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Decision-making is a constantly evolving concept, paralleling the 
development of human thought processes. Initially made to achieve a single 
goal, decisions have evolved over time, reflecting evolving understandings 
and ideas, towards systems designed to achieve multiple goals.

The inherent uncertainty of the future is one of the fundamental factors 
that complicates decision-making processes. Therefore, decision-makers must 
evaluate all available options in their entirety and analyze the diverse impacts of 
each alternative using a holistic approach. Determining the most suitable option 
requires considering numerous interrelated and often interacting factors. This 
allows the decision-maker to select the alternative that can most effectively 
achieve the intended goal, based on scientific and rational principles. This 
necessity also compels the methods used in decision science to be supported 
over time by more advanced, flexible, and data-driven models.

The increasing number of complex decision problems, the strengthening 
of uncertainty conditions, and the diversification of data have led to significant 
transformations in Multi-Criteria Decision Making (MCDM), a fundamental 
building block of decision science. The computationally intensive nature of 
classical methods developed in the 1960s, their reliance on expert judgment, 
and their incompatibility with modern data structures have increased the 
need for more flexible, powerful, and adaptable methods. The rise of Industry 
4.0, big data analytics, artificial intelligence, and digital transformation has 
caused MCDM methods to evolve structurally and new categories to emerge 
in the literature.

In recent years, new methods such as FUCOM, LBWA, BWM, SWARA, 
CRITIC, MARCOS, EDAS, and MABAC have rapidly become widespread 
in the literature; modern versions of classical methods have been developed, 
and hybrid models have been created through the integration of fuzzy theory, 
grey systems approach, neutrosophic clusters, and machine learning. This 
development has enabled MCDM to transform from merely a selection and 
ranking tool into a broad decision support ecosystem based on data science 
and optimization.

At the same time, areas such as sustainability, energy management, 
logistics optimization, supply chain, smart manufacturing, textile quality, 
cybersecurity, route management in public transportation, renewable energy 
site selection, and autonomous vehicle control have become strong application 
areas for next-generation MCDM techniques. In particular, AI-powered 
weighting methods, decision support in big data environments, real-time 
multi-criteria evaluation, and blockchain-based decision systems stand out as 
noteworthy trends in the MCDM literature.

The aim of this study is to present the latest trends in multi-criteria 
decision-making methods within a systematic framework, to explain modern 
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MCDM approaches, to discuss the rise of hybrid and fuzzy models, to 
comprehensively examine their application areas, and to reveal the scientific 
trends that MCDM will follow in the coming years. This chapter will cover a 
spectrum ranging from classical methods to modern models; new generation 
weighting techniques, advanced evaluation methods, and MCDM systems 
integrated with artificial intelligence and digitalization will be examined in 
detail.

1.	 The Evolution of Multi-Criteria Decision Making (MCDM) 
Methods

Multi-Criteria Decision Making (MCDM) methods were developed 
to provide systematic solutions to decision problems that require the 
simultaneous evaluation of multiple, and often conflicting, criteria. Approaches 
developed in the early days of MCDM primarily focused on well-defined and 
deterministic decision environments, prioritizing mathematical simplicity 
and ease of computation. However, over time, the structure of decision 
problems addressed in areas such as sustainability, engineering applications, 
supply chain management, public policies, and Industry 4.0 has become more 
complex and multidimensional. This situation has highlighted the limitations 
of classical methods, such as the need for intensive comparison, high reliance 
on subjective evaluations, and limited ability to handle uncertainty. In this 
context, new generation MCDM approaches aimed at making decision 
processes more flexible and manageable have gained increasing importance 
in the literature. The new generation weighting and ranking methods 
discussed in this section are presented holistically in Figure 1, along with their 
conceptual relationships.

Figure 1. Classification of Next-Generation Multi-Criteria Decision Making Methods: 
Weighting and Ranking Methods
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2.	 Next-Generation Weight Determination Methods

Determining the criterion weights, one of the most critical stages of 
the Multi-Criteria Decision Making (MCDM) process, directly impacts the 
evaluation of alternatives and the reliability of the final decision. Traditional 
weighting methods present various challenges in practice, especially when 
the number of criteria increases, due to their demand for a high number of 
comparisons from decision-makers and the increased risk of inconsistencies. 
New generation weighting methods, developed to overcome these limitations, 
stand out with their less comparison-based structures, mathematical 
mechanisms that directly address consistency, and adaptability to different 
decision-making environments. Thanks to these features, these methods are 
widely preferred in contemporary MCDM applications, both theoretically 
and practically.

New generation weighting methods are fundamentally built upon 
different approaches aimed at determining criterion importance in a more 
reliable and applicable way. These methods can generally be classified as 
subjective, objective, and hybrid weighting approaches. Subjective methods 
focus on the decision-maker’s opinions; objective methods focus on the 
impact of criteria on decision outcomes; and hybrid approaches consider both 
perspectives together. This classification allows for the selection of the most 
appropriate method depending on the nature of the decision problem and the 
availability of data.

This study examines FUCOM, LBWA, BWM, and MEREC methods, 
which are widely accepted in the literature and represent next-generation 
weighting approaches. These methods differ from classical approaches in 
that they reduce the number of comparisons, increase consistency, and are 
adaptable to different decision-making environments. In the following 
subsections, the basic logic, application steps, advantages, and limitations of 
these methods are explained in detail.

2.1. FUCOM (Full Consistency Method)

FUCOM (Full Consistency Method) is a new generation multi-criteria 
decision-making (MCDM) approach developed by Pamucar et al. [1] for 
determining weights based on linear programming (LP) and directly centering 
the principle of consistency. The model requires two fundamental conditions 
to ensure optimal values ​​of weight coefficients:

(1) the relationships between the weight coefficients of the criteria must 
be equal to the comparative priorities of the criteria, and

(2) the mathematical transitivity conditions must be met.

In the solution process of the model, the deviation from full consistency 
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value is calculated along with the optimal weight values; this value indicates 
the degree of deviation from the estimated priorities of the criteria and the 
reliability of the weights [2].

Strategic Advantages of the FUCOM Method in Decision-Making

• Requires fewer pairwise comparisons (only n-1 for n criteria), thus 
reducing the mental strain and probability of error for decision-makers.

• Can produce more consistent weighting results in some similar 
situations, even though it requires much less input than traditional methods.

• Aims to minimize the measure of inconsistency using an optimization-
based approach.

• Thanks to its linear programming structure, calculations can be easily 
performed using Excel solver, LINGO, GAMS, or similar software.

• Can be easily integrated into hybrid MCDM methods. For example, 
MABAC, MARCOS, EDAS, ARTASI, EDASÇ.

• Can be adapted to different application areas: housing location problem 
[3], industry 4.0–driven sustainability [4], selecting logistics service providers 
[5], healthcare quality [6], ergonomic risk assessment [7].

Disadvantages of the FUCOM Method are as follows:

• Initially, placing the criteria in the correct order of importance is critical. 

• Since the method is based on subjective evaluations, the decision-
maker’s experience and knowledge level can be decisive in the results. 

• Because it requires a linear programming solution, the implementation 
process may initially be challenging for users with limited knowledge of 
mathematical modeling. 

• It assumes that the criteria are independent; interactions between 
criteria are not included in the model.

With these features, FUCOM is a powerful weighting method that 
provides high consistency while reducing the burden on the decision-maker, 
but it should be used in conjunction with supporting approaches, especially in 
uncertain and group decision-making environments.

2.2. LBWA (Level-Based Weight Assessment)

The LBWA method proposed by Zizovic and Pamucar [8] is a new 
generation and hierarchical weighting method. The basic logic of the method 
is to divide the criteria into different levels (levels) according to their relative 
importance and to systematically evaluate the sustainability of the decision 
processes at each level. In this approach, decision-makers are not expected 
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to make detailed pairwise comparisons between all components; instead, 
the criteria are evaluated by classifying them according to their importance. 
The criteria are first positioned around the most important criterion, then 
the other criteria are assigned to different levels according to their distance 
from this reference criterion. The weights of the criteria assigned to each level 
are normalized using a mathematical structure to obtain the final criterion 
weights. In this respect, LBWA offers a more organized and manageable 
evaluation process, especially in decision problems with complex and 
numerous criteria.

Strategic Advantages of the LBWA method in Decision-Making

• Separating criteria into levels makes it easier for decision-makers to 
understand the evaluation process and proceed systematically.

 • LBWA reduces the burden of evaluation, especially in problems with 
a large number of criteria, as it does not require detailed pairwise learning 
across all criteria. 

• Thanks to its level-based structure, excessive weighting differences 
between criteria are limited, and more balanced results are obtained. 

• The calculation process does not require complex optimization 
techniques and can be easily implemented with simple tools such as Excel. 

• LBWA can be effectively used with ranking methods such as MABAC, 
MARCOS, CODAS, ARTASI, and EDAS. 

• It can be adapted to different application areas: cosmetics logistics [9], 
erp consultant selection [10], sustainable ecotourism [11], monitoring site 
selection [12], corporate financial performance [13].

The disadvantages of the LBWA method are as follows:

• The level at which criteria are assigned depends entirely on the decision-
maker’s judgment, and this can affect the results.

• Modeling differences in importance between criteria at the same level 
can be difficult.

• Incorrect selection of the most important criterion can indirectly affect 
the entire weighting structure.

• It does not offer an explicit measure of inconsistency as in FUCOM or 
BWM; this may be considered a disadvantage in some applications.

• The classical LBWA method does not take into account ambiguous or 
fuzzy evaluations; therefore, fuzzy or interval extensions may be needed.

With these characteristics, LBWA is an effective weighting method, 
especially in decision problems involving numerous criteria and requiring 
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hierarchical evaluation; however, it requires careful subjective level definitions.

2.3. BMW (Best Worst Method)

BMW (Best Worst Method) was developed by Rezai (2015) [14]. It is a new 
generation MCDM method used in determining criterion weights. The aim 
of the method is to reduce the number of matches and increase consistency. 
In this method, the decision-maker first determines the most important 
(best) and least important (worst) criteria; then the superiority of the best 
criterion over other criteria and the superiority of other criteria over the worst 
criterion are evaluated. The optimization model established in line with these 
evaluations is solved and criterion weights are obtained.

Strategic Advantages of the BMW method in Decision-Making

• BWM reduces the cognitive load on the decision-maker by requiring 
significantly less evaluation compared to classical pairwise comparison 
methods. 

• Thanks to its optimization-based structure, it allows for more consistent 
weights to be obtained among decision-maker judgments. 

• The method provides a consistency indicator that measures the 
inconsistency between comparisons. 

• Clearly defining the best and worst criteria increases the comprehensibility 
of the decision-making process. 

• BWM can be easily integrated with ranking methods such as MABAC, 
MARCOS, EDAS, CODAS, ARTASI, and the like. 

• The limited number of comparisons makes the method advantageous 
for high-dimensional decision problems. 

• It can be adapted to different application areas: manufacturing 
performance evaluation [14], public service performance [15], industry 4.0 
barriers [16], transportation optimization [17], green supplier selection [18], 
ergonomic evaluation [19], unmanned aerial vehicle design [20].

The disadvantages of the BMW method are as follows:

• Incorrectly defining the best and worst criteria can directly affect the 
weighted results obtained. 

• Expert experience is critical, as decision-maker judgments play a 
decisive role in the results. 

• The inclusion of a linear optimization model may make implementation 
difficult for users with limited mathematical background.
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2.4. MEREC (Method Based on the Removal Effect of Criteria)

The MEREC method is a new generation weighting approach developed to 
determine the criterion weights in multi-criteria decision-making problems. It 
performs calculations based on the changes in the overall performance values ​​
of alternatives when each criterion is removed from the decision problem. This 
method aimed to reduce the dependence of classical weighting approaches on 
subjective evaluations and was first introduced to the literature by Keshavarz-
Ghorabaee et al. [21].

Strategic Advantages of the the MEREC Method in Decision-Making

• Criterion weights are determined based on the impact of the criteria on 
performance, independent of the decision-maker’s opinions. 

• The limited need for expert judgment reduces the impact of subjective 
errors. 

• The actual contribution of each criterion to the decision problem is 
clearly evaluated through the subtraction effect. 

• The “How much does the result change when a criterion is removed?” 
approach facilitates intuitive understanding of the method. 

• It can be effectively used in hybrid structures together with subjective 
methods such as MEREC, FUCOM, LBWA, and BWM. 

• It is successfully applied in many fields such as academic performance 
assessment [22], carbon emission analysis [23], robot selection [24], renewable 
energy selection [25], supplier selection [26], wearable health technologies 
[27], and financial performance evaluation [28].

Disadvantages of the MEREC Method are as follows:

• The reliability of the results is directly dependent on the accuracy and 
quality of the decision matrix data used. 

• In problems with a large number of criteria, performing separate 
extraction operations for each criterion can prolong the computational 
process. 

• MEREC assumes that the criteria are independent; interactions between 
criteria are not included in the model. 

• The classic MEREC structure does not directly model ambiguous or 
fuzzy data; this can be overcome with fuzzy or interval expansions. 

• In cases where decision-maker priorities are particularly important, it 
may need to be supported by subjective methods.

With these features, MEREC is a powerful objective weighting method 
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that reveals the true impact of criteria on decision outcomes; however, it 
should be used in conjunction with supporting approaches in uncertain and 
interactive decision-making environments.

3.	 Next-Generation Alternative Evaluation and Ranking Methods

Following the determination of criterion weights, the next and 
complementary stage of the multi-criteria decision-making process is the 
evaluation and ranking of alternatives. This stage plays a critical role in 
revealing the decision-maker’s final preference. While classical ranking 
methods offer effective results for certain problem types, they can exhibit 
some limitations, especially in complex, uncertain, and multi-dimensional 
decision environments. Therefore, in recent years, new generation 
alternative ranking methods have been developed in the literature, offering 
more flexible, comparative, and outcome-oriented structures, similar to 
the weighting stage. These methods address the decision-making process 
more holistically by considering the proximity of alternatives to ideal or 
reference solutions, their deviations from average solutions, or their goal-
based evaluations. Furthermore, thanks to their adaptability to different 
decision environments and their suitability for integration into hybrid 
MCDM frameworks, they are widely used in current academic studies and 
applied problems. 

This section discusses the basic characteristics and application logic of 
new generation ranking methods. Within the scope of this study, ARTASI, 
MABAC, MARCOS, and EDAS methods, which represent new generation 
alternative ranking approaches in the literature, are examined. These methods 
allow for a results-oriented and holistic decision-making process by evaluating 
alternatives against ideal, average, or target-based reference solutions. The 
following subsections detail the fundamental evaluation logic, calculation 
steps, advantages, and limitations of these ranking methods.

3.1.	ARTASI (Alternative Ranking by Target-Based Assessment)

ARTASI, developed by Pamucar et al. (2024), is a new generation and 
goal-oriented evaluation method aimed at ranking alternatives in multi-
criteria decision-making problems. The basic approach of the method is based 
on analyzing the target values ​​determined for each criterion and the distances 
of the alternatives from these targets. ARTASI offers a more realistic ranking 
by considering not only the proximity of the alternatives to the ideal solution 
but also the extent to which they achieve the determined performance 
targets. Thanks to this structure, the method directly integrates the strategic 
goals of the decision-makers into the evaluation process and addresses the 
performance of the alternatives from a holistic perspective.
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Strategic Advantages of the ARTASI Method are in Decision-Making

• Alternatives are evaluated according to predefined target values ​​instead 
of ideal or average solutions. 

• The goals and expectations of decision-makers are directly reflected in 
the ranking process. 

• It allows different types of criteria to be evaluated within the same 
framework. 

• It can be easily integrated with weighting methods such as FUCOM, 
LBWA, BWM, and MEREC. 

• Evaluation based on target values ​​facilitates the interpretation of 
ranking results. 

• It can be effectively used in big data platform selection [29], website 
performance [30], ergonomic risk assessment [31], macroeconomic 
productivity performance [32], autonomous ship risk assessment [33], modular 
mega-project supplier selection [34], and engineering problems.

Disadvantages of the ARTASI Method are as follows:

• Choosing inappropriate or unrealistic targets can directly affect ranking 
results. • Expert opinions are reliant on the process of determining target 
values.

• ARTASI has a structure that considers criteria independently.

• The classic ARTASI structure does not take into account ambiguous or 
fuzzy data; this can be remedied with fuzzy or interval extensions. • There are 
fewer application studies compared to some classic ranking methods.

In these respects, ARTASI offers a strong alternative to classical ranking 
methods thanks to its decision-maker-centered structure, but it requires 
careful execution of the goal-setting process.

3.2. MABAC (Multi-Attributive Border Approximation Area 
Comparison)

The MABAC method is a multi-criteria decision-making approach 
widely used in the literature, which is based on the concept of the Boundary 
Approximation Area (BAA) in ranking alternatives. The method was first 
developed by Pamucar and Ćirović (2015) [35] and aims to evaluate alternatives 
according to their distances from a defined boundary area. In the traditional 
MABAC method, the decision matrix is ​​first normalized using Weitendorf ’s 
linear normalization approach. Then, a weighted normalized decision matrix 
is ​​obtained by applying the multiplication principle, which is based on the 
multiplication of the normalized decision matrix and the criterion weights. 
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Subsequently, the BAA matrix, which represents the boundary approximation 
area for each criterion, is determined by taking the geometric mean of the 
relevant criterion values. The performance of the alternatives is evaluated by 
calculating the distances of the weighted normalized decision matrix elements 
from the BAA; alternatives located in the upper approximation area represent 
better performance, while alternatives in the lower approximation area 
indicate lower performance. Numerous studies in the literature demonstrate 
that alternatives can be ranked effectively and consistently based on their 
positions within the respective fields of approach.

Strategic Advantages of the MABAC Method in Decision-Making

• The performance of alternatives is evaluated based on their distance 
from the defined boundary approach area, rather than ideal solutions. 

• Normalization, weighting, and distance calculation steps are clearly 
defined. 

• It allows different types of criteria to be analyzed within the same 
evaluation framework. 

• Whether alternatives are located in the upper or lower approach area 
allows for a clear interpretation of performance. 

• It can be easily used with weighting methods such as FUCOM, LBWA, 
BWM, and MEREC. 

• It is successfully applied in many areas such as Logistics Center Resource 
Selection [35], Production Process Parameter Optimization [36], Electric 
Vehicle Charging Station Selection [37], E-Commerce Platform Selection [38], 
Sustainable Climate Management [39], and Wearable Health Technologies 
[40].

Disadvantages of the MABAC Method are as follows:

• The normalization technique used (e.g., Weitendorf linear normalization) 
can affect the ranking results.  

• The way BAA values ​​are calculated can directly affect the relative 
positions of the alternatives. 

• The method is based on the assumption that the criteria are independent 
of each other. 

• The classic MABAC structure does not directly handle ambiguous or 
fuzzy data; therefore, fuzzy or interval extensions may be needed. 

• The number of processing steps may increase when there are many 
criteria and alternatives.
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With these features, MABAC, thanks to its boundary approach domain-
based structure, is an effective ranking method that clearly and consistently 
reveals the relative performance of alternatives, and it is recommended to use 
it in conjunction with supporting approaches in terms of normalization and 
uncertainty management.

3.3. MARCOS (Measurement of Alternatives and Ranking according 
to COmpromise Solution)

The MARCOS method was developed by Stević, Pamučar, Puška, and 
Chatterjee in 2020 [41]. The method is a new generation multi-criteria decision-
making approach that aims to compare different alternatives or sets using a 
large number of criteria. The main purpose of the method is to measure the 
performance of alternatives through their relationships with ideal and anti-
ideal reference solutions and to obtain a ranking based on these relationships. 
The MARCOS method is based on calculating a utility degree for each 
alternative by considering the relative positions of the alternatives and the 
reference values. Thanks to this structure, a more holistic and compromise-
based ranking process is offered by evaluating the positions of the alternatives 
not only relative to each other but also relative to the best and worst cases.

Strategic Advantages of the MARCOS Method in Decision-Making

• More meaningful results are obtained by evaluating alternatives 
together with ideal and anti-ideal solutions.

• The extent to which alternatives deviate from the best and worst cases 
is clearly revealed.

• The normalization, weighting, and utility degree calculation steps have 
a clear structure.

• It is less affected by changes in the number of alternatives or criteria 
(rank reversal) compared to other methods. • It maintains its mathematical 
consistency in complex decision problems involving a large number of 
alternatives. • It allows the analysis of different types of criteria within the 
same evaluation framework.

• It can be easily integrated with weighting methods such as FUCOM, 
LBWA, BWM, and MEREC.

• Utility degree values ​​clearly reflect the relative performance of 
alternatives.

• It has been successfully used in many different application areas such 
as third-party logistics selection [41], aviation fuel supplier evaluation [42], 
insurance sector financial performance [43], countries’ tourism performance 
[44], and Hazardous Waste Disposal Technologies [45].
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Disadvantages of the Marcos Method are as follows:

• The way ideal and anti-ideal solutions are defined can affect the ranking 
results.

• The normalization technique used can lead to changes in the relative 
positions of the alternatives.

• The method is based on the assumption that the criteria are independent 
of each other.

• The classical MARCOS structure does not accommodate ambiguous or 
fuzzy data; this can be remedied with fuzzy or interval extensions.

• The number of calculation steps may increase when there are many 
alternatives and criteria.

In these respects, the MARCOS method, thanks to its comparison-
based structure with reference solutions, is a powerful ranking method 
that comprehensively evaluates the performance of alternatives; however, it 
requires careful execution of the normalization and reference determination 
stages.

3.4. EDAS (Evaluation Based on Distance from Average Solution)

The EDAS method is an approach developed for ranking alternatives in 
multi-criteria decision-making problems, and it evaluates them based on their 
distances from the average solution. The method was first introduced to the 
literature by Ghorabaee, Zavadskas, Amiri, and Turskis (2015). The basic logic 
of the EDAS method is based on evaluating each alternative by considering 
its positive deviations (PDA) and negative deviations (NDA) relative to the 
average solution on a criterion basis. In this way, alternatives are positioned 
not only according to ideal or worst-case solutions, but also according to 
the average solution, which represents the overall performance level in the 
decision problem. With this structure, EDAS offers a more balanced and 
comparative ranking and contributes to a holistic approach to the decision-
making process.

Strategic Advantages of the EDAS Method in Decision-Making 

• Evaluating alternatives based on the average solution helps prevent 
overly optimistic or pessimistic results. 

• The concepts of positive and negative distances make it easier for 
decision-makers to understand the results obtained. 

• Criteria with different structures can be analyzed within the same 
evaluation framework.

 • It can be used effectively with weighting methods such as FUCOM, 
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LBWA, BWM, and MEREC. 

• It is successfully applied in many fields such as Automotive Industry Decision 
Analysis [46], Biomedical Waste Disposal [47], Supply Chain Sustainability [48], 
Athlete Smart Bracelet Selection [49], Smart Sustainable Manufacturing [50], and 
engineering.

Disadvantages of the EDAS Method are as follows:

• Alternatives with outlier values ​​can affect the average solution, leading to 
changes in ranking results. 

• The EDAS method operates on the assumption that the criteria are 
independent of each other. 

• The classic EDAS structure does not include ambiguous or fuzzy data; 
therefore, fuzzy or interval extensions may be needed.

 • The normalization method used can affect the relative performance of the 
alternatives.

With these features, the EDAS method, thanks to its average-based structure, 
is an effective ranking method that evaluates the performance of alternatives in 
a balanced way; however, it should be applied carefully, especially in decision 
problems involving outliers.

This chapter comprehensively examines the historical evolution of multi-
criteria decision-making (MCDM) methods, along with the new generation 
weighting and ranking approaches that have gained prominence in recent years. 
Problems such as the high comparison burden, risk of inconsistency, and limited 
compatibility with modern data structures of classical methods can be overcome 
in a more manageable, consistent, and application-oriented way using methods like 
FUCOM, LBWA, BWM, and MEREC. Similarly, new generation ranking methods 
such as ARTASI, MABAC, MARCOS, and EDAS enhance the interpretability and 
robustness of the decision-making process by evaluating alternatives not only based 
on proximity to the ideal solution but also using different reference logics such as 
goal-based, boundary approach space, compromise solution, or deviation from the 
mean solution. In this respect, the chapter provides decision-makers with both a 
theoretical understanding and a practical roadmap for method selection.

The key lines that will determine the direction of the MCDM literature in the 
coming period are: The increasing prevalence of fuzzy/grey/neutrosophic extensions 
that enhance uncertainty management, the rise of hybrid models compatible with 
big data and real-time decision support requirements, and the growing visibility 
of AI-based learning weighting/ranking approaches are expected. Furthermore, as 
the multidimensionality of decision problems increases in high-impact areas such 
as sustainability, energy, logistics, smart manufacturing, and security, frameworks 
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that utilize a combination of methods appropriate to the problem structure (e.g., 
objective-subjective weighting hybrids and goal/consensus-based rankings) 
will become more valuable than relying on a single approach. Therefore, future 
studies should evaluate methods not only based on computational success but 
also on criteria such as data quality, application scalability, explainability, and 
alignment with decision-maker objectives, further strengthening the role of 
Multi-Criteria Decision Making (MCDM) in the interdisciplinary decision 
ecosystem.
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max(min) z(x) = ∑ 𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗
𝑛𝑛
𝑗𝑗=1

∑ 𝑎𝑎𝑖𝑖𝑖𝑖𝑥𝑥𝑗𝑗 ≤ 𝑏𝑏𝑖𝑖 𝑛𝑛
𝑗𝑗=1       𝑖𝑖 = 1, … . , 𝑚𝑚

𝑥𝑥𝑗𝑗 ≥ 0,       𝑗𝑗 = 1, … . , 𝑛𝑛
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∑ 𝑎𝑎𝑖𝑖𝑖𝑖𝑥𝑥𝑗𝑗 ≤ 𝑏𝑏𝑖𝑖 𝑛𝑛
𝑗𝑗=1       𝑖𝑖 = 1, … . , 𝑚𝑚

𝑥𝑥𝑗𝑗 ≥ 0,       𝑗𝑗 = 1, … . , 𝑛𝑛
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𝑀𝑀𝑀𝑀𝑀𝑀  𝑧𝑧 = 𝑐𝑐𝑇𝑇𝑋𝑋 + 𝐸𝐸ƺ[min 𝑞𝑞(𝑤𝑤)𝑇𝑇𝑦𝑦(𝑤𝑤)]
𝑠𝑠. 𝑡𝑡  𝐴𝐴𝐴𝐴 ≥ 𝑏𝑏,

𝑇𝑇(𝜔𝜔)𝑥𝑥 + 𝑊𝑊𝑊𝑊(𝜔𝜔) = ℎ(𝜔𝜔),
𝑥𝑥 ≥ 0, 𝑦𝑦(𝜔𝜔) ≥ 0.

max(min) z(x) = ∑ 𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗=1
∑ 𝑎𝑎𝑖𝑖𝑖𝑖𝑥𝑥𝑗𝑗 ≤ 𝑏𝑏𝑖𝑖 𝑛𝑛

𝑗𝑗=1       𝑖𝑖 = 1, … . , 𝑚𝑚
𝑥𝑥𝑗𝑗 ≥ 0,       𝑗𝑗 = 1, … . , 𝑛𝑛
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𝑀𝑀𝑀𝑀𝑀𝑀  𝑧𝑧 = 𝑐𝑐𝑇𝑇𝑋𝑋 + 𝐸𝐸ƺ[min 𝑞𝑞(𝑤𝑤)𝑇𝑇𝑦𝑦(𝑤𝑤)]
𝑠𝑠. 𝑡𝑡  𝐴𝐴𝐴𝐴 ≥ 𝑏𝑏,

𝑇𝑇(𝜔𝜔)𝑥𝑥 + 𝑊𝑊𝑊𝑊(𝜔𝜔) = ℎ(𝜔𝜔),
𝑥𝑥 ≥ 0, 𝑦𝑦(𝜔𝜔) ≥ 0.

max(min) z(x) = ∑ 𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗=1
∑ 𝑎𝑎𝑖𝑖𝑖𝑖𝑥𝑥𝑗𝑗 ≤ 𝑏𝑏𝑖𝑖 𝑛𝑛

𝑗𝑗=1       𝑖𝑖 = 1, … . , 𝑚𝑚
𝑥𝑥𝑗𝑗 ≥ 0,       𝑗𝑗 = 1, … . , 𝑛𝑛

 

max(min) z(x) = ∑ 𝑐𝑐𝑗𝑗𝑥𝑥𝑗𝑗

𝑛𝑛

𝑗𝑗=1
𝑃𝑃[∑ 𝑎𝑎𝑖𝑖𝑖𝑖𝑥𝑥𝑗𝑗 ≤ 𝑏𝑏𝑖𝑖

𝑛𝑛
𝑗𝑗=1 ] ≥ 1 − 𝑢𝑢𝑖𝑖 , 𝑖𝑖 = 1, … . , 𝑚𝑚

𝑥𝑥𝑗𝑗 ≥ 0, 𝑗𝑗 = 1, … . , 𝑛𝑛
𝑢𝑢𝑖𝑖 ∈ (0,1), 𝑖𝑖 = 1, … . , 𝑚𝑚
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𝑀𝑀𝑖𝑖 ≥  0     (𝑖𝑖  =  1, 2 , 3 … . . , 𝑛𝑛)
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𝑀𝑀𝑖𝑖 ≥  0     (𝑖𝑖  =  1, 2 , 3 … . . , 𝑛𝑛)
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𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍 𝑐𝑐𝑐𝑐 ∗ 𝑥𝑥𝑥𝑥  (𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑎𝑎 1 −
𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑡𝑡𝑡𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝)

(𝑐𝑐𝑐𝑐 = 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 −  𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶)
𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍 =  (11,86 ∗ 𝑋𝑋1 +  17,76 ∗ 𝑋𝑋2 +  23,29 ∗  𝑋𝑋3 +  31,64 ∗ 𝑋𝑋4)  

−  (9,12 ∗ 𝑋𝑋1 +  13,66 ∗ 𝑋𝑋2 +  17,84 ∗ 𝑋𝑋3 +  24,34
∗ 𝑋𝑋4)

𝐷𝐷𝐷𝐷 100 𝑖𝑖ç𝑖𝑖𝑖𝑖 ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑠𝑠ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 1 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (6𝑚𝑚𝑚𝑚)  ≥  60 𝑑𝑑𝑑𝑑  
      𝐷𝐷𝐷𝐷 150 𝑖𝑖ç𝑖𝑖𝑖𝑖 ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑠𝑠ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 1 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (6𝑚𝑚𝑚𝑚)  ≥  68,4 𝑑𝑑𝑑𝑑

 
𝐷𝐷𝐷𝐷 200 𝑖𝑖ç𝑖𝑖𝑖𝑖 ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑠𝑠ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 1 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (6𝑚𝑚𝑚𝑚)  ≥  72,5 𝑑𝑑𝑑𝑑  
𝐷𝐷𝐷𝐷 250 𝑖𝑖ç𝑖𝑖𝑖𝑖 ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑠𝑠ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 1 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (6𝑚𝑚𝑚𝑚)  ≥  79,8 𝑑𝑑𝑑𝑑 

𝑚𝑚𝑚𝑚 =  Number of molds required for the production of Xi
𝑚𝑚1 =  1 , 𝑚𝑚2 =  1 , 𝑚𝑚3 =  2   , 𝑚𝑚4 =  2

 

𝑋𝑋1 ≤  12 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 
𝑋𝑋2 ≤  11,2 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  

𝑋𝑋3 ≤  19,8 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡𝑡𝑡𝑡𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 
𝑋𝑋4 ≤ 18,04 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡𝑡𝑡𝑡𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 
 (60 + 60)𝑋𝑋1 + (68.4 + 60)𝑋𝑋2 +  (72,5)𝑋𝑋3 +  (79,8)𝑋𝑋4 ≤  1440
120 𝑋𝑋1 +  128,4 𝑋𝑋2 +  72,5 𝑋𝑋3 +  79,8𝑋𝑋4 ≤ 1440

𝐷𝐷1 ≤   500 
𝐷𝐷2 ≤   500 

      𝐷𝐷3 ≤   1200  
𝐷𝐷4 ≤   1500 
𝑋𝑋1 + 𝑋𝑋2 + 𝑋𝑋3 + 𝑋𝑋4 ≤ 3700

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝∈𝑃𝑃 {𝑧𝑧𝑇𝑇𝑥𝑥}

𝑎𝑎𝑖𝑖
𝑇𝑇𝑥𝑥 ≤ 𝑏𝑏𝑖𝑖, 𝑖𝑖 = 1, … . , 𝑚𝑚 
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𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍 𝑐𝑐𝑐𝑐 ∗ 𝑥𝑥𝑥𝑥  (𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑎𝑎 1 −
𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚ℎ 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑡𝑡𝑡𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝)

(𝑐𝑐𝑐𝑐 = 𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 −  𝑈𝑈𝑈𝑈𝑈𝑈𝑈𝑈 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶)
𝑍𝑍𝑍𝑍𝑍𝑍𝑍𝑍 =  (11,86 ∗ 𝑋𝑋1 +  17,76 ∗ 𝑋𝑋2 +  23,29 ∗  𝑋𝑋3 +  31,64 ∗ 𝑋𝑋4)  

−  (9,12 ∗ 𝑋𝑋1 +  13,66 ∗ 𝑋𝑋2 +  17,84 ∗ 𝑋𝑋3 +  24,34
∗ 𝑋𝑋4)

𝐷𝐷𝐷𝐷 100 𝑖𝑖ç𝑖𝑖𝑖𝑖 ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑠𝑠ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 1 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (6𝑚𝑚𝑚𝑚)  ≥  60 𝑑𝑑𝑑𝑑  
      𝐷𝐷𝐷𝐷 150 𝑖𝑖ç𝑖𝑖𝑖𝑖 ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑠𝑠ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 1 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (6𝑚𝑚𝑚𝑚)  ≥  68,4 𝑑𝑑𝑑𝑑

 
𝐷𝐷𝐷𝐷 200 𝑖𝑖ç𝑖𝑖𝑖𝑖 ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑠𝑠ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 1 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (6𝑚𝑚𝑚𝑚)  ≥  72,5 𝑑𝑑𝑑𝑑  
𝐷𝐷𝐷𝐷 250 𝑖𝑖ç𝑖𝑖𝑖𝑖 ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑠𝑠ü𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 1 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 (6𝑚𝑚𝑚𝑚)  ≥  79,8 𝑑𝑑𝑑𝑑 

𝑚𝑚𝑚𝑚 =  Number of molds required for the production of Xi
𝑚𝑚1 =  1 , 𝑚𝑚2 =  1 , 𝑚𝑚3 =  2   , 𝑚𝑚4 =  2

 

𝑋𝑋1 ≤  12 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 
𝑋𝑋2 ≤  11,2 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝  

𝑋𝑋3 ≤  19,8 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡𝑡𝑡𝑡𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 
𝑋𝑋4 ≤ 18,04 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 (𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵𝐵 𝑡𝑡ℎ𝑒𝑒𝑒𝑒𝑒𝑒 𝑎𝑎𝑎𝑎𝑎𝑎 𝑡𝑡𝑡𝑡𝑡𝑡 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚) 
 (60 + 60)𝑋𝑋1 + (68.4 + 60)𝑋𝑋2 +  (72,5)𝑋𝑋3 +  (79,8)𝑋𝑋4 ≤  1440
120 𝑋𝑋1 +  128,4 𝑋𝑋2 +  72,5 𝑋𝑋3 +  79,8𝑋𝑋4 ≤ 1440

𝐷𝐷1 ≤   500 
𝐷𝐷2 ≤   500 

      𝐷𝐷3 ≤   1200  
𝐷𝐷4 ≤   1500 
𝑋𝑋1 + 𝑋𝑋2 + 𝑋𝑋3 + 𝑋𝑋4 ≤ 3700

𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑚𝑚𝑚𝑚𝑚𝑚𝑝𝑝∈𝑃𝑃 {𝑧𝑧𝑇𝑇𝑥𝑥}

𝑎𝑎𝑖𝑖
𝑇𝑇𝑥𝑥 ≤ 𝑏𝑏𝑖𝑖, 𝑖𝑖 = 1, … . , 𝑚𝑚 
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𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥𝑐𝑐𝑇𝑇𝑥𝑥

𝐴𝐴𝐴𝐴 ≤ 𝑏𝑏

𝔼𝔼[𝑎𝑎İ
𝑇𝑇𝑥𝑥] ≤ 𝑏𝑏𝑖𝑖 + √𝑉𝑉𝑉𝑉𝑉𝑉(𝑎𝑎İ

𝑇𝑇𝑥𝑥). 𝐾𝐾, 𝑖𝑖 = 1, … . , 𝑚𝑚 

⋅ ⋅

 

𝐷𝐷1 ∼ 𝑁𝑁(𝜇𝜇𝜇𝜇1, 𝜎𝜎𝜎𝜎12) 
       𝐷𝐷2 ∼ 𝑁𝑁(𝜇𝜇𝜇𝜇2, 𝜎𝜎𝜎𝜎22)  
       𝐷𝐷3 ∼ 𝑁𝑁(𝜇𝜇𝜇𝜇3, 𝜎𝜎𝜎𝜎32)  
       𝐷𝐷4 ∼ 𝑁𝑁(𝜇𝜇𝜇𝜇4, 𝜎𝜎𝜎𝜎42

𝑋𝑋1:  The quantity of DN 100 mm pipe to be produced (meters)
       𝑋𝑋2: The quantity of DN 150 mm pipe to be produced (meters)

)
𝑋𝑋3:  The quantity of DN 200 mm pipe to be produced (meters) 
𝑋𝑋4:  The quantity of DN 250 mm pipe to be produced (meters)

𝑋𝑋1, 𝑋𝑋2, 𝑋𝑋3, 𝑋𝑋4 ≥  0
𝑀𝑀𝑀𝑀𝑀𝑀 𝑍𝑍 =  2.74𝑋𝑋1 + 4.1𝑋𝑋2 + 5.45𝑋𝑋3 + 7.3𝑋𝑋4

𝐷𝐷𝐷𝐷 100 ∶  10𝑋𝑋1 ≤ 9360 
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𝑚𝑚𝑚𝑚𝑚𝑚𝑥𝑥𝑐𝑐𝑇𝑇𝑥𝑥

𝐴𝐴𝐴𝐴 ≤ 𝑏𝑏

𝔼𝔼[𝑎𝑎İ
𝑇𝑇𝑥𝑥] ≤ 𝑏𝑏𝑖𝑖 + √𝑉𝑉𝑉𝑉𝑉𝑉(𝑎𝑎İ

𝑇𝑇𝑥𝑥). 𝐾𝐾, 𝑖𝑖 = 1, … . , 𝑚𝑚 

⋅ ⋅

 

𝐷𝐷1 ∼ 𝑁𝑁(𝜇𝜇𝜇𝜇1, 𝜎𝜎𝜎𝜎12) 
       𝐷𝐷2 ∼ 𝑁𝑁(𝜇𝜇𝜇𝜇2, 𝜎𝜎𝜎𝜎22)  
       𝐷𝐷3 ∼ 𝑁𝑁(𝜇𝜇𝜇𝜇3, 𝜎𝜎𝜎𝜎32)  
       𝐷𝐷4 ∼ 𝑁𝑁(𝜇𝜇𝜇𝜇4, 𝜎𝜎𝜎𝜎42

𝑋𝑋1:  The quantity of DN 100 mm pipe to be produced (meters)
       𝑋𝑋2: The quantity of DN 150 mm pipe to be produced (meters)

)
𝑋𝑋3:  The quantity of DN 200 mm pipe to be produced (meters) 
𝑋𝑋4:  The quantity of DN 250 mm pipe to be produced (meters)

𝑋𝑋1, 𝑋𝑋2, 𝑋𝑋3, 𝑋𝑋4 ≥  0
𝑀𝑀𝑀𝑀𝑀𝑀 𝑍𝑍 =  2.74𝑋𝑋1 + 4.1𝑋𝑋2 + 5.45𝑋𝑋3 + 7.3𝑋𝑋4

𝐷𝐷𝐷𝐷 100 ∶  10𝑋𝑋1 ≤ 9360 
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     𝐷𝐷𝐷𝐷 150 ∶  11.4𝑋𝑋2 ≤ 16380
𝐷𝐷𝐷𝐷 200 ∶  12.08𝑋𝑋3 ≤ 46800 
𝐷𝐷𝐷𝐷 250 ∶  13.3𝑋𝑋4 ≤ 39780

𝐷𝐷𝐷𝐷 100 ∶  120𝑋𝑋1 ≤ 1440 
𝐷𝐷𝐷𝐷 150 ∶  128.4𝑋𝑋2
≤ 1440                                                                                                 (3.2.9) 
𝐷𝐷𝐷𝐷 200 ∶  72.5𝑋𝑋3 ≤ 1440 
𝐷𝐷𝐷𝐷 250 ∶  79.8𝑋𝑋4 ≤ 1440

𝐷𝐷𝐷𝐷 100 ∶  𝑋𝑋1 ≤ 12 
𝐷𝐷𝐷𝐷 150 ∶  𝑋𝑋2
≤ 11.2                                                                                                          (3.2.10) 

𝐷𝐷𝐷𝐷 200 ∶  𝑋𝑋3 ≤ 19.8 
𝐷𝐷𝐷𝐷 250 ∶  𝑋𝑋4 ≤ 18.04

𝑋𝑋1 ≤ 𝜇𝜇𝜇𝜇1
𝑋𝑋2 
≤ 𝜇𝜇𝜇𝜇2                                                                                                      (3.2.11) 
𝑋𝑋3 ≤ 𝜇𝜇𝜇𝜇3 
𝑋𝑋4 ≤ 𝜇𝜇𝜇𝜇4 
𝑋𝑋1 + 𝑋𝑋2 + 𝑋𝑋3 + 𝑋𝑋4 ≤ 3700

 

𝑋𝑋1 =  500     (𝐷𝐷𝐷𝐷 100 𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞. )  
𝑋𝑋2 =  0          (𝐷𝐷𝐷𝐷 150  𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞. ) 
𝑋𝑋3 =  1200   (𝐷𝐷𝐷𝐷 200  𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞. )  
𝑋𝑋4 =  2000   (𝐷𝐷𝐷𝐷 250 𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞. ) 

𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴 𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷:  
=  2.74 × 500 + 4.1 × 0 + 5.45 × 1200 + 7.3 × 2000

   =  1370 + 0 + 6540 + 14600 = 22.410 𝑈𝑈𝑈𝑈𝑈𝑈  

 
𝐷𝐷𝐷𝐷 100 𝑖𝑖ç𝑖𝑖𝑖𝑖: 𝜇𝜇𝜇𝜇1 = 800         𝜎𝜎𝜎𝜎1 = 50 
𝐷𝐷𝐷𝐷 150 𝑖𝑖ç𝑖𝑖𝑖𝑖: 𝜇𝜇𝜇𝜇2 = 1500       𝜎𝜎𝜎𝜎2 = 100  
𝐷𝐷𝐷𝐷 200 𝑖𝑖ç𝑖𝑖𝑖𝑖: 𝜇𝜇𝜇𝜇3 = 1200       𝜎𝜎𝜎𝜎3 = 80 
𝐷𝐷𝐷𝐷 250 𝑖𝑖ç𝑖𝑖𝑖𝑖: 𝜇𝜇𝜇𝜇4 = 1200       𝜎𝜎𝜎𝜎4 = 70  

 
𝑋𝑋1 = 800    (𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 𝑓𝑓𝑓𝑓𝑓𝑓 𝐷𝐷𝐷𝐷 100) 
𝑋𝑋2 = 1500  (𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 𝑓𝑓𝑓𝑓𝑓𝑓 𝐷𝐷𝐷𝐷 150) 
𝑋𝑋3 = 1200  (𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 𝑓𝑓𝑓𝑓𝑓𝑓 𝐷𝐷𝐷𝐷 200) 

       𝑋𝑋4 = 200    (𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 𝑓𝑓𝑓𝑓𝑓𝑓 𝐷𝐷𝐷𝐷 250)
 =  16.342 𝑈𝑈𝑈𝑈𝑈𝑈 (4.1.3)
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𝑋𝑋1 =  500     (𝐷𝐷𝐷𝐷 100 𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞. )  
𝑋𝑋2 =  0          (𝐷𝐷𝐷𝐷 150  𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞. ) 
𝑋𝑋3 =  1200   (𝐷𝐷𝐷𝐷 200  𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞. )  
𝑋𝑋4 =  2000   (𝐷𝐷𝐷𝐷 250 𝑚𝑚𝑚𝑚 𝑝𝑝𝑝𝑝𝑝𝑝𝑝𝑝 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞. ) 

𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴𝑴 𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷:  
=  2.74 × 500 + 4.1 × 0 + 5.45 × 1200 + 7.3 × 2000

   =  1370 + 0 + 6540 + 14600 = 22.410 𝑈𝑈𝑈𝑈𝑈𝑈  

 
𝐷𝐷𝐷𝐷 100 𝑖𝑖ç𝑖𝑖𝑖𝑖: 𝜇𝜇𝜇𝜇1 = 800         𝜎𝜎𝜎𝜎1 = 50 
𝐷𝐷𝐷𝐷 150 𝑖𝑖ç𝑖𝑖𝑖𝑖: 𝜇𝜇𝜇𝜇2 = 1500       𝜎𝜎𝜎𝜎2 = 100  
𝐷𝐷𝐷𝐷 200 𝑖𝑖ç𝑖𝑖𝑖𝑖: 𝜇𝜇𝜇𝜇3 = 1200       𝜎𝜎𝜎𝜎3 = 80 
𝐷𝐷𝐷𝐷 250 𝑖𝑖ç𝑖𝑖𝑖𝑖: 𝜇𝜇𝜇𝜇4 = 1200       𝜎𝜎𝜎𝜎4 = 70  

 
𝑋𝑋1 = 800    (𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 𝑓𝑓𝑓𝑓𝑓𝑓 𝐷𝐷𝐷𝐷 100) 
𝑋𝑋2 = 1500  (𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 𝑓𝑓𝑓𝑓𝑓𝑓 𝐷𝐷𝐷𝐷 150) 
𝑋𝑋3 = 1200  (𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 𝑓𝑓𝑓𝑓𝑓𝑓 𝐷𝐷𝐷𝐷 200) 

       𝑋𝑋4 = 200    (𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞𝑞 𝑓𝑓𝑓𝑓𝑓𝑓 𝐷𝐷𝐷𝐷 250)
 =  16.342 𝑈𝑈𝑈𝑈𝑈𝑈 (4.1.3)
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DEPLOYING ENGINEERING DECISION MAKING 
METHODS IN THE SPORTS INDUSTRY: A CROSS-
DISCIPLINARY ANALYTICAL FRAMEWORK FOR 

ELITE VOLLEYBALL PLAYER SELECTION

Nur Filiz Ulutas1

Buse Cetin2

Cagatay Tasdemir3

1 Department of Industrial Engineering, Bursa Technical University, Bursa, Türkiye
2 Department of Forest Industry Engineering, Bursa Technical University, Bursa, Türkiye.
3 Department of Industrial Engineering, Bursa Technical University, Bursa, Türkiye,
Department of Forest Industry Engineering, Bursa Technical University, Bursa, Türkiye.
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Criteria

Alternatives

Best Player 
Selection

C1 C2 C3

Player 1 Player 2 Player 3 Player 4

 
 

𝐴𝐴 = [
1 𝑎𝑎12 … 𝑎𝑎1𝑛𝑛

𝑎𝑎21 = 1/𝑎𝑎12 1 … 𝑎𝑎2𝑛𝑛
⋮ ⋮ ⋱ ⋮

𝑎𝑎𝑛𝑛1 = 1/𝑎𝑎1𝑛𝑛 𝑎𝑎𝑛𝑛2 = 1/𝑎𝑎2𝑛𝑛 … 1
]

𝑎𝑎𝑖𝑖𝑖𝑖 = 1
𝑎𝑎𝑗𝑗𝑗𝑗

𝑤𝑤𝑖𝑖 = (𝑎𝑎𝑖𝑖𝑖𝑖)1/𝑛𝑛

∑ (𝑎𝑎𝑖𝑖𝑖𝑖)1/𝑛𝑛𝑛𝑛
𝑖𝑖=1

𝑤𝑤 =

[
 
 
 
 
𝑤𝑤1
𝑤𝑤2
⋮
⋮

𝑤𝑤𝑛𝑛]
 
 
 
 

𝑚𝑚𝑚𝑚𝑚𝑚 = 𝐴𝐴𝐴𝐴
𝑤𝑤
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Criteria

Alternatives

Best Player 
Selection

C1 C2 C3

Player 1 Player 2 Player 3 Player 4

 
 

𝐴𝐴 = [
1 𝑎𝑎12 … 𝑎𝑎1𝑛𝑛

𝑎𝑎21 = 1/𝑎𝑎12 1 … 𝑎𝑎2𝑛𝑛
⋮ ⋮ ⋱ ⋮

𝑎𝑎𝑛𝑛1 = 1/𝑎𝑎1𝑛𝑛 𝑎𝑎𝑛𝑛2 = 1/𝑎𝑎2𝑛𝑛 … 1
]

𝑎𝑎𝑖𝑖𝑖𝑖 = 1
𝑎𝑎𝑗𝑗𝑗𝑗

𝑤𝑤𝑖𝑖 = (𝑎𝑎𝑖𝑖𝑖𝑖)1/𝑛𝑛

∑ (𝑎𝑎𝑖𝑖𝑖𝑖)1/𝑛𝑛𝑛𝑛
𝑖𝑖=1

𝑤𝑤 =

[
 
 
 
 
𝑤𝑤1
𝑤𝑤2
⋮
⋮

𝑤𝑤𝑛𝑛]
 
 
 
 

𝑚𝑚𝑚𝑚𝑚𝑚 = 𝐴𝐴𝐴𝐴
𝑤𝑤
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𝐶𝐶𝐶𝐶 = 𝑚𝑚𝑚𝑚𝑚𝑚−𝑛𝑛
(𝑛𝑛−1)

𝐶𝐶𝐶𝐶 = 𝐶𝐶𝐶𝐶
𝑅𝑅𝑅𝑅

𝐴𝐴𝑖𝑖𝑖𝑖 = [
𝑎𝑎11 𝑎𝑎12 … 𝑎𝑎1𝑛𝑛
𝑎𝑎21 𝑎𝑎22 … 𝑎𝑎2𝑛𝑛
⋮ ⋮ ⋱ ⋮

𝑎𝑎𝑚𝑚1 𝑎𝑎𝑚𝑚2 … 𝑎𝑎𝑚𝑚𝑚𝑚

]

 
 

𝑎𝑎𝑖𝑖𝑖𝑖

𝑟𝑟𝑖𝑖𝑖𝑖 =
𝑎𝑎𝑖𝑖𝑖𝑖

√∑ 𝑎𝑎𝑖𝑖𝑖𝑖2𝑚𝑚
𝑖𝑖=1

𝑅𝑅𝑖𝑖𝑖𝑖 = [
𝑟𝑟11 𝑟𝑟12 … 𝑟𝑟1𝑛𝑛
𝑟𝑟21 𝑟𝑟22 … 𝑟𝑟2𝑛𝑛
⋮ ⋮ ⋱ ⋮

𝑟𝑟𝑚𝑚1 𝑟𝑟𝑚𝑚2 … 𝑟𝑟𝑚𝑚𝑚𝑚

] 𝑖𝑖 = 1,2,3, … ,𝑚𝑚 𝑗𝑗 = 1,2,3, … , 𝑛𝑛

𝑣𝑣𝑖𝑖𝑖𝑖 = 𝑤𝑤𝑗𝑗 × 𝑟𝑟𝑖𝑖𝑖𝑖

𝑉𝑉𝑖𝑖𝑖𝑖 = [
𝑤𝑤1𝑟𝑟11 𝑤𝑤2𝑟𝑟12 … 𝑤𝑤𝑛𝑛𝑟𝑟1𝑛𝑛
𝑤𝑤1𝑟𝑟21 𝑤𝑤2𝑟𝑟22 … 𝑤𝑤𝑛𝑛𝑟𝑟2𝑛𝑛
⋮ ⋮ ⋱ ⋮

𝑤𝑤1𝑟𝑟𝑚𝑚1 𝑤𝑤2𝑟𝑟𝑚𝑚2 … 𝑤𝑤𝑛𝑛𝑟𝑟𝑚𝑚𝑚𝑚

]

⁺
⁻

𝐴𝐴+ = {(max
𝑖𝑖

𝑣𝑣𝑖𝑖𝑖𝑖 |𝑗𝑗 ∊ 𝐽𝐽) , (min
𝑖𝑖

𝑣𝑣𝑖𝑖𝑖𝑖 |𝑗𝑗 ∊ 𝐽𝐽′)}

𝐴𝐴− = {(min
𝑖𝑖

𝑣𝑣𝑖𝑖𝑖𝑖 |𝑗𝑗 ∊ 𝐽𝐽) , (max
𝑖𝑖

𝑣𝑣𝑖𝑖𝑖𝑖 |𝑗𝑗 ∊ 𝐽𝐽′)}

𝐽𝐽 𝐽𝐽′
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𝐶𝐶𝐶𝐶 = 𝑚𝑚𝑚𝑚𝑚𝑚−𝑛𝑛
(𝑛𝑛−1)

𝐶𝐶𝐶𝐶 = 𝐶𝐶𝐶𝐶
𝑅𝑅𝑅𝑅

𝐴𝐴𝑖𝑖𝑖𝑖 = [
𝑎𝑎11 𝑎𝑎12 … 𝑎𝑎1𝑛𝑛
𝑎𝑎21 𝑎𝑎22 … 𝑎𝑎2𝑛𝑛
⋮ ⋮ ⋱ ⋮

𝑎𝑎𝑚𝑚1 𝑎𝑎𝑚𝑚2 … 𝑎𝑎𝑚𝑚𝑚𝑚

]

 
 

𝑎𝑎𝑖𝑖𝑖𝑖

𝑟𝑟𝑖𝑖𝑖𝑖 =
𝑎𝑎𝑖𝑖𝑖𝑖

√∑ 𝑎𝑎𝑖𝑖𝑖𝑖2𝑚𝑚
𝑖𝑖=1

𝑅𝑅𝑖𝑖𝑖𝑖 = [
𝑟𝑟11 𝑟𝑟12 … 𝑟𝑟1𝑛𝑛
𝑟𝑟21 𝑟𝑟22 … 𝑟𝑟2𝑛𝑛
⋮ ⋮ ⋱ ⋮

𝑟𝑟𝑚𝑚1 𝑟𝑟𝑚𝑚2 … 𝑟𝑟𝑚𝑚𝑚𝑚

] 𝑖𝑖 = 1,2,3, … ,𝑚𝑚 𝑗𝑗 = 1,2,3, … , 𝑛𝑛

𝑣𝑣𝑖𝑖𝑖𝑖 = 𝑤𝑤𝑗𝑗 × 𝑟𝑟𝑖𝑖𝑖𝑖

𝑉𝑉𝑖𝑖𝑖𝑖 = [
𝑤𝑤1𝑟𝑟11 𝑤𝑤2𝑟𝑟12 … 𝑤𝑤𝑛𝑛𝑟𝑟1𝑛𝑛
𝑤𝑤1𝑟𝑟21 𝑤𝑤2𝑟𝑟22 … 𝑤𝑤𝑛𝑛𝑟𝑟2𝑛𝑛
⋮ ⋮ ⋱ ⋮

𝑤𝑤1𝑟𝑟𝑚𝑚1 𝑤𝑤2𝑟𝑟𝑚𝑚2 … 𝑤𝑤𝑛𝑛𝑟𝑟𝑚𝑚𝑚𝑚

]

⁺
⁻

𝐴𝐴+ = {(max
𝑖𝑖

𝑣𝑣𝑖𝑖𝑖𝑖 |𝑗𝑗 ∊ 𝐽𝐽) , (min
𝑖𝑖

𝑣𝑣𝑖𝑖𝑖𝑖 |𝑗𝑗 ∊ 𝐽𝐽′)}

𝐴𝐴− = {(min
𝑖𝑖

𝑣𝑣𝑖𝑖𝑖𝑖 |𝑗𝑗 ∊ 𝐽𝐽) , (max
𝑖𝑖

𝑣𝑣𝑖𝑖𝑖𝑖 |𝑗𝑗 ∊ 𝐽𝐽′)}

𝐽𝐽 𝐽𝐽′
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𝑆𝑆𝑖𝑖+ = √∑ (𝑣𝑣𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑗𝑗+)
2𝑛𝑛

𝑗𝑗=1

𝑆𝑆𝑖𝑖− = √∑ (𝑣𝑣𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑗𝑗−)
2𝑛𝑛

𝑗𝑗=1

𝐶𝐶𝑖𝑖+ = 𝑆𝑆𝑖𝑖−

𝑆𝑆𝑖𝑖−+𝑆𝑆𝑖𝑖+

𝐶𝐶𝑖𝑖+
𝐶𝐶𝑖𝑖+

⁻

𝑖𝑖 = 1,2, … , 𝑛𝑛

𝑖𝑖

𝑓𝑓𝑖𝑖∗ = max
𝑗𝑗

𝑓𝑓𝑖𝑖𝑖𝑖 𝑓𝑓𝑖𝑖− = min
𝑗𝑗

𝑓𝑓𝑖𝑖𝑖𝑖

𝑖𝑖

 
 

𝑓𝑓𝑖𝑖∗ = min
𝑗𝑗

𝑓𝑓𝑖𝑖𝑖𝑖 𝑓𝑓𝑖𝑖− = max
𝑗𝑗

𝑓𝑓𝑖𝑖𝑖𝑖

𝑤𝑤𝑖𝑖

j = 1,2, … , J

𝑆𝑆𝑗𝑗 = ∑ 𝑤𝑤𝑖𝑖(𝑓𝑓𝑖𝑖∗ − 𝑓𝑓𝑖𝑖−)/(𝑓𝑓𝑖𝑖∗ − 𝑓𝑓𝑖𝑖−)𝑛𝑛
𝑖𝑖=1

𝑅𝑅𝑗𝑗 = max
𝑖𝑖
[𝑤𝑤𝑖𝑖(𝑓𝑓𝑖𝑖∗ − 𝑓𝑓𝑖𝑖𝑖𝑖)/(𝑓𝑓𝑖𝑖∗ − 𝑓𝑓𝑖𝑖−)]

𝑆𝑆𝑗𝑗
𝑅𝑅𝑗𝑗

𝑄𝑄𝑗𝑗

j = 1,2, … , J

𝑄𝑄𝑗𝑗 = 𝑣𝑣(𝑆𝑆𝑗𝑗 − 𝑆𝑆∗)/(𝑆𝑆− − 𝑆𝑆∗) + (1 − 𝑣𝑣)(𝑅𝑅𝑗𝑗 − 𝑅𝑅∗)/(𝑅𝑅− − 𝑅𝑅∗)

• 𝑆𝑆∗ = min⁡ 𝑆𝑆𝑗𝑗 𝑆𝑆− = max⁡ 𝑆𝑆𝑗𝑗
• 𝑅𝑅∗ = min⁡ 𝑅𝑅𝑗𝑗 𝑅𝑅− = max⁡ 𝑅𝑅𝑗𝑗
• 𝑣𝑣

𝑣𝑣 = 0.5 1 − 𝑣𝑣

𝑆𝑆𝑗𝑗 𝑅𝑅𝑗𝑗 𝑄𝑄𝑗𝑗



 . 67International Reviews, Research and Studies in the Field of Industrial Engineering

 
 

𝑆𝑆𝑖𝑖+ = √∑ (𝑣𝑣𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑗𝑗+)
2𝑛𝑛

𝑗𝑗=1

𝑆𝑆𝑖𝑖− = √∑ (𝑣𝑣𝑖𝑖𝑖𝑖 − 𝑣𝑣𝑗𝑗−)
2𝑛𝑛

𝑗𝑗=1

𝐶𝐶𝑖𝑖+ = 𝑆𝑆𝑖𝑖−

𝑆𝑆𝑖𝑖−+𝑆𝑆𝑖𝑖+

𝐶𝐶𝑖𝑖+
𝐶𝐶𝑖𝑖+

⁻

𝑖𝑖 = 1,2, … , 𝑛𝑛

𝑖𝑖

𝑓𝑓𝑖𝑖∗ = max
𝑗𝑗

𝑓𝑓𝑖𝑖𝑖𝑖 𝑓𝑓𝑖𝑖− = min
𝑗𝑗

𝑓𝑓𝑖𝑖𝑖𝑖

𝑖𝑖

 
 

𝑓𝑓𝑖𝑖∗ = min
𝑗𝑗

𝑓𝑓𝑖𝑖𝑖𝑖 𝑓𝑓𝑖𝑖− = max
𝑗𝑗

𝑓𝑓𝑖𝑖𝑖𝑖

𝑤𝑤𝑖𝑖

j = 1,2, … , J

𝑆𝑆𝑗𝑗 = ∑ 𝑤𝑤𝑖𝑖(𝑓𝑓𝑖𝑖∗ − 𝑓𝑓𝑖𝑖−)/(𝑓𝑓𝑖𝑖∗ − 𝑓𝑓𝑖𝑖−)𝑛𝑛
𝑖𝑖=1

𝑅𝑅𝑗𝑗 = max
𝑖𝑖
[𝑤𝑤𝑖𝑖(𝑓𝑓𝑖𝑖∗ − 𝑓𝑓𝑖𝑖𝑖𝑖)/(𝑓𝑓𝑖𝑖∗ − 𝑓𝑓𝑖𝑖−)]

𝑆𝑆𝑗𝑗
𝑅𝑅𝑗𝑗

𝑄𝑄𝑗𝑗

j = 1,2, … , J

𝑄𝑄𝑗𝑗 = 𝑣𝑣(𝑆𝑆𝑗𝑗 − 𝑆𝑆∗)/(𝑆𝑆− − 𝑆𝑆∗) + (1 − 𝑣𝑣)(𝑅𝑅𝑗𝑗 − 𝑅𝑅∗)/(𝑅𝑅− − 𝑅𝑅∗)

• 𝑆𝑆∗ = min⁡ 𝑆𝑆𝑗𝑗 𝑆𝑆− = max⁡ 𝑆𝑆𝑗𝑗
• 𝑅𝑅∗ = min⁡ 𝑅𝑅𝑗𝑗 𝑅𝑅− = max⁡ 𝑅𝑅𝑗𝑗
• 𝑣𝑣

𝑣𝑣 = 0.5 1 − 𝑣𝑣

𝑆𝑆𝑗𝑗 𝑅𝑅𝑗𝑗 𝑄𝑄𝑗𝑗
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𝑄𝑄𝑗𝑗

• 

𝑄𝑄(𝐴𝐴(2)) − 𝑄𝑄(𝐴𝐴(1)) ≥ 𝐷𝐷𝐷𝐷

𝐷𝐷𝐷𝐷 = 1/(𝐽𝐽 − 1)

𝐴𝐴(1) 𝐴𝐴(2)

𝐽𝐽

• 

𝐴𝐴(1)

𝑆𝑆 𝑅𝑅

• 𝐴𝐴(1) 𝐴𝐴(2)

• 

𝑄𝑄(𝐴𝐴𝑀𝑀) − 𝑄𝑄(𝐴𝐴1) < 𝐷𝐷𝐷𝐷
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𝑄𝑄𝑗𝑗

• 

𝑄𝑄(𝐴𝐴(2)) − 𝑄𝑄(𝐴𝐴(1)) ≥ 𝐷𝐷𝐷𝐷

𝐷𝐷𝐷𝐷 = 1/(𝐽𝐽 − 1)

𝐴𝐴(1) 𝐴𝐴(2)

𝐽𝐽

• 

𝐴𝐴(1)

𝑆𝑆 𝑅𝑅

• 𝐴𝐴(1) 𝐴𝐴(2)

• 

𝑄𝑄(𝐴𝐴𝑀𝑀) − 𝑄𝑄(𝐴𝐴1) < 𝐷𝐷𝐷𝐷
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Type Graphic Definition Parameter

Type 1: Usual -

Type 2: U-Shape q

Type 3: V-Shape p

Type 4: Level p,q

Type 5: Linear p,q

Type 6: Gaussian s

  = 0⁡⁡⁡  0
1⁡⁡⁡  0

  = 0⁡⁡⁡   
1⁡⁡⁡   

  =
0
 
 
1

  0
0     
   

  =  −  
 −  

0⁡⁡   
⁡     
1⁡⁡   

  =
0

 −  
 −  
1

   
0     
   

  =
0

1−  −
 2
2 2

  0
  0

 
 

⁺

⁻

⁺ ⁺ ⁻ ⁻

⁺ ⁺ ⁻ ⁻

⁺ ⁺ ⁻ ⁻

⁺ ⁺ ⁻ ⁻

⁺ ⁺ ⁻ ⁻

⁺ ⁺ ⁻ ⁻
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1⁡⁡⁡   

  =
0
 
 
1

  0
0     
   

  =  −  
 −  

0⁡⁡   
⁡     
1⁡⁡   

  =
0

 −  
 −  
1

   
0     
   

  =
0

1−  −
 2
2 2

  0
  0

 
 

⁺

⁻

⁺ ⁺ ⁻ ⁻

⁺ ⁺ ⁻ ⁻

⁺ ⁺ ⁻ ⁻

⁺ ⁺ ⁻ ⁻

⁺ ⁺ ⁻ ⁻

⁺ ⁺ ⁻ ⁻
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𝑖𝑖 = 1,2,3, … ,𝑚𝑚 𝑗𝑗 = 1,2,3, … , 𝑛𝑛

𝑏𝑏𝑖𝑖 = ∑ (𝑚𝑚 − 𝑟𝑟𝑖𝑖𝑖𝑖)𝑛𝑛
𝑗𝑗=1

𝑖𝑖 𝑗𝑗
𝑚𝑚
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𝑖𝑖 = 1,2,3, … ,𝑚𝑚 𝑗𝑗 = 1,2,3, … , 𝑛𝑛

𝑏𝑏𝑖𝑖 = ∑ (𝑚𝑚 − 𝑟𝑟𝑖𝑖𝑖𝑖)𝑛𝑛
𝑗𝑗=1

𝑖𝑖 𝑗𝑗
𝑚𝑚
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𝐟𝐟𝐢𝐢∗

𝐟𝐟𝐢𝐢−

 
 

⁻

𝐟𝐟𝐢𝐢∗

𝐟𝐟𝐢𝐢−
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𝐟𝐟𝐢𝐢∗

𝐟𝐟𝐢𝐢−

 
 

⁻

𝐟𝐟𝐢𝐢∗

𝐟𝐟𝐢𝐢−
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⁻

𝐟𝐟𝐢𝐢∗

𝐟𝐟𝐢𝐢−

 
 

⁻

𝐟𝐟𝐢𝐢∗

𝐟𝐟𝐢𝐢−
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⁻

𝐟𝐟𝐢𝐢∗

𝐟𝐟𝐢𝐢−
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𝐟𝐟𝐢𝐢∗

𝐟𝐟𝐢𝐢−
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𝐴𝐴𝐴𝐴𝑗𝑗 =
∑ 𝑥𝑥𝑖𝑖𝑖𝑖𝑛𝑛
𝑖𝑖=1
𝑛𝑛
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𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖 =
max⁡(0,(𝑥𝑥𝑖𝑖𝑖𝑖−⁡𝐴𝐴𝐴𝐴𝑗𝑗))

𝐴𝐴𝐴𝐴𝑗𝑗

𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖 =
max⁡(0,(𝐴𝐴𝐴𝐴𝑗𝑗−𝑥𝑥𝑖𝑖𝑖𝑖))

𝐴𝐴𝐴𝐴𝑗𝑗

𝑁𝑁𝑁𝑁𝑁𝑁𝑖𝑖𝑖𝑖 =
max⁡(0,(𝐴𝐴𝐴𝐴𝑗𝑗−⁡𝑥𝑥𝑖𝑖𝑖𝑖))

𝐴𝐴𝐴𝐴𝑗𝑗

𝑁𝑁𝑁𝑁𝑁𝑁𝑖𝑖𝑖𝑖 =
max⁡(0,(𝑥𝑥𝑖𝑖𝑖𝑖−⁡𝐴𝐴𝐴𝐴𝑗𝑗))

𝐴𝐴𝐴𝐴𝑗𝑗

𝑆𝑆𝑆𝑆𝑖𝑖 = ⁡∑ 𝑤𝑤𝑗𝑗𝑃𝑃𝑃𝑃𝑃𝑃𝑖𝑖𝑖𝑖𝑚𝑚
𝑗𝑗=1
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𝑆𝑆𝑆𝑆𝑖𝑖 = ⁡∑ 𝑤𝑤𝑗𝑗𝑁𝑁𝑁𝑁𝑁𝑁𝑖𝑖𝑖𝑖𝑚𝑚
𝑗𝑗=1

𝑁𝑁𝑁𝑁𝑁𝑁𝑖𝑖 =
𝑆𝑆𝑆𝑆𝑖𝑖

max
𝑖𝑖
(𝑆𝑆𝑆𝑆𝑖𝑖)

𝑁𝑁𝑁𝑁𝑁𝑁𝑖𝑖 =
𝑆𝑆𝑆𝑆𝑖𝑖

max
𝑖𝑖
(𝑆𝑆𝑆𝑆𝑖𝑖)

≤ ≤

𝐴𝐴𝐴𝐴𝑖𝑖⁡ = ⁡ 1 2⁄ (𝑁𝑁𝑁𝑁𝑁𝑁𝑖𝑖 +⁡𝑁𝑁𝑁𝑁𝑁𝑁𝑖𝑖)
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