇).
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𝑐𝑐(Ω/Γ) − 𝑤𝑤(Ω/Γ)𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇)

𝑐𝑐(Ω/Γ) − 𝑐𝑐(Ω/𝑇𝑇) ≤ 𝑤𝑤(Ω/Γ)𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇) (14) 

𝑐𝑐(Ω/Γ) − 𝑐𝑐(Ω/𝑇𝑇) ≤ 𝑤𝑤(Ω/Γ)𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇) (15) 
|𝑐𝑐(Ω/Γ) − 𝑐𝑐(Ω/𝑇𝑇)| ≤ 𝑤𝑤(Ω/Γ)𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇)

 𝜈𝜈 ∈ 𝐻𝐻 ‖𝜈𝜈‖ = 1,
|(Γ𝜈𝜈, 𝜈𝜈)| ≥ 1 |(𝑇𝑇𝜈𝜈, 𝜈𝜈)| ≥ 1

|(Ω𝜈𝜈,𝜈𝜈)
(Γ𝜈𝜈,𝜈𝜈)| ≤ |(Ω𝑣𝑣, 𝜈𝜈)| |((Γ−𝑇𝑇)𝜈𝜈,𝜈𝜈)

(𝑇𝑇𝜈𝜈,𝜈𝜈) | ≤ |((Γ − 𝑇𝑇)𝜈𝜈, 𝜈𝜈)|

𝑤𝑤(Ω/Γ) ≤ 𝑤𝑤(Ω) 𝑤𝑤((Γ − 𝑇𝑇)/𝑇𝑇) ≤ 𝑤𝑤(Γ − 𝑇𝑇).

|𝑐𝑐(Ω/Γ) − 𝑐𝑐(Ω/𝑇𝑇)|) ≤ 𝑤𝑤(Ω)𝑤𝑤(Γ − 𝑇𝑇). (16) 

Ω, Γ𝑛𝑛 ∈ 𝐵𝐵(𝐻𝐻), 𝑛𝑛 ≥ 1 𝜈𝜈 ∈
𝐻𝐻, ‖𝜈𝜈‖ = 1 |(Γ𝑛𝑛𝜈𝜈, 𝜈𝜈)| ≥ 1, 𝑛𝑛 ≥ 1 . Γ𝑛𝑛 ∈
𝐵𝐵(𝐻𝐻), 𝑛𝑛 ≥ 1 Γ ∈ 𝐵𝐵(𝐻𝐻), 
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𝑐𝑐(Ω/Γ) = lim
𝑛𝑛→∞

𝑐𝑐(Ω/Γ𝑛𝑛).

|𝑐𝑐(Ω/Γ𝑛𝑛) − 𝑐𝑐(Ω/Γ)| ≤ 𝑊𝑊(Ω)𝑊𝑊(Γ𝑛𝑛 − Γ) ≤ ‖Ω‖‖Γ𝑛𝑛 − Γ‖, 𝑛𝑛 ≥ 1.

(Γ𝑛𝑛)
𝐵𝐵(𝐻𝐻) Γ𝑛𝑛 ∈ 𝐵𝐵(𝐻𝐻), 𝑡𝑡

𝐻𝐻 = 𝑙𝑙2(ℝ), 𝑎𝑎𝑚𝑚 ≥ 1,𝑚𝑚 ≥ 1, sup
𝑚𝑚≥1

𝑎𝑎𝑚𝑚 < ∞,  

Γ𝑛𝑛𝜈𝜈 = ((𝑎𝑎𝑚𝑚 + 1
𝑛𝑛) 𝑣𝑣𝑚𝑚) , 𝜈𝜈 = (𝜈𝜈𝑚𝑚) ∈ 𝑙𝑙2(ℝ), Γ𝑛𝑛: 𝑙𝑙2(ℝ) → 𝑙𝑙2(ℝ), 𝑛𝑛 ≥ 1

Ω𝜈𝜈 = (𝑎𝑎𝑚𝑚𝜈𝜈𝑚𝑚), 𝜈𝜈 = (𝜈𝜈𝑚𝑚 ∈)𝑙𝑙2(ℝ), Ω: 𝑙𝑙2(ℝ) → 𝑙𝑙2(ℝ).

Ω, Γ𝑛𝑛 ∈ 𝐵𝐵(𝑙𝑙2(ℝ)), 𝑛𝑛 ≥ 1

‖(Γ𝑛𝑛 − Ω)𝜈𝜈‖ = ‖(1𝑛𝑛 𝜈𝜈𝑚𝑚)‖ = 1
𝑛𝑛 ‖𝜈𝜈‖, 𝑛𝑛 ≥ 1

‖Γ𝑛𝑛 − Ω‖ = 1
𝑛𝑛 → 0, 𝑛𝑛 → ∞

(Γ𝑛𝑛)
Ω 𝑙𝑙2(ℝ).

              lim
𝑛𝑛→∞

𝑤𝑤(Ω/Γ𝑛𝑛) =𝑤𝑤(Ω/Ω) = 1 lim
𝑛𝑛→∞

𝑐𝑐(Ω/Γ𝑛𝑛) = 𝑐𝑐(Ω/Ω) = 1.

𝐻𝐻 = 𝐿𝐿2(0,1), 𝜑𝜑𝑛𝑛, 𝜑𝜑 ∈ 𝐶𝐶[0,1], |𝜑𝜑𝑛𝑛| ≥ 1, 𝑛𝑛 ≥ 1, 𝜑𝜑𝑛𝑛

[0,1]
→   
→ 𝜑𝜑

Γ𝑛𝑛𝑓𝑓(𝜈𝜈) = 𝜑𝜑𝑛𝑛(𝜈𝜈)𝑓𝑓(𝜈𝜈), 𝑓𝑓 ∈ 𝐿𝐿2(0,1), Γ𝑛𝑛: 𝐿𝐿2(0,1),→ 𝐿𝐿2(0,1), 

Ω𝑓𝑓(𝜈𝜈) = 𝜑𝜑(𝜈𝜈)𝑓𝑓(𝜈𝜈), 𝑓𝑓 ∈ 𝐿𝐿2(0,1), Ω: 𝐿𝐿2(0,1)  → 𝐿𝐿2(0,1).
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Γ𝑛𝑛, Ω ∈ 𝐵𝐵(𝐿𝐿2(0,1) ), 𝑛𝑛 ≥ 1 (Γ𝑛𝑛)
Ω 𝐿𝐿2(0,1)

              lim
𝑛𝑛→∞

𝑤𝑤(Ω/Γ𝑛𝑛) = 𝑤𝑤(Ω/Ω) = 1 lim
𝑛𝑛→∞

𝑐𝑐(Ω/Γ𝑛𝑛) = 𝑐𝑐(Ω/Ω) = 1. 
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