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▪

▪

▪

▪

▪

𝜇𝐹

𝜇𝐹

{(𝑢, 𝜇𝐹(𝑢)|𝑢 ∈ 𝑈}

𝐹 = ∫ 𝜇𝐹(𝑢)/𝑢 𝑢

𝐹 =∑𝜇𝐹(𝑢𝑖)/𝑢𝑖

𝑛

𝑖=1

 

⊂ 𝑆 =

𝑐𝑙{𝑢 ∈ 𝑈|𝐹(𝑥) > 0}
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∈ ⊂

𝑠𝑖 , 𝑖 = 1,2, … , 𝑘 

∈ 𝑠𝑖 𝑠𝑖

𝑆𝑖

𝑆𝑖

∈

𝑠𝑖

𝑑𝑖 = 𝑓𝑖(𝑢), 𝑖 = 1,2, . . , 𝑘

[ã]𝑎 = {𝑥𝜖𝑅: 𝜇ã(𝑥) ≥ 𝑎}

𝜇ã 𝑎𝜖(0, 1]

[𝑎̃]𝑎 [𝑎̃]𝑎

𝑀(ã) = ∫ 𝑎(𝑖𝑛𝑓[ã]𝑎 + 𝑠𝑢𝑝[ã]𝑎)𝑑𝑎,
1

0

𝑉𝑎𝑟(ã) =
1

2
∫ 𝑎(𝑖𝑛𝑓[ã]𝑎 − 𝑠𝑢𝑝[ã]𝑎)

2𝑑𝑎
1

0

ã = (𝑎, 𝛾, 𝛽) 𝛽
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𝑀(ã) = 𝑎 +
𝛽−𝛾

6
,

𝑉𝑎𝑟(ã) =
(𝛽+𝛾)2

24

𝑆𝑑(ã) =
𝛽+𝛾

√24

𝑏̃ ↔ 𝑖𝑛𝑓[ã]𝑎 ≤ 𝑖𝑛𝑓[𝑏̃]𝑎 𝑣𝑒 𝑠𝑢𝑝
[𝑎̃]𝑎 ≤ 𝑠𝑢𝑝[𝑏̃]𝑎

𝑏̃ 

𝑎𝜖(0, 1] 𝑖𝑛𝑓[ã]𝑎 < 𝑖𝑛𝑓[𝑏̃]
𝑎

𝑠𝑢𝑝[𝑎̃]𝑎 > 𝑠𝑢𝑝[𝑏̃]𝑎

𝑎̃ ≤ 𝑏̃ 𝑏̃ ≤ 𝑎̃

𝑎̃ ≤ 𝑏̃

≲

𝑎𝑎
−

1 

a 

a 4 b m 𝑎𝑎
− 𝑎𝑎

+ 
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𝑎𝑎
+

𝑎̃ = (𝑐1, 𝑎1, 𝛽1) 𝑏̃ = (𝑐2, 𝑎2, 𝛽2) 𝑐𝑖 , 𝑎𝑖 , 𝛽𝑖

𝜇(𝑎̃ ≲ 𝑏̃) =

{
 

 
1,                                              𝑀(𝑎̃) ≤ 𝑀(𝑏̃)                                                   

1 −
𝑀(𝑎̃)−𝑀(𝑏̃)
𝑎1+𝛽1

2
+
𝑎2+𝛽2

2

, 𝑀(𝑏)̃ < 𝑀(𝑎̃) ≤ 𝑀(𝑏̃) +
𝑎1+𝛽1

2
+
𝑎2+𝛽2

2
,                     

0,                                             𝑎𝑘𝑠𝑖 ℎ𝑎𝑙𝑑𝑒 " 𝑜𝑙𝑢𝑟                                          

 

𝑧̃ = {(𝑧, 𝜇(𝑧)|𝑧 ∈ 𝑍}

𝑧𝑎 =
∫ 𝑧.𝜇(𝑧)𝑑𝑧
𝑍

∫ 𝜇(𝑧)𝑑𝑧
𝑍

 

𝑧𝑏 = 𝑠𝑢𝑝 {𝑧̃|𝑧̃ =
arg𝑚𝑎𝑥
𝑧 ∈ 𝑍

(𝜇(𝑧))}
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𝑧𝑐 = 𝑖𝑛𝑓 {𝑧̃|𝑧̃ =
arg𝑚𝑎𝑥
𝑧 ∈ 𝑍

(𝜇(𝑧))}

 

𝑧𝑑 =
𝑧𝑏+𝑧𝑐

2

∈

 𝐶𝑟{𝜃} = 1,

 𝐶𝑟{𝐴} ≤ 𝐶𝑟{𝐵} ⊂ 𝐵 

 𝐶𝑟 ∈ 𝐶𝑟{𝐴} + 𝐶𝑟{𝐴𝑐} = 1

 𝐶𝑟{𝑈𝑖𝐴𝑖} = 𝑠𝑢𝑝𝑖𝐶𝑟{𝐴𝑖} {𝐴𝑖} 𝐶𝑟{𝐴𝑖} < 0,5

ɛ

𝜇(𝑥) = (2𝐶𝑟{ɛ = 𝑥}˄1),        𝑥𝜖𝑅

ɛ

𝐶𝑟{ɛ𝜖𝐵} =
1

2
(
𝑠𝑢𝑝
𝑥 ∈ 𝐵

𝜇(𝑥) + 1 −
𝑠𝑢𝑝

𝑥 ∈ 𝐵𝑐
𝜇(𝑥))
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𝛳 𝛳𝑖 𝐶𝑟𝑖 𝛳𝑖 𝐶𝑟𝑖

𝛳𝑖 [0,1] 𝛳𝑖 𝛳𝑖

 𝐶𝑟(𝜃) = 0,   𝐶𝑟(𝛳𝑖) = 1,  

 𝐴𝑖 ∈ 𝑃(𝛳𝑖) 𝑖ç𝑖𝑛 𝐶𝑟 (
𝑈
𝑖
𝐴𝑖) =

𝑠𝑢𝑝
𝑖
{𝐶𝑟(𝐴𝑖)}

ɛ̃ 𝜃𝑖

𝜇ɛ̃ = 𝐶𝑟({𝜃𝑖𝜖𝛳𝑖|ɛ̃(𝜃𝑖) = 𝑠})

𝑠𝑢𝑝
𝜃𝑖𝜖𝛳𝑖

{𝐶𝑟({𝜃𝑖}|ɛ̃(𝜃𝑖) = 𝑠} ,    ⩝ 𝑠𝜖𝑅

ϴ 𝛳1𝑥𝛳2𝑥 … . . 𝑥𝛳𝑛

𝐶𝑟(𝐴) =
𝑚𝑖𝑛

𝑖 = 1,2, . . 𝑛
{𝐶𝑟𝑖(𝐴𝑖)|𝐴 = 𝐴1𝑥𝐴2𝑥 … . 𝐴𝑛,   𝐴𝑖 ∈ 𝑃(𝛳.)}

𝑎̃ 𝑏̃ 𝛳1, 𝑃(𝛳1), 𝐶𝑟1) 𝛳2, 𝑃(𝛳2), 𝐶𝑟2)

𝑎̃ ≤ 𝑏̃ 𝛳 = ( 𝛳1𝑥𝛳2, 𝑃(𝛳), 𝐶𝑟)

𝑎̃ ≤ 𝑏̃) =

𝑠𝑢𝑝
𝜃1𝜖𝛳1
𝜃2𝜖𝛳2

{𝑐𝑟{(𝜃1, 𝜃2)}|{𝑎̃(𝜃1) ≤ 𝑏̃(𝜃2)}}

𝑠𝑢𝑝
𝜃1𝜖𝛳1
𝜃2𝜖𝛳2

{𝑚𝑖𝑛{𝐶𝑟(𝜃1), 𝐶𝑟(𝜃2)}|{𝑎̃(𝜃1) ≤ 𝑏̃(𝜃2)}}

𝑎̃ ≤ 𝑏̃) =
𝑠𝑢𝑝
𝑠, 𝑡𝜖𝑅

{min (𝜇𝑎̃(𝑠), 𝜇𝑏̃(𝑡)|𝑠 ≤ 𝑡}

𝛳 ϴ 𝑎̃ < 𝑏̃ 𝑎̃ = 𝑏̃

𝐶𝑟(𝑎̃ < 𝑏̃) =  
𝑠𝑢𝑝

𝑠, 𝑡 ∈ 𝑅
{min (𝜇𝑎̃(𝑠), 𝜇𝑏̃(𝑡)|𝑠 < 1}

𝐶𝑟(𝑎̃ = 𝑏̃) =  
𝑠𝑢𝑝

𝑠, 𝑡 ∈ 𝑅
{min (𝜇𝑎̃(𝑠), 𝜇𝑏̃(𝑡)|𝑠 = 1}

𝑏̃

𝐶𝑟(𝑎̃ ≤ 𝑏̃) =  
𝑠𝑢𝑝
𝑠 ∈ 𝑅

{ 𝜇𝑎̃(𝑠)|𝑠 ≤ 𝑏}
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𝐶𝑟(𝑎̃ < 𝑏̃) =  
𝑠𝑢𝑝
𝑠 ∈ 𝑅

{ 𝜇𝑎̃(𝑠)|𝑠 < 𝑏}

𝐶𝑟(𝑎̃ = 𝑏̃) =  𝜇𝑎̃(𝑏)

𝑎̃1 𝑎̃2 𝑎̃𝑛 𝑓𝑗: 𝑅
𝑛 → 𝑅

𝑓𝑗(𝑎̃1 𝑎̃2 𝑎̃𝑛) ≤ 0

𝐶𝑟(𝑓𝑗(𝑎̃1 𝑎̃2 𝑎̃𝑛) ≤ 0

𝑠𝑢𝑝
𝑠1, . . 𝑠𝑛 ∈ 𝑅

{𝑚𝑖𝑛{𝜇𝑎̃(𝑠𝑖)}|𝑓𝑖(𝑠1, . . 𝑠𝑛) ≤ 0}

𝛳 ϴ 𝐴̃ 𝐴̃

𝐴̃

𝑎̃1 𝑎̃2 𝑎̃𝑛

𝑓𝑗: 𝑅
𝑛 → 𝑅 "𝑓𝑗(𝑎̃1𝑎̃2 𝑎̃𝑛) ≤

0" 𝑓𝑗(𝑎̃1 𝑎̃2 𝑎̃𝑛) ≥ 0 𝑓𝑗(𝑎̃1 𝑎̃2 𝑎̃𝑛) = 0

𝑁(𝑓𝑖(𝑎̃1, 𝑎̃2 𝑎̃𝑛) ≤ 0

𝑠𝑢𝑝
𝑠1, . . 𝑠𝑛 ∈ 𝑅

{
𝑚𝑖𝑛

1 ≤ 𝑖 ≤ 𝑛
{𝜇𝑎̃𝑖(𝑠𝑖)}|∃𝑗∈ {1, . . . , 𝑚},    𝑓𝑗(𝑠1, … 𝑠𝑛) > 0}

𝑁(𝑓𝑖(𝑎̃1, 𝑎̃2 𝑎̃𝑛) ≥ 0

𝑠𝑢𝑝
𝑠1, . . 𝑠𝑛 ∈ 𝑅

{
𝑚𝑖𝑛

1 ≤ 𝑖 ≤ 𝑛
{𝜇𝑎̃𝑖(𝑠𝑖)}|∃𝑗∈ {1, . . . , 𝑚},    𝑓𝑗(𝑠1, … 𝑠𝑛) < 0}

𝑁(𝑓𝑖(𝑎̃1, 𝑎̃2 𝑎̃𝑛) = 0

𝑠𝑢𝑝
𝑠1, . . 𝑠𝑛 ∈ 𝑅

{
𝑚𝑖𝑛

1 ≤ 𝑖 ≤ 𝑛
{𝜇𝑎̃𝑖(𝑠𝑖)}|∃𝑗∈ {1, . . . , 𝑚},    𝑓𝑗(𝑠1, … 𝑠𝑛) ≠ 0}
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• 

• 

• 

• 

• 

(𝑤𝑝)𝑎
𝑙  (𝑤𝑝)𝑎

𝑢
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𝑥𝑖𝑗̃ 𝑦𝑟𝑗̃ 𝐾𝑉𝐵𝑝

(𝑤𝑝)𝑎
𝑙 = 𝑚𝑎𝑥∑𝑢𝑟(𝑌𝑟𝑝)𝑎

𝑙 + 𝑢0

𝑠

𝑟=1

∑𝑢𝑟(𝑌𝑟𝑝)𝑎
𝑙 −∑𝑣𝑖(𝑋𝑖𝑝)𝑎

𝑢 + 𝑢0 ≤ 0,

𝑚

𝑖=1

𝑠

𝑟=1

∑𝑢𝑟(𝑌𝑟𝑗)𝑎
𝑢 −∑𝑣𝑖(𝑋𝑖𝑗)𝑎

𝑙 + 𝑢0 ≤ 0,

𝑚

𝑖=1

𝑠

𝑟=1

                      𝑗,⩝ 𝑗 ≠ 𝑝

∑𝑣𝑖(𝑋𝑖𝑝)𝑎
𝑢 = 1,                                                            𝑢𝑟 , 𝑣𝑖 ≥ 0, ⩝ 𝑟, 𝑖

𝑚

𝑖=1

(𝑤𝑝)𝑎
𝑢 = 𝑚𝑎𝑥∑𝑢𝑟(𝑌𝑟𝑝)𝑎

𝑢 + 𝑢0

𝑠

𝑟=1

∑𝑢𝑟(𝑌𝑟𝑝)𝑎
𝑢 −∑𝑣𝑖(𝑋𝑖𝑝)𝑎

𝑙 + 𝑢0 ≤ 0,

𝑚

𝑖=1

𝑠

𝑟=1

∑𝑢𝑟(𝑌𝑟𝑗)𝑎
𝑙 −∑𝑣𝑖(𝑋𝑖𝑗)𝑎

𝑢 + 𝑢0 ≤ 0,

𝑚

𝑖=1

𝑠

𝑟=1

                      𝑗,⩝ 𝑗 ≠ 𝑝

∑𝑣𝑖(𝑋𝑖𝑝)𝑎
𝑙 = 1,                                                            𝑢𝑟 , 𝑣𝑖 ≥ 0, ⩝ 𝑟, 𝑖

𝑚

𝑖=1

(𝑋𝑖𝑗)𝑎
𝑙 , (𝑋𝑖𝑗)𝑎

𝑢 (𝑌𝑟𝑗)𝑎
𝑙 (𝑌𝑟𝑗)𝑎

𝑢

𝑀𝑎𝑥𝑤𝑝 =∑𝑦́𝑟𝑝

𝑠

𝑟=1
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∑𝑦́𝑟𝑗 −∑𝑥́𝑖𝑗 ≤ 0, ∀𝑗,

𝑚

𝑖=1

𝑠

𝑟=1

𝑣𝑖(𝑎𝑥𝑖𝑗
𝑚 + (1 − 𝑎)𝑥𝑖𝑗

𝑙 ) ≤ 𝑥́𝑖𝑗 ≤ 𝑣𝑖(𝑎𝑥𝑖𝑗
𝑚 + (1 − 𝑎)𝑥𝑖𝑗

𝑢), ∀𝑖, 𝑗

𝑢𝑟(𝑎𝑦𝑟𝑗
𝑚 + (1 − 𝑎)𝑦𝑟𝑗

𝑙 ) ≤ 𝑦́𝑟𝑗 ≤ 𝑢𝑟(𝑎𝑦𝑟𝑗
𝑚 + (1 − 𝑎)𝑦𝑟𝑗

𝑢 ), ∀𝑖, 𝑗

∑ 𝑥́𝑖𝑝 = 1,         𝑢𝑟 , 𝑣𝑖 ≥ 0,         ∀𝑟, 𝑗,

𝑚

𝑖=1

𝑥́𝑖𝑗 = (𝑥𝑖𝑗
𝑙 , 𝑥𝑖𝑗

𝑚, 𝑥𝑖𝑗
𝑢 𝑦́𝑟𝑗 = (𝑦𝑟𝑗

𝑙 , 𝑦𝑟𝑗
𝑚, 𝑦𝑟𝑗

𝑢 )

𝑥́𝑖𝑗 𝑦́𝑟𝑗 𝑎 ∈ [0,1]

𝐿𝑖𝛿

𝑈𝑖𝑞
≤

𝑣𝛿

𝑣𝑞
≤

𝑈𝑖𝛿

𝐿𝑖𝑞
, 𝛿 < 𝑞 = 1,… . . , 𝑚

𝐿𝑜𝛿

𝑈𝑜𝑞
≤

𝑣𝛿

𝑣𝑞
≤

𝑈𝑜𝛿

𝐿𝑜𝑞
, 𝛿 < 𝑞 = 2,… . . , 𝑠

(𝑤𝑝)𝑎
𝑙 = 𝑚𝑎𝑥∑𝑢𝑟(𝑌𝑟𝑝)𝑎

𝑙

𝑠

𝑟=1

∑𝑢𝑟(𝑌𝑟𝑗)𝑎
𝑢 −∑𝑣𝑖(𝑋𝑖𝑗)𝑎

𝑙 ≤ 0,                𝑗,⩝ 𝑗 ≠ 𝑝 

𝑚

𝑖=1

𝑠

𝑟=1

 

−𝑣𝛿 + 𝐼𝛿𝑞
𝑙 𝑣𝑞 ≤ 0, 𝑣𝛿 − 𝐼𝛿𝑞

𝑢 𝑣𝑞 ≤ 0, ∀𝛿 < 𝑞

−𝑢𝛿 + 𝑂𝛿𝑞
𝑙 𝑢𝑞 ≤ 0, 𝑢𝛿 − 𝑂𝛿𝑞

𝑢 𝑢𝑞 ≤ 0, ∀𝛿 < 𝑞

∑𝑣𝑖(𝑥𝑖𝑝)𝑎
𝑢 = 1,      𝑢𝑟 , 𝑣𝑖 ≥ 0,       ∀𝑟, 𝑗

𝑚

𝑖=1

(𝑤𝑝)𝑎
𝑢 = 𝑚𝑎𝑥∑𝑢𝑟(𝑌𝑟𝑝)𝑎

𝑢

𝑠

𝑟=1

∑𝑢𝑟(𝑌𝑟𝑗)𝑎
𝑙 −∑𝑣𝑖(𝑋𝑖𝑗)𝑎

𝑢 ≤ 0,                𝑗,⩝ 𝑗 ≠ 𝑝 

𝑚

𝑖=1

𝑠

𝑟=1
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−𝑣𝛿 + 𝐼𝛿𝑞
𝑙 𝑣𝑞 ≤ 0, 𝑣𝛿 − 𝐼𝛿𝑞

𝑢 𝑣𝑞 ≤ 0, ∀𝛿 < 𝑞

−𝑢𝛿 + 𝑂𝛿𝑞
𝑙 𝑢𝑞 ≤ 0, 𝑢𝛿 − 𝑂𝛿𝑞

𝑢 𝑢𝑞 ≤ 0, ∀𝛿 < 𝑞

∑𝑣𝑖(𝑥𝑖𝑝)𝑎
𝑙 = 1,      𝑢𝑟 , 𝑣𝑖 ≥ 0,       ∀𝑟, 𝑗

𝑚

𝑖=1

𝐼𝛿𝑞
𝑙 =

𝐿𝑖𝛿

𝑈𝑖𝛿
, 𝐼𝛿𝑞
𝑢 =

𝑈𝑖𝛿

𝐿𝑖𝑞
, 𝑂𝛿𝑞

𝐿 =
𝐿𝑜𝛿

𝑈𝑜𝑞
𝑂𝛿𝑞
𝑈 =

𝑈𝑜𝛿

𝐿𝑜𝑞

 

𝑀𝑎𝑥𝜃 = 𝑣𝑡(𝑦̃𝑜)𝑎
𝑢

𝜇𝑡(𝑥̃𝑜)𝑎
𝑙 = 1

−𝜇𝑡(𝑥̃𝑜)𝑎
𝑙 + 𝑣𝑡(𝑦̃𝑜)𝑎

𝑢 ≤ 0 

−𝜇𝑡(𝑥̃𝑖)𝑎
𝑙 + 𝑣𝑡(𝑦̃𝑖)𝑎

𝑢 ≤ 0                                  𝐾𝑉𝐵𝑜 𝑖ç𝑖𝑛 𝑖 = 1,2, …𝑛 

𝜇, 𝑣 ≥ 0                  𝑖 ≠ 𝑜

(𝑥̃)𝑎
𝑙  (𝑦̃)𝑎

𝑢 𝜇, 𝑣

 

𝑀𝑎𝑥𝜃 = 𝑣𝑡(𝑦̃𝑜)𝑎
𝑙

𝑢𝑡(𝑥̃𝑜)𝑎
𝑢 = 1

−𝑢𝑡(𝑥̃𝑜)𝑎
𝑢 + 𝑣𝑡(𝑦̃𝑜)𝑎

𝑙 ≤ 0 

−𝑢𝑡(𝑥̃𝑖)𝑎
𝑢 + 𝑣𝑡(𝑦̃𝑖)𝑎

𝑙 ≤ 0                                  𝐾𝑉𝐵𝑜 𝑖ç𝑖𝑛 𝑖 = 1,2, …𝑛 
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𝑢, 𝑣 ≥ 0                  𝑖 ≠ 𝑜

 𝐾𝑉𝐵𝑜

𝐾𝑉𝐵𝑜

𝐾𝑉𝐵𝑜

𝑀𝑎𝑥𝜃 = 𝑣𝑡(𝑦̃𝑜)𝑎
𝑢

𝑢𝑡(𝑥̃𝑜)𝑎
𝑙 = 1

−𝑢𝑡(𝑥̃𝑜)𝑎
𝑙 + 𝑣𝑡(𝑦̃𝑜)𝑎

𝑢 ≤ 0 

−𝑢𝑡(𝑥̃𝑖)𝑎
𝑢 + 𝑣𝑡(𝑦̃𝑖)𝑎

𝑙 ≤ 0                                  𝐾𝑉𝐵𝑜 𝑖ç𝑖𝑛 𝑖 = 1,2, …𝑛 

𝑢, 𝑣 ≥ 0                  𝑖 ≠ 𝑜

 𝐾𝑉𝐵𝑜

𝐾𝑉𝐵𝑜

𝐾𝑉𝐵𝑜

𝑀𝑎𝑥𝜃 = 𝑣𝑡(𝑦̃𝑜)𝑎
𝑙

𝑢𝑡(𝑥̃𝑜)𝑎
𝑢 = 1

−𝑢𝑡(𝑥̃𝑜)𝑎
𝑢 + 𝑣𝑡(𝑦̃𝑜)𝑎

𝑙 ≤ 0 

−𝑢𝑡(𝑥̃𝑖)𝑎
𝑙 + 𝑣𝑡(𝑦̃𝑖)𝑎

𝑢 ≤ 0                                  𝐾𝑉𝐵𝑜 𝑖ç𝑖𝑛 𝑖 = 1,2, …𝑛 

𝑢, 𝑣 ≥ 0                  𝑖 ≠ 𝑜

𝐴𝑖) = 𝑀𝑎𝑘𝑠[𝑀𝑎𝑘𝑠𝑗≠1(𝑎𝑗
𝑈) − (𝑎𝑖

𝐿), 0]

𝐴𝑖) = 𝑀𝑎𝑘𝑠[𝑀𝑎𝑘𝑠𝑗≠1{𝑚(𝐴𝑗) + 𝑤(𝐴𝑗)} − {𝑚(𝐴𝑖) − 𝑤(𝐴𝑖)}, 0]

(𝑎𝑗
𝑈 , 𝑎𝑖

𝐿) 𝐴𝑖 = [𝑎𝑖
𝐿 , 𝑎𝑖

𝑈] =

(𝑚(𝐴𝑖), 𝑤(𝐴𝑖)),
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𝑀𝑎𝑥∑𝑠𝑖
+ +∑𝑠𝑟

−

𝑠

𝑟=1

𝑚

𝑖=1

(𝑥̃𝑖𝑜)𝑎
𝑙 −∑𝜆𝑗(𝑥̃𝑖𝑗)𝑎

𝑢 − 𝑠𝑖
+ = 0               𝑖 = 1,2, … ,𝑚

𝑛

𝑗=1

(𝑦̃𝑟𝑜)𝑎
𝑢 −∑𝜆𝑗(𝑦̃𝑟𝑗)𝑎

𝑙 + 𝑠𝑖
− = 0               𝑟 = 1,2, … , 𝑠

𝑛

𝑗=1

𝜆𝑗,𝑠𝑖
+, 𝑠𝑟

− ≥ 0                        𝑗 = 1,2, … . , 𝑛

𝑀𝑎𝑥𝑣𝑖

∑𝑣𝑖(𝑥̃𝑖𝑜)𝑎
𝑙 = 1,

𝑚

𝑖=1

∑𝑢𝑟(𝑦̃𝑟𝑗)𝑎
𝑙 −∑𝑣𝑖(𝑥̃𝑖𝑗)𝑎

𝑢 ≤ 0             𝑗 = 1,2, … , 𝑛

𝑚

𝑖=1

𝑠

𝑟=1
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𝑣𝑖 , 𝑢𝑟 ≥ 0                𝑖 = 1,2, … ,𝑚                    𝑟 = 1,2, … . , 𝑠

𝑀𝑎𝑥𝑢𝑟

∑𝑣𝑖(𝑥̃𝑖𝑜)𝑎
𝑙 = 1,

𝑚

𝑖=1

∑𝑢𝑟(𝑦̃𝑟𝑗)𝑎
𝑙 −∑𝑣𝑖(𝑥̃𝑖𝑗)𝑎

𝑢 ≤ 0             𝑗 = 1,2, … , 𝑛

𝑚

𝑖=1

𝑠

𝑟=1

𝑣𝑖 , 𝑢𝑟 ≥ 0                𝑖 = 1,2, … ,𝑚                    𝑟 = 1,2, … . , 𝑠

𝑣𝑖 𝑢𝑟

𝑠𝑖
+

𝑠𝑟
− 𝑣𝑖  𝑣𝑒 𝑢𝑟

ɛ𝑟 = 𝑚𝑖𝑛{𝑢𝑟
+|𝐾𝑉𝐵0 ∈ 𝑆}              𝑟 = 1,2, … , 𝑠

ɛ𝑖 = 𝑚𝑖𝑛{𝑣𝑖
+|𝐾𝑉𝐵0 ∈ 𝑆}              𝑖 = 1,2, … ,𝑚

𝑀𝑎𝑥𝜃 = 𝑢𝑡(𝑦̃𝑜)𝑎
𝑢

𝑣𝑡(𝑥̃𝑜)𝑎
𝑙 = 1,

𝑢𝑡(𝑦̃𝑜)𝑎
𝑢 − 𝑣𝑡(𝑥̃𝑜)𝑎

𝑙 ≤ 0,         𝑜 ∈ 𝑆

𝑢𝑡(𝑦̃𝑗)𝑎
𝑢 − 𝑣𝑡(𝑥̃𝑗)𝑎

𝑙 ≤ 0,      𝑗 = 1,2, … , 𝑛       𝑗 ≠ 0

𝑢𝑟 ≥ 𝜖𝑟    𝑣𝑖 ≥ 𝜖𝑖          𝑟 = 1,2, … , 𝑠           𝑖 = 1,2, … ,𝑚

Max 𝑣𝑡𝑦̃𝑜 − 𝑣𝑜
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−𝑢𝑡𝑥̃ + 𝑣𝑡𝑦̃ − ɛ𝑡𝑣𝑜 ≤ 0,

𝑢𝑡𝑥̃𝑜 = 1,

𝑢, 𝑣 ≥ 0

𝑀𝑖𝑛𝜃𝐵

𝜃𝐵𝑥̃𝑜 − 𝑥̃𝜆 ≥ 0,

𝑦̃𝜆 ≥ 𝑦̃𝑜,

ɛ𝑡𝜆 = 1,

𝑥̃𝑜 𝐾𝑉𝐵𝑜 𝑥̃

𝑦̃𝑜 𝐾𝑉𝐵𝑜

𝑦̃, 𝑢 ∈ 𝑅𝑚𝑥1 𝑣 ∈ 𝑅𝑟𝑥1

𝑣𝑜 𝜆 ∈ 𝑅𝑛𝑥1

ɛ 𝜃𝐵

𝑢𝑡𝑥̃𝑜 = 1 −𝑢𝑡𝑥̃ + 𝑣𝑡𝑦̃ −

𝑣𝑜 ≤ 0 𝑣𝑡𝑦̃𝑜 − 𝑣𝑜

𝑣𝑡𝑦̃𝑜 − 𝑣𝑜

𝑢𝑡𝑥̃𝑜

𝑣𝑡𝑦̃𝑜−𝑣𝑜

𝑢𝑡𝑥̃𝑜

𝜃𝐵 = 1 𝜆𝑖 = 0 𝜆𝑜 = 1

𝜃𝐵
∗

𝑦̃𝜆 ≥ 𝑦̃𝑜 ɛ𝑡𝜆 = 1

𝜃𝐵𝑥̃𝑜 − 𝑥̃𝜆 ≥ 0 𝜃𝐵
∗ 𝜃𝐵

∗ (0, 1]
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𝑊𝑗 =
1

8

 

               𝑥𝑖𝑗 =
𝑟𝑖𝑗−𝑟𝑖

−

𝑟𝑖
+−𝑟𝑖

−

                            𝑥𝑖𝑗 =
𝑟𝑖𝑗−𝑟𝑖

+

𝑟𝑖
−−𝑟𝑖

+
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𝑥𝑖𝑗

𝑟𝑖
+ 𝑟1, 𝑟2, … . 𝑟𝑚

𝑟𝑖
− 𝑟1, 𝑟2, … . 𝑟𝑚

𝑃𝑗𝑘 = 
∑ (𝑥𝑖𝑗−𝑥𝑗̅̅ ̅)(𝑥𝑖𝑘−𝑥𝑘̅̅̅̅ )
𝑚
𝑖=1

√∑ (𝑥𝑖𝑗−𝑥𝑗̅̅ ̅)
2𝑚

𝑖=1 ∑ (𝑥𝑖𝑘−𝑥𝑘̅̅̅̅ )
2𝑚

𝑖=1

𝑥𝑗̅ 𝑥𝑘̅̅ ̅

𝑥𝑗̅
1

𝑛
∑ 𝑥𝑖𝑗
𝑛
𝑗=1

𝑥𝑘̅̅ ̅
1

𝑛
∑ 𝑥𝑖𝑘 ,
𝑛
𝑘=1

𝜎𝑗 √
1

𝑛−1
∑ (𝑥𝑖𝑗 − 𝑥𝑗̅)
𝑛
𝑗=1 2,

𝐶𝑗 𝜎𝑗 ∑ (1 − 𝑝𝑗𝑘)
𝑛
𝑘=1

𝑤𝑗
𝐶𝑗

∑ 𝐶𝑗
𝑛
𝑗=1

 

𝑟𝑖𝑗̅̅̅
𝑟𝑖𝑗

∑ 𝑟𝑖𝑗
𝑚
𝑖=1

𝑟𝑖𝑗̅̅̅

𝐸𝑗
1

𝑙𝑛𝑚
∑ 𝑟𝑖𝑗̅̅̅
𝑚
𝑖=1 𝑙𝑛𝑟𝑖𝑗̅̅̅

˂𝐸𝑗˂

𝑑𝑗 𝐸𝑗 ,
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𝑤𝑗
𝑑𝑗

∑ 𝑑𝑗
𝑛
𝑗=1

 



























=

mpmm
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p

ij

aaa
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aaa
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,....,

.

.
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21

33231

22221

11211

 

𝑎𝑖𝑗  𝑎11, 𝑎21, 𝑎31…𝑎𝑚1)

𝑎𝑖𝑗


=

=
m

i

ij

ij

ij

a

a
n

1
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
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=
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

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
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=*A {𝑚𝑎𝑥𝑗𝑣𝑖𝑗|𝑗 = 1,… , 𝑝; 𝑖 = 1, … ,𝑚} 𝐴∗ = {𝑣1
∗, 𝑣2

∗, … , 𝑣𝑛
∗}
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=*A {𝑚𝑖𝑛𝑖𝑣𝑖𝑗|𝑗 = 1,… , 𝑝; 𝑖 = 1,… ,𝑚} 𝐴− = {𝑣1
−, 𝑣2

−, … , 𝑣𝑛
−}

 

𝑑𝑖𝑗 = √∑ (𝑥𝑖𝑘 − 𝑥𝑗𝑘)
2𝑝

𝑘=1

𝑥𝑖𝑘 =

𝑥𝑗𝑘 =

𝑑𝑖𝑗

( )
=

−=
n

j

jiji vvS
1

2**

( )
=

−− −=
n

j

jiji vvS
1

2

𝑆𝑖
∗ 𝑆𝑖

−

 

𝐶𝑖
∗

*

*

ii

i
i

SS

S
C

+
=

−

−

≤ 𝐶𝑖
∗ ≤ 1

𝐶𝑖
∗ 𝐶𝑖

∗
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𝐶𝑖
∗
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